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Zusammenfassung v

Zusammenfassung

Verschränkung ist eines der grundlegendsten Phänomene der Quantentheorie und lässt

sich nur unzureichend durch einen klassischen Formalismus beschreiben. Verschränkung

spielt nicht nur möglicherweise eine Rolle in natürlichen Prozessen, sondern stellt insbeson-

dere eine sehr mächtige Ressource für eine Vielzahl an Anwendungen bereit. So beruhen

Quanteninformationsprotokolle wie Quantenzustandsteleportation, superdense coding so-

wie diverse Ansätze für quantum computation darauf. Dennoch ist es gerade in größeren

Systemen, die aus mehr als zwei Teilchen bestehen, äußerst schwierig, Verschränkung nach-

zuweisen. In der hier vorliegenden Arbeit werden verschiedene Methoden vorgestellt, mit

denen Vielteilchenverschränkung effizient detektiert werden kann. Diese Methoden werden

experimentell untersucht und anschließend in Hinblick auf ihre Verwendbarkeit diskutiert.

Darüber hinaus werden Methoden für Quantenzustands- und Quantenprozesstomogra-

phie eingeführt, mit deren Hilfe experimentelle Aufbauten genauestens untersucht wer-

den können. Die dabei typischen Herausforderungen werden aufgezeigt, wobei Methoden

präsentiert werden, die neue Einblicke in experimentell gewonnene Daten erlauben.

Abschließend wird das sogenannte Messproblem beleuchtet, das die unvermeidbare

Störung eines Quantensystems durch einen Messprozess beschreibt. Es werden verschiedene

Methoden für Quantenmessungen diskutiert, wobei schließlich die optimalen Messinstru-

mente hergeleitet werden. Mit diesen kann Information über einen Zustand gewonnen

werden, während die dadurch verursachte Störung gleichzeitig minimiert wird. Diese op-

timalen Instrumente werden mit anderen Messschemata verglichen, die beispielsweise auf

dem optimalen Quantenkloner beruhen.



vi Abstract

Abstract

Entanglement is one of the most fascinating features of quantum theory, as it funda-

mentally distinguishes quantum systems from classical systems. It not only might play

a role in natural processes, but provides an especially powerful resource for a plethora of

quantum information protocols, including quantum state teleportation, superdense coding

as well as quantum computation schemes. However, for larger systems involving more than

two parties, it is a challenging task to verify and characterize entanglement. In this the-

sis, efficient means for detecting genuine multipartite entanglement in multiqubit quantum

systems will be derived, demonstrated, and discussed.

Beyond that, methods for quantum state and process tomography will be introduced,

which allow to analyze and investigate prepared multipartite states or even the performance

of whole setups. Some typical obstacles for reliable state tomography will be pointed out,

together with new means to understand experimentally obtained data.

Finally, the measurement problem, which describes the unavoidable backaction of a

measurement process to the quantum state under investigation, will be illustrated. To-

gether with the discussion of different methods of quantum measurements, the optimal

measurement instruments for binary qubit measurements will be derived. These optimal

measurement instruments allow to perform a quantum measurement, providing a tunable

amount of information about the quantum state, while avoiding any unnecessary distur-

bance to the state. This set of optimal instruments will be compared to other measurement

schemes, such as measurements based on the optimal quantum cloning protocol.
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Chapter 1

Introduction

In the late 19th century and beginning of the 20th century first experimental observations
have been made which could not be explained using classical physics and thus required a
more comprehensive theory. At that time, the radiation of a black body was extensively
studied by several physicists, including Robert Kirchhoff, Josef Stefan, Ludwig Boltzmann,
Wilhelm Wien, Lord Rayleigh, Max Planck and others. Although earlier measurements
showed a good agreement between experiment and the contemporary theory, new results
around the turn of the century indicated that those theories could have been only approx-
imations [1]. In order to understand those deviations, Max Planck started to revise his
theory, which was initially based solely on Maxwell’s laws [2], by introducing some quan-
tized “energy elements” with energy hν [3, 4], for which he introduced the new fundamental
constant h. This finally led to a consistent description of black body radiation and to a
solution of the “ultraviolet catastrophe” of the Rayleigh-Jeans law.

The idea of energy quanta was then adopted by Albert Einstein in 1905 which provided
a novel perspective on the duality of particle and wave properties of light [5]. Subsequently,
he also derived Planck’s radiation law based on the approach of stimulated and spontaneous
emission processes [6]. The quantization of angular momentum allowed Niels Bohr to derive
the Balmer formula for the hydrogen atom, with it the Paschen and Lyman series, and to
explain the stability of its energy levels [1, 7]. In the 1920s, the particle property of light
quanta was shown anew by Arthur Compton in the scattering process of electrons and
photons [8]. Shortly after, the wave property of matter had been hypothesized by Louis de
Broglie [9] and could be experimentally confirmed in 1927 by Clinton Davisson and Lester
Germer [10]. In 1925, Heisenberg derived a consistent description of quantum theory [11],
which laid the foundation for the formulation of matrix mechanics [12, 13]. Inspired by
de Broglie’s theory, Schrödinger postulated in 1926 an equation of motion describing the
evolution of matter waves, which is known nowadays as the Schrödinger equation [14].
Around the same time, Werner Heisenberg introduced his famous uncertainty relation,
setting a lower bound to the simultaneous knowledge of two conjugate variables such as
position and momentum [15].

Although this first period of quantum theory was strikingly fruitful, the implications as
to the meaning of this new theory were not seriously challenged until the famous debate
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between Niels Bohr and Albert Einstein, in which the role of randomness in quantum theory
as well as the arbitrariness of choosing between either the particle and the wave properties
were central themes [16]. In 1935, the discussion culminated in Albert Einstein, Boris
Podolsky, and Nathan Rosen questioning the completeness of quantum theory [17]. While
the discussion about hidden variables and completeness of quantum mechanics somewhat
continued in the following years [18–20], it remained a mere theoretical debate. After
almost 30 years, John Bell ingeniously found a means to probe for the validity of local
hidden variable concepts [21]. He derived an inequality, which is based on only a few
reasonable assumptions. It suffices that the underlying theory is local (effects propagate
with at most luminal speed, allowing a space-like separation of measurements) as well as
it includes the so-called elements of reality (measured outcomes are real properties of the
system before the measurement). By experimentally violating this inequality, the invalidity
of at least one of the assumptions can be shown. A few years after their introduction,
first experimental demonstrations of a violation of Bell’s inequality have been given by
Stuart Freedman and John Clauser [22] and subsequently by Clauser [23, 24], by Fry and
Thompson [24, 25], and by several others, see [24] for a review. Another famous experiment
was conducted by Alain Aspect together with Philippe Grangier and Gérard Roger [26].
However, those experimental tests could only provide first evidence against local hidden
variables, as severe loopholes have not been closed. In 1998, the locality loophole has been
closed [27] by sufficiently separating the two observers of the Bell test, while in 2001 the
detection loophole could be closed for the first time [28]. It took almost another 15 years,
until both of these loophole have been closed at the same time [29–33], allowing finally to
rule out local hidden variables without major loopholes.

The feature of entanglement (“Verschränkung”) was first introduced by Erwin Schrö-
dinger. He begins one of his publications with the words [19]

When two systems, of which we know the states by their respective represen-
tatives, enter into temporary physical interaction due to known forces between
them, and when after a time of mutual influence the systems separate again,
then they can no longer be described in the same way as before [...]. I would
not call that one but rather the characteristic trait of quantum mechanics, the
one that enforces its entire departure from classical lines of thought. By the
interaction the two representatives [...] have become entangled.

He continues by stating that

the best possible knowledge of a whole does not necessarily include the best
possible knowledge of all its parts, even though they may be entirely sepa-
rated and therefore virtually capable of being “best possibly known”, i.e., of
possessing, each of them, a representative of its own.

Nowadays, entanglement is used as one of the key resources for a plethora of different
quantum information protocols. As such, it powers versions of quantum key distribution
schemes [34] for exchanging secure encryption keys and it enables superdense coding [35, 36]
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allowing to transmit 2 bits by classically transferring only a single bit. Furthermore, Quan-
tum state teleportation [37] using solely classical communication as well as entanglement
swapping [38], which allows to entangle particles that never directly interacted, use entan-
glement as a key resource. Beyond that, quantum computation [39], for example relying
on highly entangled quantum states [40], promises a great benefit for some computational
problems which are hard to solve using classical algorithms [41]. This period of arising
means to exploit and utilize quantum theory for quantum technology is sometimes re-
ferred to as the “second quantum revolution” in correspondence with the first one at the
beginning of the 20th century, when the theory itself was developed.

Although entanglement is fairly well understood for bipartite systems, quantum sys-
tems involving more parties still raise several questions. In the present thesis, multipar-
tite quantum systems are studied experimentally that contain up to six entangled qubits.
Characterizing such a state and revealing its entanglements is a hard task, which requires
specialized methods. If beyond that, one is interested in a complete description of the
state, one needs to find the wavefunction of the system. In experimental situations, where
noise cannot be avoided completely, or when subsystems of an entangled state are to be
described, one usually refers to the density matrix formalism in order to fully describe the
present state. Determining all free parameters of the density matrix is called quantum state
tomography, which in general is an intricate process with several challenges, for example,
due to the finite statistics of the measurement. To finally obtain a sufficiently accurate and
precise estimate requires lots of sampling, which might require a long measurement time,
if possible at all. This motivates the search for more efficient tools for tomography which
are also sought to be less sensitive to statistical noise.

This work is structured as follows. In the following chapter 2, fundamental concepts
such as quantum states, entanglement, measurements and the required experimental tools
will be introduced and discussed. Those theoretical and experimental tools provide the
basis for all subsequent chapters. In chapter 3, the challenge of quantum state and pro-
cess tomography will be discussed. Along with publications that were published in the
course of this thesis, the issues of finite statistics and systematic errors in state tomogra-
phy will be discussed. In chapter 4, multipartite entanglement will be illuminated from
various perspectives. First, different means how to reveal and certify genuine multipartite
entanglement for qubit and qutrit systems are introduced. Then, the connection between
entanglement and correlations will be challenged, using, on one hand, a scenario of mea-
surements without local reference frames and, on the other hand, a quantum state without
correlations. This so-called no correlation state is proven to be genuinely n-partite entan-
gled without containing any n-partite correlations. Finally, in chapter 5, different types
of quantum measurements are to be scrutinized. There, first, for pre- and postselected
systems, the concept of weak measurements will be introduced, which can reduce the
measurement induced backaction at the cost of information gain (per measured particle).
After investigating fundamental issues in the context of weak values, the tradeoff relation
between the information gained from a measurement and the thereby induced disturbance
is studied. Using the approach of quantum instruments, a tight measurement disturbance
tradeoff relation will be derived and experimentally confirmed. The optimal measurement
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schemes will be derived, which outperform other reasonable schemes. Finally, in chapter 6,
a brief summary of the present thesis will be given.
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6 2. Fundamentals

2.1 Introduction

This chapter paves the way for the more specialized topics discussed in the subsequent
parts of this thesis. Here, basic concepts or concepts of relevance for multiple parts of this
thesis will be introduced, while topics with a more limited scope will be reviewed in the
subsequent chapters.

First, a broad overview of fundamental theoretical concepts, which are the building
blocks of quantum theory and thus also elementary ingredients of quantum state analysis,
will be given. Afterwards, a discussion of the experimental tools which are needed for the
state preparation and detection of photonic quantum states follows.

2.2 Theoretical Foundations

2.2.1 Quantum States

A quantum state is used to describe the current state of a particular quantum system.
Contrary to classical physics, in quantum mechanics, a system can be in a superposition
state of various basis states. In mathematical terms, for describing a pure quantum state,
a state vector |ψ〉 is sufficient. If, however, a statistical (classical) mixture of different
pure quantum states is to be described, one has to resort to the density matrix or density
operator formalism. In the following sections, first the concept of a single quantum bit will
be introduced. Based on this, a generalization to statistical mixtures will be given. After
extending the formalism to multiqubit systems, a short excursion to higher dimensional
systems such as qutrits is given.

2.2.1.1 Qubit

The term quantum bit or qubit [42] refers to a two level system with the ground state
|0〉 and the excited state |1〉 being the eigenstates of, say, the Hamilton operator. While
a classical system such as a classical bit can only occupy either the ground state or the
excited state, a quantum system can also exist in a superposition of such [43].

In general, all (pure) two dimensional (d = 2) states can be described by superpositions
of |0〉 and |1〉, with proper coefficients α ∈ C, β ∈ C using

|ψ〉 = α|0〉+ β|1〉 ∈ H2, (2.1)

where H2 denotes the two-dimensional Hilbert space. In order to obtain a normalized
state, i.e., 〈ψ|ψ〉 = 1, the condition

|α|2 + |β|2 = 1 (2.2)

has to be fulfilled by the two complex amplitudes α and β. A more elegant definition of a
pure single qubit state incorporating this constraint is thus

|ψ〉 = cos

(
θ

2

)
|0〉+ eiϕ sin

(
θ

2

)
|1〉 (2.3)
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Figure 2.1: The Bloch sphere picture proves beneficial to represent the space of all states of a
single qubit system. The ground state and the excited state are at the poles, while superpositions
with different phases are located at the equator. Pure states are found on the surface, while
mixed states lie inside of the Bloch sphere. A pure state |ψ〉 (yellow vector) can be parametrized
in terms of two angles, θ and ϕ. Here, the states along the axes are identified with names used

in the context of the polarization degree of freedom.

with the real parameters θ ∈ [0, π] and ϕ ∈ [0, 2π]. Eq. (2.3) directly corresponds to a
spherical representation of the qubit, the so-called Bloch sphere representation [44], see
Fig. 2.1. Coherent superposition states as given in Eqs. (2.1) and (2.3) correspond to
vectors lying at the sphere’s surface. Using the parametrization of Eq. (2.3), the Cartesian
coordinates corresponding to the respective states are given by

x = sin θ cosϕ, (2.4a)

y = sin θ sinϕ, (2.4b)

z = cos θ. (2.4c)

States which fulfill the normalization condition of Eq. (2.2) are called pure states.
Qubits can be implemented using various systems [44]. Examples of realizations include

spin-1/2 systems [45], where the spin directly corresponds to the eigenstates, atomic two
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level systems [44], pairs of quantum dots [46], Rydberg atoms [47], Josephson junctions
employing the electric charge as the degree of freedom [48], or superconducting loops
using the magnetic flux [48]. In the context of photons, which are used throughout this
thesis, one mainly resorts to its polarization degree of freedom, such that, e.g., horizontal
polarization corresponds to the ground state and vertical polarization to the excited state
in the two level picture [49, 50]. Alternatively, in interferometric setups, two possible paths
and their superpositions are also used to encode a qubit. Even more options, also for higher
dimensional quantum states, are possible when using the frequency or the mode structure
of the light.

A description mathematically equivalent to the Bloch sphere is the Poincaré sphere [51],
which is used in the specific context of polarization states of electromagnetic waves when
considering the circularly polarized states as ground and excited state.

2.2.1.2 Density Matrix

While Eq. (2.3) is a useful parametrization of a single pure qubit state, it is not sufficient to
describe general systems which can also be in an incoherent mixture of different pure states.
There, the density matrix notation is introduced with the state of a system described by

% =
∑

i

pi|ψi〉〈ψi|, (2.5)

where the states |ψi〉 are incoherently added with mixing probabilities pi,
∑

i pi = 1. De-
composing % according to Eq. 2.5 into pure states |ψi〉 is in general not unique. The
eigendecomposition into % =

∑
i λi|ψ′i〉〈ψ′i| with orthogonal eigenstates |ψ′i〉 and the corre-

sponding eigenvalues λi gives the probabilities of successful projection onto the respective
eigenstates. For a pure state, Eq. (2.5) simplifies to % = |ψ〉〈ψ|.

The state of a single qubit can be written in the Pauli operator basis as

% =
1

2
(σ0 + Txσx + Tyσy + Tzσz) (2.6)

with the Bloch vector ~T = (Tx, Ty, Tz)
T , the Pauli matrices σx, σy, and σz, and the identity

matrix σ0 =

(
1 0
0 1

)
. The Pauli matrices [43] are traceless Hermitian matrices, defined as

σx ≡
(

0 1
1 0

)
, σy ≡

(
0 −i
i 0

)
, σz ≡

(
1 0
0 −1

)
. (2.7)

with the eigenstates

σx|+〉 = + |+〉, (2.8a)

σx|−〉 =− |−〉, (2.8b)

σy| �〉 = + | �〉, (2.8c)

σy| 	〉 =− | 	〉, (2.8d)

σz|0〉 = + |0〉, (2.8e)

σz|1〉 =− |1〉, (2.8f)
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where |±〉 ≡ 1√
2

(|0〉+ |1〉), | �〉 ≡ 1√
2

(|0〉+ i|1〉), and | 	〉 ≡ 1√
2

(|0〉 − i|1〉) are superpo-

sitions of |0〉 and |1〉. Please note that some references in the literature define σy as the
conjugate of the above.

In the notation of polarization states, the correspondences |P 〉 ≡ |+〉 (plus or diagonally
polarized), |M〉 ≡ |−〉 (minus or antidiagonally polarized), |R〉 ≡ | �〉 (right circularly
polarized), |L〉 ≡ | 	〉 (left circularly polarized), |H〉 ≡ |0〉 (horizontally polarized), |V 〉 ≡
|1〉 (vertically polarized) will be used.

Eq. (2.6) can also be stated as

% =
1

2

3∑

µ=0

Tµσµ (2.9)

for σµ ∈ {σ0, σx, σy, σz} and with the parameter T0 ≡ 1. Throughout this thesis, the
Pauli matrices as well as Bloch vector elements may be labeled fully equivalently using
alphanumeric indices {0, x, y, z} or using numeric indices only, for example σ1 ≡ σx.

The diagonal entries of the density matrix in a given basis are called populations, as
they describe the probability to find the system in this particular eigenstate. On the
contrary, off-diagonal elements define the coherences between the different basis states and
are therefore denoted as coherences.

The normalization of the state %,

tr (%) = tr

(
1

2

3∑

µ=0

Tµσµ

)
=

1

2
T0 tr (σ0) = T0 ≡ 1, (2.10)

is ensured by the constant parameter T0 ≡ 1. For a given state %, the Bloch vector
components Tµ can be obtained using Tµ = tr (%σµ).

Recalling Eqs. (2.4), one realizes that the Cartesian coordinates directly correspond to
the Bloch vector coordinates,

x = Tx = tr (%σx) = 〈σx〉, (2.11a)

y = Ty = tr (%σy) = 〈σy〉, (2.11b)

z = Tz = tr (%σz) = 〈σz〉, (2.11c)

where 〈o〉 denotes the expectation value of the corresponding operator o with respect to the
quantum state %. Contrary to pure states, mixed states do not lie on the surface of the Bloch

sphere, but are distinguished by a shorter Bloch vector length,
∣∣∣~T
∣∣∣
2

=
√
x2 + y2 + z2 < 1.

In the case of a single qubit, the Bloch vector length
∣∣∣~T
∣∣∣
2

can easily be obtained by means

of the purity P ≡ tr (%2),

P = tr
(
%2
)

=
1

4

3∑

µ,ν=0

TµTν tr (σµσν) =
1

4

3∑

µ,ν=0

TµTν2δµ,ν

=
1

2

3∑

µ=0

T 2
µ =

1

2

(
1 + T 2

x + T 2
y + T 2

z

)
=

1

2

(
1 +

∣∣∣~T
∣∣∣
2

2

)
, (2.12)



10 2. Fundamentals

where δα,β denotes the Kronecker delta.

In summary, one-qubit states can thus be represented by points on the Bloch sphere if
they are pure or somewhere inside the Bloch sphere if they are mixed states. The maximally
mixed state

%mms ≡
(

1 0
0 1

)
(2.13)

lies at the origin of the sphere, evidently with purity P = 0.

2.2.1.3 Multiqubit Systems

The description of the single qubit quantum state, see Eq. (2.1), can be extended to
multiqubit systems. Instead of a single qubit living in H2, n qubits from H2 each, can be
combined, such that

|ψ〉 =
1∑

i1,...,in=0

ci1,...,in|i1〉 ⊗ · · · ⊗ |in〉 ∈ H⊗n2 , (2.14)

i.e., a general pure state can be written as the superposition of all combinations of tensor
products of the single qubit basis states, where now the n qubits of the state can be
distributed to up to n different parties or observers. Similarly to the case of a single qubit,
the amplitudes have to fulfill a normalization constraint,

∑1
i1,...,in=0 |ci1,...,in|

2 = 1. It is
important to note that the state in Eq. (2.14) can in general not be factorized and thus
cannot be written as a product of individual qubit states,

|ψprod〉 =

(
1∑

i1=0

c
(1)
i1
|i1〉
)
⊗ · · · ⊗

(
1∑

in=0

c
(n)
in
|in〉
)
, (2.15)

where n normalization conditions
∣∣∣c(j)

0

∣∣∣
2

+
∣∣∣c(j)

1

∣∣∣
2

= 1 are to be satisfied. A state of the

form of Eq. 2.15 is called product state. For a more detailed analysis of different classes of
states, see Sec. 2.2.2.

Since Eq. 2.14 is limited to pure states, a more general expression has to be found to
imbed incoherent mixtures of pure states. In analogy to Eq. 2.9, a general mixed multiqubit
state can be described using the tensor product of Pauli matrices, which form the operator
basis. For n qubits, the summation thus contains 4n entries, σ0, σx, σy, and σz for each
qubit, i.e.

% =
1

2n

∑

µ1,...,µn

Tµ1,...,µnσµ1 ⊗ σµ2 ⊗ · · · ⊗ σµn (2.16)

with σµj ∈ {σ0, σx, σy, σz}, 1 ≤ j ≤ n, and the correlation tensor T . Tµ1,...,µn are called
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correlations tensor elements or, for short, correlations. According to

tr (σν1 ⊗ σν2 ⊗ · · · ⊗ σνn%) =

1

2n

∑

µ1,...,µn

Tµ1,...,µn tr (σν1 ⊗ σν2 ⊗ · · · ⊗ σνn · σµ1 ⊗ σµ2 ⊗ · · · ⊗ σµn) =

1

2n

∑

µ1,...,µn

Tµ1,...,µn tr (σν1σµ1)︸ ︷︷ ︸
2·δν1,µ1

· · · · · tr (σνnσµn)︸ ︷︷ ︸
2·δνn,µn

=

Tν1,...,νn , (2.17)

the correlations can be obtained as expectation values of the respective Pauli matrices.
Correlations with Tµ1,...,µn , where µj 6= 0 for all j, i.e., all indices are x, y, or z, are so-
called full correlations, whereas those, which are expectation values of operators containing
at least one σ0, are named non-full correlations, or throughout this thesis more seldom
marginal correlations. In order to experimentally obtain the value of a full correlation,
all particles have to be measured in the respective basis, e.g., by projections onto the
eigenstates of the basis. Hence, the outcomes of all n single qubit measurements are
relevant. However, for example, the non-full correlation of σz ⊗ σz ⊗ σ0 is obtained by
considering the outcomes of only the first two particles measured in the σz basis, whereas
the third particles’s result is not taken into account. Local correlations such as σz⊗σ0⊗σ0

are calculated based on a single qubit measurements and are sometimes also called local
Bloch vector. Accordingly to the normalization in the single qubit case, Eq. (2.10), the
correlation T0,0,...,0 ≡ T00...0 ≡ 1 is fixed due to the constraint tr (%) = 1.

A density matrix has to obey the following requirements:

• the trace has to be normalized, tr (%) = 1,

• % has to be Hermitian, %† = %,

• the eigenvalues have to be non-negative, i.e., the density matrix has to be positive
semi-definite, % ≥ 0.

Therefore, the eigenvalues, which can be seen as the probabilities to obtain the correspond-
ing eigenstate, have to fulfill λi ∈ [0, 1]. The construction according to Eq. (2.16) ensures
the Hermiticity requirement, whereas the normalization is taken care of by T00...0 ≡ 1. The
last requirement, however, can cause some trouble, see Chapter 3.

2.2.1.4 Qutrits, Ququads and Qudits

As introduced in Sec. 2.2.1.1, qubits correspond to states of two level systems. Yet, a
generalization to higher dimensional systems is also possible, allowing the occupation of,
for example, the eigenstates |0〉, |1〉, and |2〉 for a ternary quantum system or, for short,
qutrit. Correspondingly, a ququad (sometimes ququart) is composed of the four eigenstates
|0〉, |1〉, |2〉, and |3〉, whereas the general term qudit refers to a d-dimensional system based
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upon the states {|0〉, . . . , |d − 1〉}. Contrary to a qubit, which lives in a two-dimensional
Hilbert space H2, a qudit relies on a d-dimensional Hilbert space Hd. Although by far
most parts of this thesis rely on qubit systems only, the extension to higher dimensional
systems will be of relevance for some generalizations of proposed methods. As mentioned
in Sec. 2.2.1.1, higher dimensional systems can be implemented using different frequencies
or various optical modes of the light or for example using a time-bin encoding.

2.2.1.5 Unitary Transformation

Two n-qubit states %1 ∈ H⊗n2 and %2 ∈ H⊗n2 with the same eigenvalues can be transformed
into each other using an unitary transformation U ∈ C2n×2n with %1 → U%1U

† = %2. U is
unitary if and only if its conjugate transpose U † is also its inverse, i.e., U †U = UU † = 1.
Please note that both conditions are necessary, namely U † has to be simultaneously the
left and right inverse [51]. Unitary transformations are isospectral, i.e., they do not change
the spectrum of eigenvalues, as can be shown easily. If the Hamiltonian of a system is
Hermitian, as for closed systems, the evolution of it can be described by a unitary matrix.

2.2.1.6 Partial Trace and Purification

A possible way to obtain statistically mixed states is by preparing a pure entangled state
with larger number of particles. Subsequently, some of the particles can be traced out,
i.e., only the remaining particles are considered to be a state with fewer particles. For an
(n = nA + nB)-qubit state |ψ〉 = |ψA〉⊗|ψB〉 with |ψA〉 ∈ A ≡ H⊗nA2 and |ψB〉 ∈ B ≡ H⊗nB2 ,
the partial trace over B results in

%A = trB (|ψA〉〈ψA| ⊗ |ψB〉〈ψB|) = |ψA〉〈ψA| tr (|ψB〉〈ψB|)︸ ︷︷ ︸
1

= |ψA〉〈ψA|, (2.18)

which is again a pure state, now with nA particles. However, if the initial state is not a
product state, the general parametrization from Eq. (2.16) may be used. For the partial
trace of the last nB qubits, one obtains

%A = trB (%)

=
1

2n

∑

µ1,...,µn

Tµ1,...,µn trB

(
σµ1 ⊗ · · · ⊗ σµnA ⊗ σµnA+1

⊗ · · · ⊗ σµn
)

=
1

2n

∑

µ1,...,µn

Tµ1,...,µn σµ1 ⊗ · · · ⊗ σµnA︸ ︷︷ ︸
subsystem A

tr


σµnA+1

⊗ · · · ⊗ σµn︸ ︷︷ ︸
subsystem B




︸ ︷︷ ︸
2nB

=
1

2nA

∑

µ1,...,µnA

Tµ1,...,µnA ,0,...,0
σµ1 ⊗ · · · ⊗ σµnA . (2.19)



2.2 Theoretical Foundations 13

Consider the maximally entangled Bell state |ψ−〉 = 1√
2

(|01〉 − |10〉) (see Sec. 2.2.4.2),
which is a pure two-qubit state with correlations T00 = 1 and T11 = T22 = T33 = −1. After
tracing out the, say, second particle, one obtains

%A = trB
(
|ψ−〉〈ψ−|

)
=

1

2

(
1 0
0 1

)
, (2.20)

which is the maximally mixed state. Thus, tracing out one particle of this pure two-qubit
state results in the maximally mixed one-qubit state.

The inverse process is called purification. A canonical way how to construct a pure state
|Ψ〉 with 2n qubits from the mixed state %A with n qubits relies its the eigendecomposition,
i.e., %A =

∑
i λi|ψi〉〈ψi|. The pure state is then given by |Ψ〉 =

∑
i

√
λi|ψi〉A ⊗ |ψi〉B.

However, |Ψ〉 is not unique, as different pure states can result in the same mixed state by
tracing out some particles [51]. Furthermore, the eigendecomposition is not unique if some
eigenvalues are degenerate.

Please note that the usual density matrix formalism cannot discriminate between proper
and improper mixtures [52], i.e., one cannot distinguish a proper mixture where the mixed-
ness is due to some inherently statistical uncertainty (if existing at all) from an improper
one which is only mixed due to entanglement to external systems which are out of reach.
Taking the external system of an improper mixture into account, the joint system of the
measured and the external one can be described by a pure state, i.e., some information
about the measured system might be “somewhere else”.

2.2.2 Entanglement

According to Eq. (2.14), any pure two-qubit state can be written as

|ψ〉 =
1∑

i1,i2=0

ci1,i2|i1〉 ⊗ |i2〉 = c0,0|00〉+ c0,1|01〉+ c1,0|10〉+ c1,1|11〉 (2.21)

with properly normalized amplitudes ci1,i2 . The abbreviation |00〉 = |0〉 ⊗ |0〉 will be used
throughout this thesis. If it is not possible to find a decomposition into the product form

|ψprod〉 =

(
1∑

i1=0

ci1|i1〉
)
⊗
(

1∑

i2=0

ci2|i2〉
)
, (2.22)

the state |ψ〉 is not a product state, but entangled. While this formulation is rather trivial
for the case of a pure two-qubit state, the description and the detection of entanglement
turn out to be more complicated for mixed n-qubit states. In this section, the termi-
nology of separability and producibility are introduced. Furthermore, some fundamental
entanglement detection schemes will be explained.
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2.2.2.1 k-separability and Entanglement Intactness

Contrary to a pure two-qubit state, which can either be entangled or a product state, for
mixed states one refers to the concept of separability. A mixed two-qubit state is called
separable, if it can be written in the form

%sep =
∑

i

pi (%A)i ⊗ (%B)i , (2.23)

i.e., the convex combination of states %A from subsystem A and %B from subsystem B,
respectively [53]. In turn, a mixed two-qubit state, which is not separable, is entangled.

A state of the form of Eq. (2.23), which is separable into the states of two subsystems,
is called biseparable. In general, % is said to be k-separable if one can find a convex
decomposition with

%k−sep =
∑

i

pi

k⊗

j=1

%
(i)

G
(i)
j

(2.24)

where G
(i)
j denotes a set of indices for a corresponding k-fold partition with G =

⋃k
j=1 G

(i)
j

(with mutually disjoint G
(i)
j and G

(i)
j′ ) denoting the set of all indices. Please note that

for the different summation terms labeled by i, different partitions can be chosen. For
example, the state

%bi−sep =
1

2
(%AB ⊗ %C + %A ⊗ %BC) (2.25)

with non-separable %AB and %BC is bi-separable because it is the convex combination of
bi-separable states [54], see Fig. 2.2.

A k-separable state is also k′-separable with k′ < k, for example, a tri-separable (k = 3)
state is also bi-separable (k = 2). A state which is k-separable, but not (k + 1)-separable,
is said to have an entanglement intactness of k [55]. The mixture of states with k1 and
k2 entanglement intactness, respectively, has at least min{k1, k2} entanglement intactness,
i.e., the entanglement intactness of a mixture cannot be smaller than the intactness of the
respective constituent with the smaller intactness.

A state with n qubits which is not bi-separable (and thus not k-separable for any k ≥ 2)
is called genuinely n-partite entangled [56]. Please note that the mixture of two states which
are bi-separable with respect to different bipartitions can never contain genuine n-partite
entanglement, see Fig. 2.2. At the other end of the Hierarchy, a state with n qubits which
is n-separable, is called fully separable.

2.2.2.2 k-producibility and Entanglement Depth

In line with the concept of separability, the notion of producibility may be introduced. If
a state % can be formed using an entangled state with entanglement between m parties,
% is said to be m-producible. Such an m-producible state can of course also be formed
by means of states with entanglement between m′ (with m′ > m) parties, thus, it is also
m + 1-producible. For example, the state %bi−sep from Eq. (2.25) is 2-producible because
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n-separable

(n-1)-separable

3-separable

2-separable

1-separable

...

Figure 2.2: Hierarchy of separable states. The n-separable states are a convex subset of the
convex set of the (n− 1)-separable states. Thus, by incoherently mixing two k-separable states,
the resulting state is at least k-separable. The set of 1-separable states which are not 2-separable

(or bi-separable) is the set of non-separable states or genuinely n-partite entangled states.

it can be produced using states with entanglement between 2 parties. On the other hand,
with the same argument it is also 3-producible.

In order to avoid this ambiguity, the concept of entanglement depth is used [57]. A
state with entanglement depth m is m-producible, but not (m− 1)-producible. The mix-
ture of two states with entanglement depths m1 and m2, respectively, can have at most
entanglement depth of max{m1,m2}.

To produce a genuinely n-partite entangled state, one needs a resource with at least
n-partite entanglement. Thus, this state is n-producible and has an entanglement depth
of n.

2.2.2.3 Local Operations and Classical Communication

In order to introduce some classification in multipartite entanglement the generic picture
of n particles distributed to n parties has been used. There, only local measurements of
the parties together with classical communication between them are allowed. All trans-
formations of a quantum state which can be described by the set of local operations on
any of the involved subsystems including local measurements together with classical in-
formation are encapsulated by the term of local operations and classical communication
(LOCC) [43]. A channel with solely local operations and classical communication is thus
a channel which can be implemented by n separate parties performing individual actions
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on their respective subsystem. All communication between the parties is restricted to be
classical such that no quantum information may be exchanged [58]. If two systems cannot
be transformed into each other using local operations and classical communication, those
systems are said to be incomparable and contain a different type of entanglement [59]. In
contrast, if they are LOCC equivalent, they can be transformed into each other using local
unitary transformations [60]. If only |ψ〉 can be transformed into another state |φ〉, but
not vice versa, |ψ〉 results in a larger value for some entanglement monotones [61].

B C

A

B C

A

CB

A

B C

A

B C

A

B C

A

GHZ W

genuinely
tripartite
entangled

biseparable

fully
separable

Figure 2.3: Entanglement classes of three-qubit states. Two classes of genuinely tripartite
entangled states exist, which cannot be transformed into each other using the most general type
of local operations and classical communications, which allow a finite probability of success [62].
However, bi-separable and tri-separable states can be generated from those, as indicated by

arrows. Hence, all states can access the class of triseparable states. Adapted from [62].

If, however, one accepts that a transformation may only success with a finite probability
as, e.g., when using local filtering [63, 64], the class of transformations is denoted as
stochastic LOCC (SLOCC). An overview for the convertibility of three-qubit states under
SLOCC is shown in Fig. 2.3. The |GHZ〉 state and the |W 〉 state, see Sec. 2.2.4, respectively,
constitute two mutually distinct classes of SLOCC equivalent states, which cannot be
transformed into each other using SLOCC [62]. However, from both types of states, all
possible bi- and tri-separable states can be obtained by means of SLOCC. The inverse
operation is not possible, i.e., a state with entanglement between all three parties cannot
be formed from a bi-separable state using local operations and classical communication
only.
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2.2.2.4 Positive Partial Transpose

In general it can be a demanding task to infer whether a given state is entangled. If the
density matrix % is known and the system is composed of 2 qubits (or a qubit and a qutrit),
the criterion of partial transposition can be used [65, 66]. For a single qubit state %A ∈ H2,
its transpose

%TA = % =
1

2

3∑

µ=0

Tµσ
T
µ (2.26)

is still a valid state with %TA ≥ 0. Because of σx = σTx , σy = −σTy , and σz = σTz , only the
chirality of the state will be changed, i.e., the right-circular component becomes the left-
circular one and vice-versa. If now the partial transpose, i.e., the transpose to a subsystem,
is applied, a product state % = %A ⊗ %B always remains physical. Let %A and %B have the
eigenvalues λ

(A)
1,2 and λ

(B)
1,2 , respectively, which all are non-negative. The eigenvalues of %TAA

remain λ
(A)
1,2 . Then,

%→ %TA = %TAA ⊗ %B (2.27)

has the four non-negative eigenvalues λ
(A)
1 λ

(B)
1 , λ

(A)
1 λ

(B)
2 , λ

(A)
2 λ

(B)
1 , and λ

(A)
2 λ

(B)
2 . Thus,

%TA ≥ 0. Therefore, separable states always have a positive partial transpose (PPT). If
the partial transpose of this 2-qubit state is negative, the state cannot be separable and is
thus entangled. Please note that states for more than d = 6 dimensions, i.e., systems with
more dimensions than two qubits or a qubit-qutrit, can have a positive partial transpose
while being entangled. Therefore, the PPT criterion is only sufficient and necessary for
d ≤ 6 dimensional systems [65, 66], while it is a sufficient criterion for systems with d > 6.

2.2.2.5 Entanglement Witness

While the PPT criterion is a powerful tool applicable to any state, it is limited so small sys-
tems and requires full knowledge of the density matrix. For many - including experimental
- purposes, one is interested in methods for entanglement verification on multiqubit (or in
general multiqudit) systems, ideally without the need of full quantum state tomography
in the first place. Entanglement witnesses provide such means, i.e., they allow to verify
entanglement with limited measurement effort [65, 67–69]. While there are different types
of entanglement witnesses including non-linear witnesses, for this introduction we focus on
the elementary case of projection-based linear entanglement witnesses.

An operator Ŵ ∈ HA ⊗HB is called entanglement witness if there exists an entangled
state %entangled ∈ HA ⊗HB such that

tr
(
%entangledŴ

)
< 0, (2.28)

while for all separable states %separable =
∑

i %
(i)
A ⊗ %

(i)
B (with %A ∈ HA, %B ∈ HB)

tr
(
%separableŴ

)
≥ 0 (2.29)
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separable states

entangled states 

Figure 2.4: Entanglement witness. The witness Ŵ1 is optimal (with respect to some reference
state), while Ŵ2 certifies entanglement only for a subset of the set of detected states of Ŵ1. The
separable states (green) are a convex subset of all states with % ≥ 0. A witness divides the set of
all states into two subsets - a subset containing only entangled states (lighter blue areas) and a

subset containing all separable states and some entangled states.

holds.

A standard ansatz for a (linear, fidelity based) entanglement witnesses is given by

Ŵ = α1− |χ〉〈χ|. (2.30)

For α being the largest (squared) overlap of the reference state |χ〉 with the set of separable
states, i.e., α = max%separable

〈χ|%separable|χ〉, Ŵ certifies entanglement for 〈Ŵ〉 < 0.

Please note that all separable states fulfill tr
(
%separableŴ

)
≥ 0, while only some entan-

gled states result in tr
(
%entangledŴ

)
< 0. Thus, for a state %, one can deduce

tr
(
%Ŵ
)
< 0 ⇒ % is entangled, (2.31)

tr
(
%Ŵ
)
≥ 0 ⇒ % could be entangled or separable. (2.32)

If a witness Ŵ1 certifies entanglement for the set of states S1 and Ŵ2 for the set S2, Ŵ1

is said to be finer than Ŵ2 if S2 ⊆ S1, i.e., the set of detected states by Ŵ2 is a subset of
those detected by Ŵ1. If there is no witness finer than Ŵ1, Ŵ1 is an optimal witness [68],
see Fig. 2.4. Because the set of entangled states (all states excluding separable ones) is not
convex, different optimal entanglement witnesses exist.
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2.2.2.6 Bell Inequality

In 1935, Einstein, Podolsky, and Rosen questioned the completeness of quantum mechan-
ics [17]. If two observers, A and B, are given the two particles of a position-momentum
entangled bipartite quantum system, both can separately decide to measure position (x)
or momentum (p) of their particles. Due to the entanglement, the position measurement
of A would allow to deduce the position of B’s particle, as well as B’s momentum mea-
surement would allow to deduce the corresponding momentum of A’s particle. As those
measurements would allow to obtain xA and pA with certainty, those results are considered
to be some elements of reality. If instead of position and momentum, the frequently con-
sidered example of a bipartite state with vanishing total spin, |ψ−〉 = 1√

2
(| ↓↑〉 − | ↑↓〉), is

used, a measurement of the x component of the first particle could allow to deduce the x
component of the second particle with certainty. If now the second particle’s spin is not
measured along x direction, but along y (or z) direction, according to EPR’s reasoning two
non-commensurable observables have been measured, which is not allowed by quantum
theory. Einstein, Podolsky and Rosen stated that [17]

if, without in any way disturbing a system, we can predict with certainty (i.e.,
with probability equal to unity) the value of a physical quantity, there exists
an element of physical reality corresponding to this physical quantity.

Furthermore, they required that [17]

every element of the physical reality must have a counterpart in the physical
theory.

Combining these assumptions, they concluded that [17]

it is possible to assign two different wave functions [...] to the same reality,

which either contradicts their reality statement or quantum mechanics cannot be complete.
An allegedly potential solution to preserve the reality assumption is to enrich quantum

theory by additional parameters, which may be inaccessible (hidden) to the experimenter,
but could allow to predict the measurement outcomes with certainty. In his seminal pa-
per [21], Bell derived an inequality allowing to experimentally test for such local hidden
variables. Under the assumption that space-like separated measurements are independent
of each other (locality) and that a measurement reads system properties which are in-
dependent of the performed measurement [70] and definite (realism)1, Bell could derive
an inequality that constrains possible outcomes of measurements on any system. Thus,
any system that can be described by local hidden variables, i.e., some not necessarily em-
pirically accessible, but local parameters containing all information for determining the
measurement outcomes, has to produce outcomes which obey Bell’s inequality. The obser-
vation of a violation in a physical system consequently leads to the conclusion that local

1Please note that different meanings for the requirement of realism exist. For a discussion of the
conditions of Bell’s theorem, see, e.g., [70, 71].



20 2. Fundamentals

hidden variable models are not sufficient for describing the system and thus (at least) one
of the assumptions is wrong. Hence, one has to either abandon the locality or the reality
assumption - or both. A few years later, Clauser, Horne, Shimony, and Holt (CHSH) de-
rived another Bell-type inequality [72] which is more experimentally friendly than Bell’s
original inequality. For two observers A and B with measurement settings {α1, α2} and
{β1, β2}, the CHSH inequality reads

S = |E (α1, β1)− E (α1, β2)|+ |E (α2, β1) + E (α2, β2)| ≤ 2, (2.33)

where E (α, β) = (c↑↑ − c↑↓ − c↓↑ + c↓↓) / (c↑↑ + c↑↓ + c↓↑ + c↓↓) is the correlation of the
outcomes {c↑↑,c↑↓,c↓↑,c↓↓} when A (B) measures in setting given by angle α (β). Optimizing
over the respective angles and input states, local hidden variable models are constrained
by the value 2, while predictions with quantum theory allow values for the S parameter
up to the Tsirelson2 bound [73] of 2

√
2.

First experimental tests appeared already soon after the derivation of the inequality [22,
26]. Yet, those early experiments did not allow to close the so-called locality loophole
or the detection loophole [74]. Only recently, first experiments managed to space-like
separate both observers and, at the same time, measure with sufficient detection efficiency,
simultaneously excluding both loopholes [29–33]. As for any separable state one can easily
find a corresponding local hidden variable model, a violation of a Bell-type inequality also
detects entanglement. However, compared to entanglement witnesses, Bell inequalities are
less fine and can thus be considered to also be non-optimal witnesses [75]. For illustration,
see Fig. 2.5.

2.2.3 Distances and Measures

Both for theoretical work on quantum information and for experimental verification of
results, it is necessary to assess the quality of experimental results and hence to quantify
the mutual distance between different states, distributions or channels, respectively. It is
thus expedient to introduce the most basic measures used throughout this thesis.

2.2.3.1 Fidelity

The fidelity was the first measure used in quantum information and describes and quantifies
the overlap of two states. It can be thought of as the probability of success to find the
system relative to a specific target or reference state [51]. For a pure reference state, a
definition of the fidelity between the state to be tested % and the reference state |ψ〉 reads

F (%, |ψ〉) ≡ 〈ψ|%|ψ〉. (2.34)

As such, it can be also used, e.g., to identify the state preparation quality.

2Due to transcription, it is sometimes referred to the “Cirelson bound” or “Cirel’son bound”.
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separable states
with LHVM

entangled states 
without LHVM

entangled states 
with LHVM

LHVM, no QM

Bell inequality

optim
al w

itness

Figure 2.5: Models for possible measurement outcomes and the relation of Bell inequalities and
witnesses. A Bell inequality is a tight bound to the set of measurement outcomes which can be
explained using local hidden variable models (LHVM). However, there exist entangled quantum
states, for which LHVM can be found [53]. Thus, in general an optimal witness is tighter (finer) to
the set of separable states and thus detects more entangled states compared to a Bell inequality as
a witness can be a tight bound to the measurement outcomes of separable states. Additionally,
local hidden variable models can give probability distributions in disagreement with quantum

theory. Figure adapted from [75].



22 2. Fundamentals

If, however, the reference state is not pure, the definition of Eq. (2.34) cannot be used.
Instead, the fidelity of the two (generally) mixed states % and σ is then defined as

F (%, σ) ≡
[
tr
√√

%σ
√
%

]2

, (2.35)

where
√
% indicates the matrix root, i.e., the matrix

√
% which solves

√
%
√
% = %. This

expression is also referred to as Uhlmann’s transition probability.
The fidelity complies with the following requirements [51]

• 0 ≤ F ≤ 1 with F (%, σ) = 1⇔ % = σ,

• F is symmetric in its arguments,

• the pure state definition of Eq. (2.34) is a special case of the general definition of
Eq. (2.35), and

• F is invariant under unitary transformations of both states, F
(
U%U †, UσU †

)
=

F (%, σ).

As F (%, %) = 1, the fidelity itself is not a metric, since for a metric d(x, x) = 0 has to hold.
However, the fidelity can be used to induce a metric as will be shown in the next section.

Please note that sometimes in literature another definition of the fidelity is used, which
is equivalent to the root of the quantity defined here.

2.2.3.2 Bures Distance and Bures Angle

The squared Bures distance between two quantum states % and σ is defined as

D2
B (%, σ) ≡ 2

(
1−

√
F (%, σ)

)
. (2.36)

Furthermore, the so-called Bures angle can be introduced which is defined as

DA (%, σ) ≡ arccos
√
F (%, σ). (2.37)

Contrary to the fidelity, Bures distance and Bures angle comply with the requirements of
a metric.

2.2.3.3 Hilbert-Schmidt Norm

The (squared) Hilbert-Schmidt norm of an operator A is generally defined as

|A|2HS ≡ tr
(
A†A

)
=
∑

i,j

|Ai,j|2 , (2.38)
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where {Ai,j} are the matrix elements in an arbitrary basis. For a density operator %, this
expression can be further written as

|%|2HS = tr
(
%†%
)

=
1

4n

∑

µ1,...,µn

∑

ν1,...,νn

Tµ1,...,µnTν1,...,νn tr (σµ1 ⊗ · · · ⊗ σµn σν1 ⊗ · · · ⊗ σνn)

=
1

2n

∑

µ1,...,µn

T 2
µ1,...,µn

, (2.39)

i.e., is given by the sum of the squared correlation tensor elements. Accordingly, the
squared Hilbert-Schmidt distance of the difference of two density matrices reads

|%− σ|2HS =
1

2n

∑

µ1,...,µn

∆T 2
µ1,...,µn

(2.40)

with ∆Tµ1,...,µn ≡ T %µ1,...,µn
− T σµ1,...,µn

. Frobenius norm, Schur norm, and Schatten-2 norm
are other names of the Hilbert-Schmidt norm.

2.2.3.4 Trace Distance

Of physical interest is also the trace distance as it allows to quantify the highest probability
that two states can be distinguished using an optimal measurement. Another name for
the trace distance norm is Schatten-1 norm. For two (generally) mixed states % and σ, one
denotes

DT (%, σ) =
1

2
|%− σ|1 =

1

2
tr

(√
(%− σ)2

)
=

1

2

∑

i

|λi| (2.41)

as the trace distance, where
√· denotes here the matrix square root, see also Sec. 2.2.3.1,

and {λi} the set of eigenvalues of the Hermitian matrix (%− σ). The trace distance fulfills
the requirements for distances, namely [51]

• DT (%, σ) ≥ 0,

• DT (%, σ) = 0⇔ % = σ,

• DT (%, σ) = DT (σ, %), and

• DT (%, σ) ≤ DT (%, ξ) +DT (ξ, σ).

Its definition is equivalent to the definition of the Kolmogorov distance of probability
distributions [51].

2.2.4 Prominent Quantum States and Their Properties

In this section, some of the most prominent quantum states needed in this thesis will be
introduced.
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2.2.4.1 Maximally Mixed State

The maximally mixed state, sometimes also called completely mixed state, is of low value
in the context of quantum information as it maximizes the von Neumann entropy. From
an information theoretical point of view, the maximally mixed state can be considered as
a free state [76]. Irrespective of the measurement basis, the probabilities of the possible
outcomes for the maximally mixed state always follow Laplace’s rule of probabilities, i.e.,
all possible outcomes are equally likely. The n-qubit maximally mixed state %mms can be
written as the (normalized) identity matrix and is as such independent from the basis,

%mms =
12n×2n

2n
→ U%mmsU

† =
12n×2n

2n
= %mms (2.42)

for any unitary transformation U . Thus, the eigenstates have equal probabilities, i.e., the
spectral components of this state have equal weight. Therefore, if considered as noise, the
state is seen as white noise. As, independent of the basis, all density matrix elements of
the maximally mixed state are populations, the state does not carry any entanglement.

2.2.4.2 Bell States

The maximally entangled two-qubit states denoted as Bell states are given by

|φ+〉 =
1√
2

(|00〉+ |11〉) , (2.43a)

|φ−〉 =
1√
2

(|00〉 − |11〉) , (2.43b)

|ψ+〉 =
1√
2

(|01〉+ |10〉) , (2.43c)

|ψ−〉 =
1√
2

(|01〉 − |10〉) . (2.43d)

A peculiar property of the four Bell states is the possibility to transform them into each
other by applying a single qubit unitary transformation, i.e., by a local operation. A
possible cycle of Bell states when only applying a unitary transformation to the first qubit
is given for example by

|φ+〉 → σz ⊗ 1 |φ+〉 = |φ−〉 (2.44a)

|φ−〉 → −σx ⊗ 1 |φ−〉 = |ψ−〉 (2.44b)

|ψ−〉 → σz ⊗ 1 |ψ−〉 = |ψ+〉 (2.44c)

|ψ+〉 → σx ⊗ 1 |ψ+〉 = |φ+〉. (2.44d)

Hence, the Bell states are LOCC equivalent, see Sec. 2.2.2.3. This property is made use
of for quantum teleportation, where one of the entangled particles of a Bell state together
with a third particle in a state which is to be teleported are projectively measured in the
Bell state basis. The measurement result is transmitted via a classical channel to the other
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party, allowing it to transform its qubit accordingly in order to retrieve the third particle’s
original state [37].

As being maximally entangled, Bell states are usually the main resource for almost all
tasks in quantum communication or for violating a Bell inequality, see Sec. 2.2.2.6.

2.2.4.3 Greenberger-Horne-Zeilinger States

States of the form

|GHZ〉 =
1√
2

(|00 . . . 0〉+ |11 . . . 1〉) (2.45)

with |0〉 and |1〉 as basis states in an arbitrary local basis are called Greenberger-Horne-
Zeilinger states [77]. The two qubit GHZ state corresponds to the Bell state |φ+〉.

States of this type show several interesting features. For example, let each particle of
a three qubit GHZ state be detected by means of a projective measurement onto | ↑〉j =
|0〉j + eiφj |1〉j and | ↓〉j = |0〉j − eiφj |1〉j with variable phase φj for each particle. When
considering the coincidences between all possible combinations of outcomes, one observes
a dependency on the sum of the three phases, φ1 + φ2 + φ3, while no fringes of two-fold
(or single-particle) coincidences are visible [50]. This state thus contains three particle
entanglement. Interestingly, as two-fold correlations are not visible in the three qubit GHZ
state, the loss of already a single particle implies the complete loss of entanglement,

|00 . . . 0〉n + |11 . . . 1〉n√
2

→ |00 . . . 0〉〈00 . . . 0|n−1 + |11 . . . 1〉〈11 . . . 1|n−1

2
, (2.46)

where the subscripts n and n−1, respectively, denote the number of qubits and→ indicates
the process of losing a single particle. Although the initial state has maximal entangle-
ment (according to the typical measures), the resulting state is the incoherent mixture of
|00 . . . 0〉n−1 and |11 . . . 1〉n−1 and is as such purely classical.

2.2.4.4 Graph and Cluster States

A possible implementation for optical quantum computing is the so-called one-way quan-
tum computing based upon graph states, states emerging from Ising-type interactions be-
tween many qubits [40, 78, 79]. Performing measurements on single qubits of a multiqubit
graph state together with feed-forward control and finally conducting a sequence of one-
qubit readout measurements [50, 80] allows the implementation of quantum computation
algorithms [81].

The usage of the notions of “graph” and “cluster” states is not perfectly consistent.
Here, a graph state is generally a state which can be described using a graph with vertices
and edges, where the qubits correspond to the vertices, which have to be initialized to the
state 1/

√
2 (|0〉+ |1〉), and the edges (connections between vertices) indicate the application
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of a controlled-phase gate [80],

UC−phase =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


 . (2.47)

In a more concise notation, the n-qubit graph state |Gn,E〉 with set of j edges E = {Ei}ji=1,
where each edge Ei connects vertices ai and bi, reads

|Gn,E〉 =

j∏

i=1

U
(ai,bi)
C−phase

( |0〉+ |1〉√
2

)⊗n
, (2.48)

where U
(ai,bi)
C−phase denotes the application of UC−phase between the qubits ai and bi. A differ-

ent definition of graph states follows the concept of the so-called stabilizing operators or
stabilizers {Si}. For each vertex i, which is connected via edges to the set of vertices N(i),
one can construct the operator

Si = σ(i)
x

⊗

j∈N(i)

σ(j)
z , (2.49)

such that the graph state is simultanous eigenstate with eigenvalue +1 to all stabilizers Si,
i.e., Si|Gn,E〉 = |Gn,E〉 for every i, which is useful to construct quantum error correcting
codes [82–84]. An extension to the graph states are hypergraph states, where not only two
vertices can be connected by an edge, but multiple qubits by a hyperedge with multiple
qubits serving as control qubits for one target qubit [85].

The cluster state is a graph state, where the vertices are aligned in a two dimensional
lattice structure with edges between (at most) nearest neighbouring vertices. Please note
that also the GHZ state is a graph state, which corresponds to a star-like graph with one
vertex in the centre and n− 1 vertices connected via edges with the centre, see Fig. 2.6.

2.2.4.5 Dicke and W States

If by some mechanism, e out of n particles are coherently excited from their ground state
by equally and coherently addressing all n particles, the system ends up in a Dicke state
with n qubits and e excitations [86]. The resulting state can be written as

|D(e)
n 〉 =

(
n
e

)− 1
2 ∑

i

Pi
(
|0〉⊗(n−e) ⊗ |1〉⊗e

)
, (2.50)

where Pi denotes the i-th permutation of the states of all individual qubits. Therefore,
|D(e)

n 〉 is invariant under permutation of qubits. If some, say, e out of n, atoms are in the
excited state, while the rest is prepared in the ground state, the rate of photo emission
can be increased significantly due to this coherence. This process is called super-radiance
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Figure 2.6: Different types of graph states. Each vertex corresponds to a qubit, which is
initialized in state 1√

2
(|0〉+ |1〉), while the edges denote the application of a controlled phase

gate between the connected qubits. The first, star-like graph is equivalent to a GHZ state, while
the square and the 2-by-4 arranged qubits are types of cluster states. The pentagon is another
type of graph state. The last state is a six-qubit hypergraph state, where the hyperedge, shown

as shaded region, denotes the application of a generalized phase gate.

as for a large number of atoms (n � 1), the rate of emission can scale with n2 instead of
n [87]. Super-radiance is maximal for systems with half excitation, i.e., e = n/2.

A special cases of the Dicke state is the W state [62], which, for n qubits with e = 1
excitation, is given by

|W 〉 =
1√
n

(|00 . . . 1〉+ · · ·+ |01 . . . 0〉+ |10 . . . 0〉) . (2.51)

The state |W 〉 contains e = n − 1 excitations and therefore corresponds to |W 〉 with
exchanging |0〉 ↔ |1〉.

2.2.4.6 Qutrit and Qudit States

Although most parts of this thesis consider compositions of d = 2 dimensional systems
only, a short discussion of qutrit states is of avail to understand some specialties. An
example for a highly entangled qutrit state is the four qutrit GHZ state, defined as

|GHZd=3,n=4〉 =
1√
3

2∑

j=0

|jjjj〉 =
1√
3

(|0000〉+ |1111〉+ |2222〉) . (2.52)

Another example is the four qutrit cluster state written as

|Cd=3,n=4〉 =
1

3

2∑

i,j=0

ωij|ijij〉 =
1

3

(
|0000〉+ |0101〉+ · · ·+ ω|1111〉+ · · ·+ ω4|2222〉

)

(2.53)
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with ω = exp (iπ2/3).
The definition for a maximally entangled state with n qudits follows directly from

Eq. (2.52) and reads

|Ωd,n〉 =
1√
d

d−1∑

j=0

|j〉⊗n. (2.54)

2.2.5 Measurements and Quantum Instruments

All evolutions of (closed) quantum systems are governed by the Schrödinger equation.
As such they can be described by unitary transformations and are thus deterministic.
However, the measurement process, i.e., the attempt to access some of the information
of the quantum system and make it tangible for the classical observer, cannot be written
in terms of unitary transformations (of the same closed system) and, in general, it is not
possible to predict its outcomes. As it is a basic element for some of the topics discussed
in this thesis, a brief introduction to the concept of measurements, quantum channels, and
quantum instruments will be given in the following sections.

2.2.5.1 General Measurements

For a projective measurement in the basis {|i〉}, let us denote a set of projection operators
P = {Pi} with

Pi ≡ |i〉〈i|. (2.55)

The projectors {Pi} are mutually orthogonal,

PjPk = δj,kPj. (2.56)

The probability to find the system, described by the density matrix %, after the measure-
ment in the basis state |j〉 is given by

pj = 〈j|%|j〉 = tr (Pj%) . (2.57)

The post-measurement state %̃j after observation of outcome |j〉 is given by [88]

%̃j = |j〉〈j| = Pj%Pj
tr (Pj%Pj)

, (2.58)

where the idempotency of the projector Pj = P 2
j was used in the denominator. Evidently,

the post-measurement state is an eigenstate of the respective projection operator.
A straightforward extension can be derived for projections into subspaces spanned

by multiple basis states. Thus, for projective measurements, the number of projection
operators can be less or equal to the number of dimensions of the system.

Any physical observable, e.g., the position of a particle or the spin of an electron, is
described by a Hermitian operator O (e.g., x or S). It can be decomposed by the spectral
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decomposition theorem [80] into projection operators in the above mentioned basis of states
{|i〉},

O =
∑

i

oi|i〉〈i| =
∑

i

oiPi. (2.59)

By the linearity of the trace, one obtains for the expectation value of the observable with
respect to the state %

〈O〉 ≡ tr (O%) =
∑

i

oi tr (Pi%) =
∑

i

oipi. (2.60)

The expectation value is thus the sum of eigenvalues oi of the operator O weighted by
the respective probability to be observed. Eq. (2.60) is the formal expression of Born’s
rule [80, 89].

While projective measurements on the system are useful in many scenarios, it is not the
most general type of measurement. In order to derive a more general class of measurements,
an auxiliary system will be used as introduced by von Neumann [90, 91]. For measuring
the quantum system %, it can be coupled to another system, usually called pointer, meter,
or probe, which is subsequently measured. The initially separable composite system before
the coupling is in the state % ⊗ |0〉〈0|, where the pure state |0〉 is used for the pointer
system. According to the Naimark theorem [89], projective measurements on a subsystem
of a composite system allow generalized measurements on the other subsystems. For a
proper unitary evolution U describing the coupling, which entangles system and pointer,
the probability for observing the outcome |j〉 on the pointer system is obtained by [88]

pj = tr
[
1⊗ P (p)

j U %⊗ |0〉〈0| U † 1⊗ P (p)
j

]
= tr

[
Aj%A

†
j

]
(2.61)

where the P
(p)
j are rank-1 projectors acting on the pointer system (in contrast to Eq. (2.57),

where they act on the system itself) and with the operators Aj describing the transfor-
mation of the actual system during the coupling. Those operators are often denoted as
effect operators [92] or Kraus operators [88, 89]. As for calculating the probabilities, see
Eq. (2.61), only the products A†jAj are relevant, one defines the measurement operators Ej
accordingly3,

Ej = A†jAj. (2.62)

For a complete set of (mutually orthogonal) rank-1 projection operators P
(p)
j acting on the

pointer system, the measurement operators Ej fulfill the completeness relation

∑

i

E†iEi = 1. (2.63)

By summing over all possible outcomes, this condition ensures unit probability of measure-
ment outcomes, i.e.,

∑
i pi = 1. The post-measurement state after observing the particular

3Please note that in some literature, e.g., [92], the symbol Ej is used to denote the effect operator,
which, in turn, is called Aj here.
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outcome j in this generalized scenario is given by

%̃j =
Aj%A

†
j

tr
(
A†jAj%

) . (2.64)

Obviously, if the measurement operators themselves are projection operators on the actual
system, Pj = A†jAj, Eq. (2.64) simplifies to the case of Eq. (2.58). A set of measurement
operators E = {Ej} is called positive-operator valued measure (POVM) [88], or sometimes
probability-operator measure (POM), emphasizing that each element of the set corresponds
to a probability operator. While this set is sufficient to calculate the probability distri-
bution for the different outcomes, the decomposition into Kraus operators and thus the
possible post-measurement states is ambiguous. It is important to note that the number
of elements, i.e., the number of possible outcomes, can also be larger than the number of
dimensions of the system. Furthermore, in contrast to projective measurements, the re-
peated measurement, described by further application of the Kraus operators in Eq. (2.64),
can change the post-measurement state if they are not idempotent, A2

j 6= Aj.
If the projectors in Eq. (2.61) are not of rank 1, in general, a single Kraus operator is

not sufficient to describe the transformation of the state. To adequately handle this case,
the notion of quantum channels and quantum instruments will be introduced.

2.2.5.2 Quantum Channels

In quantum information, the evolution of a system often is described in terms of quantum
channels. In general, a quantum channel T is a completely positive, trace preserving linear
map from the set of density matrices in d1 dimensions to the set of density matrices in d2

dimensions.
It is obvious that a quantum channel has to be positive and trace preserving since a

quantum channel shall output a positive semidefinite and normalized density matrix. % ≥ 0
and tr (%) = 1 hold for the initial state, thus after transformation by the channel, T (%) ≥ 0
and tr (T (%)) = 1 have to hold. The additional property of complete positivity comes from
the requirement that composite transformations of the system by the channel together
with identity transformations on auxiliary systems have to be positive independently of
the dimensions of the auxiliary system. As quantum mechanics is linear, the channel cannot
perform any nonlinear transformations.

The most general parametrization of a quantum channel can be given using a set of
Kraus operators {Ai} which, for non-selective evolutions [93], fulfills

∑
iA
†
iAi = 1. Then,

a quantum channel can be expressed as [88]

T (%) =
∑

i

Ai%A
†
i . (2.65)

A quantum channel T with d dimensional input state can, according to the Choi-
Jamiolkowski isomorphism [58, 94–96], be written in terms of a quantum state τ ,

τ = (T ⊗ 1d) (|Ω〉〈Ω|) , (2.66)
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where |Ω〉 = 1/
√
d
∑d−1

i=0 |i〉 ⊗ |i〉 denotes the maximally entangled state in 2d dimensions.
To review that T is a valid quantum channel, it is sufficient to verify that τ is a valid
quantum state as explained in Sec. 2.2.1.3, namely that it is Hermitian, positive semi-
definite, and normalized.

2.2.5.3 Quantum Instruments

Describing the measurement process in terms of quantum instruments allows to consistently
formulate the transformation of the measured quantum state together with the associated
measurement operator. A channel T can be decomposed according to

T (%) =
∑

k

Ik (%) (2.67)

with the set of linear maps {Ik}, where each map Ij can in general be decomposed using

several Kraus operators, Ij (%) =
∑

iAi%A
†
i , where the summation takes into account the

subset of Kraus operators corresponding to the map Ij. Each Ij is associated to a particular
measurement outcome. Then, the measurement operators can be identified with the dual
maps to the transformations of a quantum channel

Ej ≡ I∗j (1) , (2.68)

which can be seen from

tr [Ij (%)] = tr [Ij (%)1] = tr
[
%I∗j (1)

]
= tr [%Ej] . (2.69)

As the quantum channel, Eq. (2.67), can in general be decomposed using several Kraus
operators, see Eq. (2.65), the description of a measurement process based on quantum
instruments is even more versatile than the identification of Eq. (2.62).

The condition ∑

i

Ei = 1 ⇔
∑

i

I∗i (1) = 1 (2.70)

ensures that the channel in Eq. (2.67) is trace preserving. The set of linear maps I ≡ {Ii}
together with the respective POVM E ≡ {Ei} is called quantum instrument.

2.2.6 Statistical and Mathematical Concepts

Several of the projects discussed in this work rely on a statistical evaluation of the mea-
surement results. It is therefore indicated to introduce some of the fundamental concepts
such as probability distributions, statistical moments, and hypothesis tests.

2.2.6.1 Distribution Functions

A probability distribution associates with possible outcomes of a random experiment a
probability to observe this specific outcome. Using a continuous random variable, the
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probability density function (pdf) can compare the relative likelihood for two different
sets of outcomes. For example, consider a random variable X, which follows a normal
distribution with mean 0 and variance σ2 = 1, X ∼ N (0, σ2). While the probability to
(exactly) observe the outcome 0 vanishes, it is twice as likely to observe 0 than, say, 1.1774
as Pr(X = 0)dx ≈ 2 Pr(X = 1.1774)dx with Pr(X = X0) denoting the probability to
observe the outcome X0 for the random variable X.

x
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probability density function (pdf)
cumulative distribution function (cdf)
empirical distribution function (edf)
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cdfedf

Figure 2.7: The probability density function (blue) and the cumulative distribution function
(red) for a normal distribution with mean 0 and variance 1 together with an empirical distribution
function (green) for 100 samples following the normal distribution. The empirical distribution
function, which represents the set of measured data, takes a step of 1/100 at every observed

outcome.

The probability density function is a useful tool for representing ideal distributions.
For many practical purposes such as obtaining random numbers following a specific dis-
tribution or using statistical tests, however, the cumulative distribution function (cdf) is
more suitable. The cumulative distribution function can be obtained as the integral over
the probability density function f(x) via

F (x) =

∫ x

−∞
dx̃f (x̃) . (2.71)

It is thus a measure for the probability to observe an outcome smaller than or equal to the
given observation. For comparing observed distributions with theoretical distributions, the
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concept of cumulative distributions is of large avail. For the observed random outcomes
{xi}i, the empirical distribution function is defined as

F̂n (x) =
|{xi : xi ≤ x}|
|{xi}|

, (2.72)

where |·| denotes the cardinality of the corresponding set of elements. It thus counts how
many elements are smaller or equal to the argument x.

For an example of the probability density function, the cumulative distribution function
and a possible empirical distribution function, see Fig. 2.7.

2.2.6.2 Statistical Moments

Statistical moments quantify the spread of probability distributions. Given a probability
density function f (x), its k-th moment m

(r)
k can be computed by

m
(r)
k =

∫ ∞

−∞
dxf (x)xk. (2.73)

These moments are also referred to as raw moments or moments about the origin. Shifting
the density function f (x) → (x−∆x), changes all thus obtained moments. In order to
describe the shape of the density distribution regardless of any such shifts, one resorts to
the central moments (moments about the mean),

m
(c)
k =

∫ ∞

−∞
dxf (x)

(
x−m(r)

1

)k
. (2.74)

The zeroth raw and central moments correspond to the normalization and should there-
fore be m

(r)
0 = m

(c)
0 = 1 for properly normalized probability density functions. The first

raw moment matches the mean value; the first central moment accordingly vanishes. The
second central moment, m

(c)
2 , is denoted as variance. Relating the next higher central

moments with the variance, one obtains the skewness, m
(c)
3 /
(
m

(c)
2

)3/2

, and the kurtosis,

m
(c)
4 /
(
m

(c)
2

)2

, which are measures for the asymmetry and concentration to the center,

respectively.
Please note that for some distributions, the statistical moments are not well defined.

For example, the probability density of the Cauchy distribution4 is given by fx0,γ(x) =
1
πγ

γ2

(x−x0)2+γ2 with some parameters γ and x0. The first moment, i.e., the mean value,

is to be obtained from the integral
∫∞
−∞ dxfx0,γ(x)x ∝

∫∞
−∞ dx x

(x−x0)2+γ2 . The primitive

of fx0,γ(x)x is proportional to
∫

dx x
(x−x0)2+γ2 = x0

γ
tan−1

(
x−x0
γ

)
+ 1

2
log
[
(x− x0)2 + γ2

]
,

which diverges for x → ±∞. Thus, the first moment (and all higher) moments do not
exist for the Cauchy distribution.

4With additional intensity scaling, this distribution is in physics often denoted as Lorentz distribution
used to describe spectral lines.
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The so-called moment generating function of a probability density f(x) is defined as

MX (t) =

∫ ∞

−∞
dxetxf(x). (2.75)

If all moments of f(x) are finite and MX (t) has a positive radius of convergence, the
moment generating function can be expanded as [97]

MX (t) =
∞∑

j=0

tjm
(r)
j

j!
. (2.76)

Thus, under those conditions (finite moments and convergence), the moment generating
function uniquely determines the distribution [97]. Distributions of compact support fulfill
those requirements and are hence uniquely defined by their moments.

To show that for the equality of two distributions above mentioned conditions are
required, i.e., that it is not sufficient that all moments of both distributions are identical,
consider the following counterexample [98] with the two distributions

f0 (x) =
√

2π
1

x
exp

[
−(log x)2

2

]
, (2.77)

f1 (x) = f0 (x) [1 + a sin (2π log x)] , (2.78)

which both have the k-th raw moment equal to m
(r)
k = exp (k2/2). However, the moment

generating function

MX (t) =
∞∑

j=0

tj exp (j2/2)

j!
(2.79)

does not converge. Thus, although all moments of those distributions are equal, one indeed
cannot conclude that the distributions are equal. Additionally, as mentioned above, one has
to check that all moments are finite and that MX (t) has a positive radius of convergence.

2.2.6.3 Hypothesis Testing and p-values

A useful tool to evaluate some assumptions about an unknown distribution based on a
set of recorded data drawn from this distribution is given by hypothesis tests [99]. An
appropriately chosen hypothesis test allows to exclude an initial hypothesis, the so-called
“null hypothesis”, concerning the model of how that data might originate. As a guideline,
the important steps for testing a statistical hypothesis are the following

1. Formulate a null hypothesis and the corresponding anti hypothesis as the negation
of the null hypothesis.

2. Decide for a level of significance α, which will be used as a threshold to reject the
null hypothesis. Often, a value of 5 % is chosen.
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3. Choose a proper hypothesis test, see below.

4. Find the distribution of the so-called test statistic as defined by the chosen hypothesis
test under the assumption that the null hypothesis is true.

5. Find the critical test statistic T ∗, such that the probability of more extreme obser-
vations than T ∗ corresponds to the chosen level of significance α.

6. Calculate for the actually observed data the test statistic Tobs and check if Tobs is in
the region of more extreme results than T ∗. Additionally, a p-value can be calculated,
which indicates the probability of results at least as extreme as Tobs. If Tobs is in the
region of more extreme results than T ∗ or, correspondingly, the p-value is below α,
the null hypothesis is to be rejected and the properly stated anti hypothesis has to
be true. Otherwise, there is no statistical evidence to reject the null hypothesis. The
test thus concludes indifferently.

Please keep in mind that not rejecting the null hypothesis does not mean that the
null hypothesis has to be true. It is possible that there is solely not enough evidence for
exclusion. α directly states the probability of falsely rejecting the null hypothesis because
it indicates what observations are considered to be extreme, although the null hypothesis
produces with rate α these and more extreme results. The p-value provides information
about the probability of observing data D given the null hypothesis H0,

p = Pr (D|H0) . (2.80)

It is important to note that it does not state the probability that the null hypothesis is
correct or another hypothesis is wrong, Pr (D|H0) 6= Pr (H0|D) [100].

Fortunately, many of the above given steps are already taken care of in standard data
evaluation software. One is left with the decision for the correct test, a significance level
α, and the proper interpretation of the resulting p-value.

Because needed for several projects in this thesis, a brief overview of some hypothesis
tests with corresponding test statistic will be given. These tests evaluate the null hypoth-
esis that a data set with n observations can be described by a distribution F0 (x). For
that purpose, the empirical distribution function F̂n (x) is derived according to Eq. (2.72).
The three very common tests below distinguish from each other by the definition of the
respective test statistic T .

The test statistic of the Kolmogorov-Smirnov test [101–104] is given by

TKS = sup
x

∣∣∣F̂n (x)− F0 (x)
∣∣∣ . (2.81)

Thus, the largest deviation between the empirical and cumulative distribution function is
evaluated.

The Cramér-von Mises test [104–106] uses a quadratic measure as the distance between
two different distributions. In contrast to the Kolmogorov-Smirnov test, not only the
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largest deviation between both distributions matters, but rather the cumulative deviation
of all samples. The test statistic reads

TCM = n

∫ (
F̂n (x)− F0 (x)

)2

dF0 (x) . (2.82)

A small modification from the Cramér-von Mises test allows to change the weights in
the distance measure of the distributions. The Anderson-Darling test, following the test
statistic

TAD = n

∫
(
F̂n (x)− F0 (x)

)2

F0 (x) (1− F0 (x))
dF0 (x) , (2.83)

thus puts a larger weight to the tails of the distribution due to inversely weighting with
F0 (x) and 1 − F0 (x). Hence, the Anderson-Darling test is very sensitive to deviations in
the tails and is therefore useful if one expects specific features of the distribution F0 (x) of
the null hypothesis in its tails.

2.2.6.4 Significance, Confidence, Power, and Errors

For testing statistical statements using hypothesis tests, one first has to decide the strictness
of the used tests and with it the acceptance rate of different kinds of errors. In the ideal
case, if a hypothesis is true (false), the corresponding test should give the result true (false).
However, if the hypothesis test leads to the rejection of the null hypothesis, while it actually
is true (false negative), one makes an error of first kind (or type 1). The contrary case of
a false positive is called error of second kind (or type 2).

The significance level, denoted with α in Sec. 2.2.6.3, directly corresponds to the error
rate of errors of type 1. For a level of α = 0.05, one accepts that in 5 % of the cases,
one rejects the hypothesis, which is in fact true. Thus, one has confidence of 1− α in the
reported result. With β being the rate of error of false negatives, one can state the power
of a hypothesis test by 1− β.

Obviously, one can construct a (trivial) hypothesis test with a confidence of 100 % by
using the significance level α = 0. Because this test does not risk any false positives, it will
never reject the null hypothesis. However, this leads to a large rate β of false negatives and
thus to a reduction of the test’s power 1 − β. One realizes that this test with low power
and no significance should be replaced by a test giving less confidence, but having higher
significance and more power.

2.2.6.5 Likelihood

Similar as in the hypothesis tests discussed in Sec. 2.2.6.3, where one evaluates the p-value
based on a set of data, one can specify the likelihood of a specific parameter given a set of
measurement data. Suppose a coin is given with probabilities pheads, ptails = 1− pheads for
the outcomes heads and tails, respectively. If these probabilities are known, one can easily
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calculate the probability for observing nheads times heads and ntails times tails according to

Ppheads,ptails
(nheads, ntails) =

(
nheads + ntails

nheads

)
pnheads

heads p
ntails
tails , (2.84)

where the probabilities pheads and ptails are considered to be fixed parameters instead of
random variables.

Contrary, if one has observed a specific pattern and intends to estimate possible prob-
abilities for the different outcomes, the question has to be rephrased: given the observed
data, what is the likelihood L for a specific parameter pheads describing the probability
distribution? Consequently, the likelihood L corresponds to the inverse question,

L (pheads, ptails|nheads, ntails) = Ppheads,ptails
(nheads, ntails) . (2.85)

The example in Eq. (2.85) can be generalized for k outcomes [107],

L (p1, . . . , pk|n1, . . . , nk) =
(
∑

i ni)!∏
i ni!

∏

i

pnii , (2.86)

where pi is the probability to observe the outcome i, which was experimentally measured
ni times.

According to Bayes theorem [97],

P (A|B) = P (B|A)
P (A)

P (B)
(2.87)

holds. Obviously, by comparing Eq. (2.86) with Eq. (2.87), one perceives that the term
P (p1, . . . , pk) /P (n1, . . . , nk) does not appear in Eq. (2.86). As a consequence, the likeli-
hood is not a probability and correspondingly not properly normalized, i.e., in general

∫
dp1 . . . dpkL (p1, . . . , pk|n1, . . . , nk) 6= 1, (2.88)

while
∑

n1,...,nk
P (n1, . . . , nk|p1, . . . , pk) = 1 for fixed total number of outcomes,

∑
i ni = N .

The corresponds to the fact that the likelihood does not take into account that a set of
probabilities {p1, . . . , pk} might be less probable than another set {p′1, . . . , p′k}, but result
in a larger likelihood, i.e., the prior (see Sec. 2.2.6.8) is neglected. As an example, consider
a series of coin tosses resulting in nh = 6 times head and nt = 4 times tails. The integral
over all possible values for (ph, pt = 1− ph) results in 1/5544 and is by itself meaningless,
while for fixed probabilities (ph = 0.6, pt = 0.4) the sum of the probabilities of all possible
outcomes is 1.

2.2.6.6 Maximum Likelihood

One approach of statistical inference, i.e., obtaining unknown parameters of some distribu-
tions based on the observed data, is based on using the likelihood function as introduced in
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Sec. 2.2.6.5. As the likelihood quantifies how likely some specific parameters for describing
a distribution for certain observed outcomes, its maximization gives the (set of) parameters
which are most likely to have resulted in the observed outcomes. Please keep in mind that
this procedure does not take into account how probable those parameters are in the first
place, see the discussion around Bayes’ theorem, Eq. (2.87).

The maximum likelihood estimate (MLE) for k probabilities, which are used as the
parameters of a maximization, is obtained by

(p̂1, . . . , p̂k) = arg max
(p1,...,pk)

L (p1, . . . , pk|n1, . . . , nk) (2.89)

for the ni being the number of observations of the outcome to which pi is the associated
probability and with L defined according to Eq. (2.86). For the example of the 10 coin
tosses of Sec. 2.2.6.5 with nh = 6 times head and nt = 4 times tails, the likelihood peaks
for (ph = 0.6, pt = 1− ph = 0.4) with about L ≈ 5 · 10−4, while, e.g., a fair coin results in
about L ≈ 4 · 10−4.

Often, one does not use the likelihood directly, but instead the negative log-likelihood,

Ľ ({pi}|{ni}) ≡ − log [L ({pi}|{ni})] = − log

[
(
∑

i ni)!∏
i ni!

∏

i

pnii

]

= − log

[(∑

i

ni

)
!

]
+
∑

i

log (ni!)−
∑

i

ni log pi, (2.90)

because it is numerically easier to handle and factors as from the number of permutations
only lead to some offset. Due to the minus sign, one has to minimize the expression of
Eq. (2.90) in order to find the maximum likelihood estimate. As all but the last term are
independent of the probabilities {pi}, they do not need to be considered for the maximum
likelihood estimate. Eq. (2.90) is similar to the so-called Kullback-Leibler distance 5 or
Kullback-Leibler divergence [108], which as a relative entropy measures the divergence
between two probability distributions [51].

The maximum likelihood estimation procedure delivers a single value for each parameter
without any information regarding its significance or errors. Consequently, the maximum
likelihood estimator is a point estimator.

2.2.6.7 Point Estimators

The method of point estimation is a frequently used technique for statistical inference [107],
in which a physical quantity of interest is measured to subsequently obtain a single estimate
as a description of the data sample [109]. The exact procedure of parameter estimation has
to be decided upon, which is sometimes also called measurement problem. Please note that
this is obviously to be distinguished from the measurement problem in quantum mechanics

5Due to the asymmetry in arguments, the Kullback-Leibler divergence is not an actual distance measure.
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(where a non-unitary evolution accompanies the observation of distinct outcomes), see
Sec. 2.2.5.

In contrast, interval estimators result in an estimate for the unknown parameter with
additional information concerning its uncertainty. If an estimator is expected to deliver
the true value for the unknown parameter, i.e., the estimates symmetrically scatter around
the true, unknown parameter, it is said to be unbiased. Thus, the cases of over- and
underestimation of the parameter will balance [107]. For special types of distributions, one
can distinguish between mean bias and median bias. An estimator which is asymptotically
unbiased in the limit of large sample size is called consistent or almost unbiased [110].

2.2.6.8 Frequentistic and Bayesian inference

For estimating quantum states - and more generally for estimating unknown parameters in
any experimental setting - one can refer to different methods of statistical inference which
are motivated by different concepts of randomness. This section briefly opposes the concept
of objective randomness, as mostly used by frequentists, to the subjective concept. On the
other hand, according to the frequentistic understanding, experiments are conducted in
order to retrieve statistical events allowing to infer from their relative occurrence some
unknown but constant probability [107]. Except for the choice of the used estimator, all
deduction is solely due to observed events. On the other hand, according to the Bayesian
approach, one initially assumes that the unknown parameter, which one is interested in,
follows some known probability distribution described by the so-called prior. Conducting
and repeating the experiment allows one to continuously update the degree of belief in
different values of the parameter6. Eventually, one obtains the posterior, a distribution
describing the final belief about the parameter [111]. Consequently, the posterior depends
on the initial distribution for the prior [107]. Sometimes, one implicitly assumes a uniform
prior, which might be inadequate for the respective problem. For an illustrative example,
see the two envelope problem in, e.g., [88].

The discussed concepts of hypothesis testing and p-values, see Sec. 2.2.6.3, belong to
the set of methods of frequentistic inference as much as the concept of confidence inter-
vals, which will be introduced in the next section. In contrast, credibility intervals, see
Sec. 2.2.6.10, are the estimated intervals in the Bayesian methodology.

2.2.6.9 Confidence Intervals

Assume, a single parameter θ is to be estimated and one is interested in a method of find-
ing intervals, which contain the true value in many instances of estimation. The true, but
unknown value shall be denoted by θ0. In the objectivists’ interpretation of probabilities,
the true value θ0 is a fixed parameter, which is not subject to any probabilities. The ex-
perimenter conducts measurements by drawing samples from some probability distribution

6This idea gave also rise to the understanding of quantum states as states of belief instead of states
of nature. Two distinct persons might describe the same system by different states due to their different
beliefs [111].
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determined by θ0, allowing to deduce some information about its true value. In order to
estimate this unknown value based on some observation E ′, one may want to find some
interval

θ (E ′) ≤ θ0 ≤ θ (E ′) (2.91)

limiting the true value θ0, see [110]. Intuitively, one might formulate this expression in
terms of a probability, namely demand that “the true value lies within the given bounds
with a probability of, say, 0.95”. However, this is a typical misunderstanding of a confidence
interval [112], as the θ0 is a fixed, but unknown value, which is not subject to a probabilistic
experiment. Therefore, the probability for the true value to lie within the interval is exactly
0 or 1 [110]. In the objective picture, one can thus not assign a probability of, say, 95 %
to finding the true value within the given interval. The statement has to be phrased
differently. If a confidence interval corresponding to a given confidence level is given, other
intervals can be constructed from independent observations by the same procedure and
means. Thus, 95 % of the confidence intervals constructed from these observations contain
the true value. Please note that this is different from asserting that a single confidence
interval contains the true value with 95 % probability [112].

2.2.6.10 Credibility Intervals

In contrast to a confidence interval, where the true value θ0 of a parameter θ is treated
to be a fixed, but unknown value and the confidence interval’s bounds themselves are
random variables, in the Bayesian mindset θ0 is considered to be a random variable [113].
Then, based on the prior distribution of belief together with the set of observed data, one
can deduce a posterior distribution [114]. Any interval of the posterior distribution with
content 1−α corresponds to a credibility interval which contains, according to the Bayesian
framework, the true value with credibility level 1 − α. Hence, there are infinitely many
credibility intervals C = {Ci} with

∫

Ci
dxf(x) = 1− α (2.92)

for the posterior distribution f(x) and the credibility level 1−α. Often it is of interest, to
find the smallest credibility interval or region to a given credibility level,

C0 = arg min
C̃∈C

∣∣∣C̃
∣∣∣ , (2.93)

where
∣∣∣C̃
∣∣∣ denotes the posterior content of C̃.

2.3 Experimental Framework

In this section, the linear and non-linear optical devices are introduced, which are used
for the experimental demonstrations presented in this thesis. First, optical devices will be
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described which are used to transform the polarization of light. These, together with beam
splitters, will be grouped to devices of linear optics. Afterwards, non-linear optical devices
used for creation of entangled pairs of photons will be discussed.

2.3.1 Linear Optics

With linear optics, one usually refers to processes in which the response of the system,
i.e., the transformation from the initial to the final state, does not depend on the intensity
of the light. Typical elements satisfying this condition are birefringent devices such as
waveplates, YVO4 crystals, and other phase shifters as well as polarizing and non-polarizing
beam splitters.

2.3.1.1 Waveplates

The standard tools to manipulate the polarization degree of freedom are waveplates. They
are made of birefringent material of accurately chosen thickness. Light propagating through
it acquires different phases for the ordinary (perpendicular to the optical axis) and extraor-
dinary (parallel to the optical axis) polarization components given by the birefringency.
The axis along which the index of refraction is smaller is called fast axis because of its
higher phase velocity compared to the axis with larger index of refraction (slow axis). For
quartz, the index of refraction of extraordinarily polarized light, ne, is larger than for ordi-
narily polarized light, no, therefore, the ordinary axis is the fast axis. The most prominent
representatives thereof are the half-wave plate (HWP) and the quarter-wave plate (QWP),
for which the two polarization components acquire a phase of λ/2 and λ/4, respectively.

The half-wave plate can transform any linear polarization into any other linear polar-
ization. Its transformation matrix reads in the basis of fast and slow axes

UHWP ∝
(

1 0
0 −1

)
. (2.94)

In a basis rotated by θ, the transformation becomes

UHWP (θ) ∝
(

cos 2θ sin 2θ
sin 2θ − cos 2θ

)
, (2.95)

where θ denotes the angle between the horizon and the fast axis.
Obtaining or measuring a circularly polarized state requires additional degrees of free-

dom. A quarter-wave plate allows to transform linearly polarized states into states with
circular polarization and vice-versa. The general transformation matrix for a quarter-wave
plate in the basis of fast and slow axes is given by

UQWP ∝
(

1 0
0 exp (iπ/2)

)
(2.96)

and becomes

UQWP (θ) ∝
(

cos2 θ + i sin2 θ (1− i) sin θ cos θ
(1− i) sin θ cos θ sin2 θ + i cos2 θ

)
(2.97)

in a basis rotated by the angle θ. Examples of the transformations are shown in Fig. 2.8.
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Figure 2.8: Transformations of a half-wave plate acting on the initial state |H〉, a quarter-wave
plate acting on |R〉, and two differently aligned YVO4 crystals acting on |H〉 and |R〉, respectively.
By properly choosing combinations and angles of waveplates and birefringent crystals, all local

unitary transformations are possible.
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2.3.1.2 Variable Phase Retardance

Another usage of birefringent crystals is to set a variable relative phase between two or-
thogonal polarization components, e.g., |H〉 and |V 〉 polarization. When fast and slow axes
coincide with the horizontal and vertical axes, respectively, a tilt of the crystal corresponds
to effectively changing its thickness. This results in the transformation

UH,V
var (φ) ∝

(
1 0
0 eiφ

)
, (2.98)

where tilting varies the phase φ. The change of the global phase is neglected. If instead
the main axes of the crystal are rotated such that the relative phase between |P 〉 and |M〉
can be set, the transformation matrix becomes (up to a global phase)

UP,M
var (φ) ∝

(
1 + eiφ 1− eiφ
1− eiφ 1 + eiφ

)
. (2.99)

Those transformations allow to obtain states lying on a great circle of the Bloch sphere,
see Fig. 2.8. For the experiments presented in this thesis, a crystal made of Yttrium
orthovanadate (YVO4) was used for introducing variables phases.

2.3.1.3 Beam Splitters

Another crucial element for setting up optical interferometric experiments are beam split-
ters. One distinguishes between polarizing and non-polarizing beam splitters as well as
between balanced and unbalanced ones. The discussion here is limited to lossless beam
splitters. For consequences of using (and tuning) the loss of beam splitters, see, e.g., [115].
Using the notation of creation and annihilation operators, one can describe a balanced,
non-polarizing beam splitter with input modes a and b and output modes c and d by the
transformations [49, 50, 116]

â† → ĉ† + id̂†, (2.100a)

b̂† → iĉ† + d̂†. (2.100b)

Thus, a photon in state â†|0〉 is transformed into a photon in a superposition of ĉ†|0〉 and
d̂†|0〉 with the corresponding phase. An incoming photon at port b behaves accordingly.

For a polarizing beam splitter, however, an additional index to the creation and anni-
hilation operators has to be used in order to indicate the respective polarization. Then,
one obtains for the transformations of the polarizing beam splitter (see Fig. 2.9)

â†H → ĉ†H , (2.101a)

â†V → id̂†V , (2.101b)

b̂†H → d̂†H , (2.101c)

b̂†V → iĉ†V . (2.101d)
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Figure 2.9: A non-polarizing (left) and a polarizing (right) beam splitter. Usually, one side of
plate beam splitters is coated, such that light incoming from the other side first has to propagate
through the material. Unintended reflections at the uncoated side can lead to disturbances of the

spatial mode by a secondary mode, called “ghost”.

2.3.2 Non-linear Optics

In contrast to linear optics, the term non-linear optics is used to describe devices which
can transfer energy between different frequencies. Due to the presence of the light field, the
optical properties of the medium are changed, which can alter the properties of the light
field [117]. Another type of non-linear process which does not depend on the pump power
is the effect of spontaneous parametric down conversion [50], which will subsequently be
discussed here.

2.3.2.1 Spontaneous Parametric Down Conversion

In order to produce pairs of entangled photons, a process called spontaneous parametric
down conversion is employed, where in an optically nonlinear crystal a pump photon can
decay into two photons of correspondingly lower energy [87, 118–121]. While the incoming
photon is usually called pump photon, the produced photons are denoted as signal and
idler photon. This process has to conserve the initial energy ~ωp and initial momentum

~~kp, therefore the phase matching conditions [117]

ωp = ωs + ωi, (2.102)

~kp = ~ks + ~ki (2.103)

imply constraints on the wavelengths and directions of the resulting photons. Down con-
version cannot occur in vacuum, instead, it relies on the non-linearity of a suitable material.
In an anisotropic, optically non-linear crystal, as needed for parametric down conversion,
the induced polarization is described by [122]

Pi = ε0

(∑

j

χ
(1)
ij Ej +

∑

j,k

χ
(2)
ijkEjEk + . . .

)
, (2.104)
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where ε0 denotes the vacuum permittivity and Pi the i-th component of the polarization
vector ~P . χ(n) is the n-th order of the susceptibility tensor. Higher orders of the suscep-
tibility, such as χ(3) are used, e.g., for four wave mixing or the optical Kerr effect [117].
Please note that the process of down conversion is spontaneous. Thus, the produced signal
and idler photons are created at random times.

Since there is a plethora of different materials available including variations of their
usages regarding the types of phase matching, this overview will restrict itself to the types
relevant for this thesis. Furthermore, only energy degenerate states are considered, i.e., only
the case of ωs = ωi will be considered here. As all down conversion crystals used throughout
this thesis are made of β-Barium borate (BBO), its operation will now exemplarily be
described in Figs. 2.10 and 2.11 and in the following.

(a) Down conversion with type I phase match-
ing conditions, where the pump polarization is
orthogonal to the optical axis. Photons from a
pump beam can create pairs of photons, which
are identically polarized. Due to momentum
conservation, both photons are emitted on a
cone (a ring in projection). For coincidences,
detectors are placed at diametrically opposed

points.

(b) For creating polarization entanglement
with type I-cut crystals, two crystals are com-
bined such that their optical axes are orthogo-
nal and, hence, the first one can create a pair
of photons with one polarization, while the sec-
ond crystal creates orthogonally polarized pho-
tons. The resulting quantum state can be, e.g.,

1/
√

2
(
|HH〉+ eiφ|V V 〉

)
.

Figure 2.10: Down conversion with type I phase matching.

One distinguishes among other types between phase matching type I and type II. In a
type I scenario, the pump photon is extraordinarily polarized with respect to the crystal
axes and can create two ordinarily and thus equally polarized down converted photons [121].
Depending on the crystal, a typical pair production could thus look like |H〉 → |V V 〉, see
Fig. 2.10a. This state is a product state and thus not of large interest for the creation
of entangled photon pairs. However, one can now utilize two crystals, which are rotated
by 90◦ to each other, such that, say, the first and second crystal are capable of producing
|V V 〉 and |HH〉, respectively. By pumping these sandwiched crystals with a coherent
superposition state such as 1/

√
2 (|H〉+ |V 〉), one can produce the polarization entangled

two-photon state 1/
√

2
(
|HH〉+ eiφ|V V 〉

)
with some relative phase φ, see Fig. 2.10b.

For differently cut crystals, one can employ so-called type II down conversion. There,



46 2. Fundamentals

(a) Down conversion with non-collinear type
II phase matching. Extraordinarily polarized
pump photons can create signal and idler pho-
tons, which are polarized extraordinarily and
ordinarily, respectively, and are emitted along
different emission cones. Detection, or cou-
pling into single mode fibers, should occur
along the intersection lines of the two cones

(e.g., intersection of circles).

(b) Collinear type II phase matching condi-
tions as in Fig. 2.11a, where the down conver-
sion crystal is cut such that the emission cones
are tangent. In order to observe spatially in-
distinguishable photons, the collection should
take place collinearly with proper filtering of

the pump light.

Figure 2.11: Down conversion with type II phase matching.

the extraordinarily polarized pump photon can spontaneously create a pair of photons, out
of which one is ordinarily, one extraordinarily polarized [121]. For example, with properly
oriented crystal, the process |H〉 → |HV 〉 is possible. The produced signal and idler
photons are then emitted along the surfaces of cones as shown in Fig. 2.11a. In order to
achieve spatial indistinguishability between both photons, the detection or coupling into
fibers, respectively, should occur at the intersections of both crystals’ cones. Ideally, one
can then observe photons in a state of the form 1/

√
2 (|HV 〉+ |V H〉). By changing the

orientation of the crystal axes, one can alternatively use a collinear scheme, where the cone
intersections become degenerate, see Fig. 2.11b.

Down version can also be used for more creating than two photons, either by multiple
passes through the crystal, see, e.g., [81], or by higher orders of emission [123, 124]. Re-
cently, down conversion has allowed for creation of up to eight [125] and even ten [126]
photons. For optimizing the phase matching conditions, periodic pooling of the down ver-
sion crystal can be exploited, see, e.g., [30, 31, 127]. An experimental demonstration of an
integrated pair source is given by [128]. A recent review of spontaneous parametric down
conversion can be found in [121].
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3.1 Introduction

Quantum state tomography (QST) together with quantum process tomography (QPT)
is a powerful tool for certification and optimization of sources and implementations of
quantum states and quantum information protocols, respectively [108]. State tomography
allows to obtain the initially unknown or only vaguely known quantum state and deduce
its density matrix. According to Quantum Mechanics, knowledge of the density matrix
implies complete knowledge about all properties of the system and thus all other relevant
quantities can be determined from it.

However, performing quantum state tomography can be a daunting task as the neces-
sary measurement effort for usual tomography methods increases exponentially with the
number of qubits of the considered system. Furthermore, the finite statistics in actual tomo-
graphic measurements leads with high probability to some deviations from the theoretical
state which can result in some estimate for the density matrix which does not describe a
physically meaningful quantum state. While usual tomography schemes are constructed
to incorporate that a density matrix is supposed to be a normalized and Hermitian ma-
trix, direct state estimates often violate the requirement of positive semidefiniteness, see
Sec. 2.2.1.3.

This chapter briefly introduces different methods for performing quantum state tomog-
raphy, which can thus also be readily applied for quantum process tomography. Afterwards,
the problem of finite statistics is discussed alongside the usual means to cope with it, lead-
ing over to the publication [P1], “Systematic Errors in Current Quantum Tomography
Tools”. After a subsequent, more detailed discussion of the effects of finite statistics on
the experimentally obtained data and the resulting spectrum of density matrices, the pub-
lication [P2], “Multiqubit State Tomography with Finite Data” introduces a wholly new
approach to infer a physically meaningful estimate of the density matrix.

3.2 Methods of Quantum State Tomography

Quantum state tomography aims at estimating an unknown quantum state. For the actual
implementation and realization various means do exist, which define the mapping between
the measured set of data and the estimated density matrix. In this section, a brief intro-
duction to the formalism of quantum state estimation together with an overview of some
commonly used tomography schemes is given. Besides full quantum state tomography
with exponentially increasing measurement effort, known symmetries of the states can be
employed to significantly facilitate the tomography process.

3.2.1 Formalism

An important criterion to distinguish different state tomography methods is the amount
of performed measurements compared to the amount of parameters. In order to reveal
the density matrix of an n−qubit state, one has to find a set of 4n − 1 real parame-
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ters, in the Pauli basis denoted as correlation tensor elements or, for short, correlations,
see Sec. 2.2.1.3. Thus, at least 4n measurements have to be performed to obtain a to-
mographically complete set of data1. Typically, a (tomographically or informationally)
complete tomography scheme thus is applied to use exactly 4n measurements. Any scheme
with more measurements is denoted as (tomographically or informationally) overcomplete.
Here, a short review of the reconstruction is given. For more details, see, e.g., the supple-
mental material of Ref. [P1]. A summary of different methods of state reconstruction for
the case of a single qubit can also be found in [129].

Consider a given, but unknown quantum state %, which is to be estimated. For this
purpose, a set of measurement operators M = {Mν} is chosen, such that a probability Pν
can be associated to each measurement operator with

Pν = tr (%Mν) =
∑

µ1,...,µn

Tµ1,...,µn

1

2n
tr (σµ1 ⊗ · · · ⊗ σµnMν)

︸ ︷︷ ︸
Bν;µ1,...,µn

. (3.1)

The matrix Bν;µ1,...,µn is determined by the relation of the measurement operators M to
the Pauli basis and gives the mapping between the correlation tensor element Tµ1,...,µn and
the probability Pν . The density matrix can be written in terms of probabilities

% =
1

2n

∑

µ1,...,µn

∑

ν

(Bν;µ1,...,µn)−1 Pν

︸ ︷︷ ︸
Tµ1,...,µn

σµ1 ⊗ · · · ⊗ σµn , (3.2)

where (Bν;µ1,...,µn)−1 is the matrix inverse of the reconstruction matrix B. If the tomog-
raphy scheme is informationally complete, i.e., the set of measurement operators contains
exactly 4n elements, the matrix B is quadratic and can directly be inverted. However,
for overcomplete schemes, the system of equations is overdetermined. A canonical way to

solve for the 4n unknown correlations is then given by using the pseudo inverse
(
B†B

)−1
B†,

which, for quadratic matrices, is equivalent to the matrix inverse.
Consequently, each tomography scheme with a fixed set of measurement operators M

is determined by a fixed reconstruction matrix B (and its inverse). The density matrix can
then be obtained using the reconstruction matrix and the set of experimentally observed
frequencies f = {fν}, which are drawn according to the set of probabilities {Pν}. The
estimate %̃ for the state % is given by

%̃ =
1

2n

∑

µ1,...,µn

∑

ν

(Bν;µ1,...,µn)−1 fν

︸ ︷︷ ︸
T̃µ1,...,µn

σµ1 ⊗ · · · ⊗ σµn (3.3)

1Albeit from the 4n parameters of a general decomposition of a Hermitian matrix into tensor products
of Pauli matrices, one parameter can be fixed due to normalization, T00...0 ≡ 1, experimentally, one still
has to carry out 4n measurements to normalize the experimentally obtained values. This measurement
can only be skipped if one has some means to normalize the obtained counts to relative frequencies, e.g.,
knowledge of the production rate of quantum states.
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with T̃µ1,...,µn being the estimate for the correlation Tµ1,...,µn .
Different tomography schemes can lead to better or worse conditioned reconstruc-

tion matrices, which can be beneficial or unfavorable in terms of errors of the estimated
state [130]. If, however, the set of measurements is not tomographically complete or over-
complete, the reconstruction matrix B cannot be inverted and % cannot be estimated from
f unless further assumptions regarding, e.g., the symmetry of the state are made.

3.2.2 Overcomplete Pauli Tomography

For optical experiments with qubits encoded in the polarization of the photons, the pro-
jective measurement onto polarization states can easily be implemented using polarizing
beam splitters (PBS) as described in Sec. 2.3.1.3. The detection of a photon in the trans-
mitted or reflected output of a PBS then corresponds to a successful projection onto the
respective eigenstate of polarizing beam splitters, see left part of Fig. 3.1, and therefore
allow to project onto |P 〉 and |M〉, onto |R〉 and |L〉, and onto |H〉 and |V 〉. For the
idealized case of perfect detectors, every incoming photon will be registered as an event.
With a beam splitter acting on each of n qubits, 2n projective measurements are performed
simultaneously, with one of them eventually being realized by detection of the n-photons in
a particular combination of the outputs. To obtain the density matrix, it is necessary and
sufficient to determine measurement results in a full set of complementary bases. Thus, to
implement the respective measurement operator M , the polarization directions addition-
ally have to be rotated to three different settings for each qubit [131, 132]. Usually, the
bases are given by the 3n combinations of Pauli matrices, such that in the end 2n · 3n pro-
jective measurements onto the eigenstates of all combinations of Pauli matrices have been
performed. Obviously, those measurements are informationally overcomplete, as a smaller
set of measurements are theoretically sufficient to retrieve all necessary information.

In the single qubit case, one thus projects onto the six states as given in Eqs. (2.8) [133].
These states are depicted in Fig. 3.2, which compares different tomography methods.

The reconstruction matrix B and its pseudo inverse B+ =
(
B†B

)−1
B† for the single

qubit case are given according to Sec. 3.2.1 by

B =
1

2




1 1 0 0
1 −1 0 0
1 0 1 0
1 0 −1 0
1 0 0 1
1 0 0 −1



, B+ =




1
3

1
3

1
3

1
3

1
3

1
3

1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 1 −1


 . (3.4)

The first row of B+ indicates that all six projective measurements contribute equally to the
normalization 〈σ0〉, while the second row corresponds to 〈σx〉 = f1−f2, where f1 and f2 are
the relative frequencies of successful projections onto the eigenstates of σx. For n qubits,
the reconstruction matrix B will be an element from R6n×4n . Consequently, B+ ∈ R4n×6n

connects the set of 6n measured frequencies with the 4n correlation values. This leads to
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the relation

% =
1

2n

3∑

s1,...,sn=1

1∑

r1,...,rn=0

fν(s1,...,sn;r1,...,rn)

n⊗

i=1

(
1

3
σ0 + (−1)ri σsi

)
, (3.5)

where sj denotes the measurement setting on the j-th qubit and rj the outcome (0 or 1)
on the respective qubit. For agreement with the notation of the set of measured frequen-
cies {fν}, the frequencies fν(s1,...,sn;r1,...,rn) in Eq. (3.5) have to be indexed ascendingly. A
different, but equivalent explanation how to obtain a density matrix from the measured
data can be found in [131].

HWP QWP PBS DET HWP QWP DETPOL

Figure 3.1: Typical implementation of a two qubit overcomplete Pauli tomography scheme
(left) and a scheme used for informationally complete tomography (right) for qubits encoded in
the polarization degree of freedom. A combination of half and quarter wave plates, HWP and
QWP, respectively, see also Sec. 2.3.1.1, is used together with polarizing beam splitters (PBS)
and polarizers (POL), respectively, to perform projective measurements onto various polarization
states. By using polarizing beam splitters, the projection onto pairs of orthogonal states is done
simultaneously, allowing a (in principle) lossless measurement. For complete tomography (right),

typically, the minimal necessary amount of projective measurements is carried out.

3.2.3 Informationally Complete Tomography

Contrary to the overcomplete Pauli scheme, projective measurements onto exactly 4n mutu-
ally different states are done in the information complete tomography as proposed in [134].
An informationally complete set of easily accessible local states is chosen, as for example
given by |H〉, |V 〉, |P 〉, and |R〉. By projecting onto the first two of these, one can obtain
information about the total count rate of produced states, which is needed to normalize
measured counts to relative frequencies. Together with the latter measurements, the full
information about the quantum state can be retrieved. For n qubits, the observers agree
to project onto all 4n combinations of those states. As the states are distributed asym-
metrically, the reconstruction matrix is badly conditioned and measurement errors can
propagate to the estimated state unfavorably [130].

Contrary to the above case of overcomplete tomography, the reconstruction matrix B
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in the informationally complete case is quadratic and reads

B =
1

2




1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 −1


 , B+ =




0 0 1 1
2 0 −1 −1
0 2 −1 −1
0 0 1 −1


 . (3.6)

Obviously, only four projection measurements contribute to B. According to B+, for the
reconstruction of 〈σ0〉 as well as for 〈σz〉, only the last two projective measurements (|0〉〈0|
and |1〉〈1| or |H〉〈H| and |V 〉〈V | when considering photon polarization) are needed. For
〈σx〉 (〈σy〉), however, the first (second) measurement together with the last two measure-
ments contribute. Thus, some projectors are treated differently than others. The states
onto which projective measurements are conducted are illustrated in Fig. 3.2.

3.2.4 Symmetric Informationally Complete Tomography

To avoid the large asymmetry of the orientation of measurements in the informationally
complete scheme, one can distribute the 4n states more symmetrically to obtain results
less prone to errors. In the single qubit case, the four states can be chosen to be [135, 136]

|H〉, (3.7)

cos (2π/3) |H〉+ sin (2π/3) |V 〉, (3.8)

cos (2π/3) |H〉+ ei2π/3 sin (2π/3) |V 〉, (3.9)

cos (2π/3) |H〉+ ei4π/3 sin (2π/3) |V 〉 (3.10)

as given by the vertices of the blue tetrahedron shown in Fig. 3.2. Yet, for more qubits, the
distribution of measurements can become a difficult task and result in measurements in
entangled bases. One can make the compromise of using locally measurements according
to the tetrahedron, however, accepting that the distribution is in general not symmetric
for larger numbers of qubits.

3.2.5 Efficient Specialized Protocols

While full state tomography as discussed above can reveal a completely unknown quantum
state, the measurement effort can be daunting. If, however, one has some prior knowledge
about the quantum state or assumes some symmetries, more efficient protocols can be
used. Here, a brief discussion of permutationally invariant quantum state tomography or,
for short, PI tomography for states invariant under exchange of observers, the method of
compressed (sometimes compressive) sensing for states with low rank as well as matrix
product state tomography for states from short-ranged interactions is given.

Of course, combinations of those specialized methods are possible, as shown in [137],
where permutationally invariant tomography and compressed sensing had been used to-
gether. Also, those methods may be connected with adaptive tomography, resulting in an
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adaptive method working for example in the PI subspace or only with matrix product
states.

3.2.5.1 Permutationally Invariant State Tomography

Many prominent quantum states are permutationally invariant. This includes, for example,
the n-qubit Greenberger-Horne-Zeilinger state, see Sec. 2.2.4.3, which is proportional to
|0〉A⊗|0〉B⊗· · ·⊗|0〉Z + |1〉A⊗|1〉B⊗· · ·⊗|1〉Z . Exchanging the particles of two observers,
i.e., relabeling, e.g., A ↔ B leaves the state unchanged. Since this property holds for all
parties, the GHZ state is invariant under permutation of all parties. Dicke states share the
same property.

Under the assumption that a state is permutationally invariant (PI), the measurement
of, e.g., σx ⊗ σy gives the same result as σy ⊗ σx. Using this symmetry (and usually dis-
tributing the remaining measurements in a more elaborate way) reduces the exponentially
large Hilbert space to a polynomially large subspace. Consequently, the exponentially
scaling measurement effort for full state tomography can be reduced to polynomial scal-
ing [132, 137–139]. It is also important to stress that the overlap of the measured state
with the permutationally symmetric subspace can be estimated in advance, justifying the
application of this scheme.

3.2.5.2 Compressed Sensing

For quantum states of low rank r � d2, i.e., d2− r vanishing eigenvalues, where d denotes
the number of dimensions, which for n-qubit systems is given by d = 2n, the measurement
effort can be largely reduced by a technique called compressed sensing [132, 137, 140–143].
It can be shown that instead of d2 measurements, only O

(
rd log2 d

)
measurements are

needed [141].
Out of all 4n tensor products of Pauli matrices including the identity matrix, {σ0 ≡

1, σx, σy, σz}, m are randomly selected, which are called {M1, . . . ,Mm}, and used to per-
form measurements in the respective bases. From those m expectation values tr (%Mj), the
state χ is reconstructed by the constrained minimization [141]

χ = arg min
χ′

tr(χ′)=1
tr(Mjχ

′)=tr(Mj%)

∑

i

|λi (χ′)| , (3.11)

where {λi (χ′)} are the eigenvalues of χ′. Eq. (3.11) is a convex problem [141], which
simplifies finding a solution.

For implementing compressed sensing protocols, a state reconstruction algorithm with
constrained optimization enforcing physical estimates as discussed in Sec. 3.3.2 is sufficient,
see [144].

Experimental implementations of compressed sensing demonstrate its benefits for fast
state reconstruction of rank-deficient states [137, 142, 143]. However, further research
regarding its error performance seems valuable.
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3.2.5.3 Matrix Product State Tomography

Quantum states of systems with rather short-range interactions can be parametrized in a
very efficient way. Linear chains can be characterized by means of matrix product states
(MPS), while different configurations require a modified approach as given by, for example,
projected entangled pair states (PEPS) [145–147]. Matrix-product states can reduce the
measurement effort significantly, depending on the range of considered correlations. Instead
of performing measurements on all combinations of, e.g., Pauli operators, only neighboring
subsets of particles are taken into account [148]. For example, instead of performing
measurements in 3n bases, only (n−2)×33 measurements have to be performed if the state
to be detected is assumed to originate from an initial product state and only next-neighbor
interactions. Then, it is sufficient to measure only subsets of neighboring 3 particles in all
combinations of 33 Pauli matrices. Although in principle the formalism of matrix product
states is capable to describe any state, it is most beneficial for states with short-range
interactions [148].

3.2.5.4 Adaptive State Tomography

Finally, the group of adaptive quantum state and process tomography methods is to be
mentioned. There, one tries to incorporate previously gained knowledge into the choice
of subsequent measurements [149–157]. For example, if one fixes the total measurement
time (or events) beforehand, one can perform the first half of the measurements in some
previously chosen set of bases. The latter half of the measurements is then aligned according
to the eigenbasis of the prior state estimate [152].

Alternatively, a small, informationally incomplete set of measurement bases can be
chosen and used for intermediate state estimation based on some reconstruction as given
by the maximum likelihood procedure, see Sec. 2.2.6.6 as well as Sec. 3.3.2. The next mea-
surement setting is then chosen depending on the intermediate state estimate [154]. This
procedure is per definition informationally incomplete, but seems to converge reasonably.
A variation of this procedure could make use of the complementarity of correlations such
that depending on previously performed measurements, the potential information gain for
each subsequent measurement is assessed. Then, the following measurements are chosen
based on the information potentially gained from them.

Closely related to the concept of adaptive tomography, the idea of self-guided tomogra-
phy has emerged [158, 159], which avoids expensive post-processing and therefore reduce
the requirements of data storage. Instead of collecting a large set of measurement results
used for state reconstruction, self-guided tomography iteratively converges to the true state
during runtime [158].

Another subclass of adaptive schemes makes use of techniques from machine learn-
ing [160] such as supervised or reinforcement learning. In the latter approach, an agent is
provided some feedback depending on the overlap of the adjustable estimated state and the
unknown state. By maximizing the rewards, the adjustable state is becoming an estimate
for the unknown state [161, 162].
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3.3 Enforcing Physicality

Although above methods allow to obtain an estimate for the prepared quantum state, in a
practical scenario, the limitation of the measurement time and thus of the sample size leads
to statistical deviations even for an otherwise ideal experimental setting. Therefore, the
estimated matrix may in general not be in agreement with the requirements for a density
matrix. Here, a result which does not describe a physical state (% 6≥ 0) is called unphysical.
In the following sections, the reason for unphysical estimates will be illustrated together
with an introduction into how this problem is often handled.

3.3.1 Understanding Unphysical Results

Table 3.1: Example illustrating how quantum state tomography of the ideal state |0〉 with finite
statistics can lead to unphysical results. The colors illustrate the contributions of the correlations

to the estimated density matrix and the actual density matrix, respectively.

ideal state %theo measured state %exp

σi probabilities 〈σi〉 events 〈σi〉
σ0 (constant) 1 (constant) 1
σ1 p+

1 = p−1 = 1
2

0 c+
1 = 6, c−1 = 4 6−4

6+4
= 0.2

σ2 p+
2 = p−2 = 1

2
0 c+

2 = 4, c−2 = 6 4−6
4+6

= −0.2

σ3 p+
3 = 1, p−3 = 0 1 c+

3 = 10, c−3 = 0 1

% 1
2

(
1 + 1 0

0 1− 1

)
1
2

(
1 + 1 0.2− (−0.2)i

0.2 + (−0.2)i 1− 1

)

Eigenvalues {0, 1} ≈ {−0.02, 1.02}

In order to understand how finite statistics can lead to estimates for the density matrix
which are not compatible with quantum theory, consider the following straightforward
one-qubit example. The description follows the scheme of overcomplete Pauli tomography
according to Sec. 3.2.2. The ideal state to be measured is %theo = |0〉〈0|, and thus eigenstate
of σz. When performing full state tomography, the three correlation tensor elements, i.e.,
the Bloch vector elements, are to be determined, i.e., T1 = 〈σ1〉, T2 = 〈σ2〉, and T3 =
〈σ3〉. Assume that the measurement statistics are such that 10 events per measurement
setting will be recorded. According to Sec. 2.2.1.3, a matrix describing a physical quantum
state has to be normalized, Hermitian, and positive semi-definite. While the first two
conditions are already ensured by construction using correlations as coefficients in a Pauli
decomposition, finite statistics effects can lead to eigenvalues outside of the allowed regime
[0, 1] as in the example shown in Tab. 3.1. The theoretically pure state is estimated by
a matrix with eigenvalues approximately equal {−0.02, 1.02}, which does not describe a
physical state.

This single qubit example of a tomography of |0〉 clearly shows how small statistical
fluctuations can lead to unphysical results. In fact, the eigenstates of the measurement
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operators are stereotypical examples for this effect. Consider for example the situation of
an odd number of measurement events instead of the above chosen set of 10 measurements
per setting. For 11 measurements per setting, 〈σz〉 is still found to be 1, as the probabilities
for the corresponding projectors are given as before by p+

3 = 1, p−3 = 0. However, it is now
impossible to obtain, say, c+

1 = c−1 , leading to 〈σx〉 6= 0. Thus, 〈σx〉2 + 〈σy〉2 + 〈σz〉2 > 1,
which does not describe a physical state, as the Bloch vector is now outside the Bloch
sphere. Fig. 3.3 illustrates a cross section through the Bloch sphere. For a fixed set of
measurement settings, the probability to obtain an unphysical state after tomographic
reconstruction thus depends on the initial state. For theoretically pure states with one
qubit, it is largest if the initial state is aligned with one of the measurement axes, i.e., an
eigenstate of one of the measurement operators [163]. The probability reduces to about
1/2 for maximal misalignment between measurement axes and initial state. A related
discussion can be found in [164].

3.3.2 Constrained Optimization

As shown above, the linear inversion of tomographic data can (and for many states will
with high probability) result in unphysical estimates. A common procedure to counteract
this behavior is to enforce physicality of the estimated state as a constraint during state
reconstruction. The general approach is to find the physical quantum state, which is in
best agreement with the measured data. The meaning of best agreement is then still to be
defined and depends on the chosen method.

The linear inversion method for overcomplete Pauli tomography with the reconstruc-
tion matrix B, see Eq. (3.4), provides a useful starting point for the discussion. As this
method is overcomplete, due to statistical fluctuations the redundant information obtained
in 6n measurements can be slightly contradictory when estimating the 4n real parameters
(namely the correlations) of the density matrix. In order to obtain a result, those mea-
surements can be assembled such that the reconstructed state is in best agreement with all
different measurements. This canonical procedure, incorporated into the pseudo inverse
of B, B+, is equivalent to the least squares fit of the density matrix, where the estimate
should be a compromise between the redundant measurements. Yet, this approach does not
contain additional constraints such as a constraint enforcing physical results. Instead, for
constrained optimization, for the loss (or cost) function one either chooses a least squares
term or, more commonly, the likelihood for a set of parameters given a measured set of
data. According to the definition of the likelihood, see Sec. 2.2.6.5, and the method of
maximum likelihood estimation, see Sec. 2.2.6.6, the set of k parameters (probabilities,
correlations, etc.) is sought, which maximizes the likelihood to have produced a set of k
measured values (frequencies, estimated correlations, etc.).

For a given set of experimentally observed events {ni}, the negative log-likelihood, see
Eq. (2.90), can be used as a loss function to find a set of probabilities {pi}, which might
have produced the observed events. The negative log-likelihood reads [165]

Ľ ({pi}|{ni}) ≡ −
∑

i

ni log pi. (3.12)
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The set of probabilities is then given by

{pi} = arg min
{p̃i}
Ľ ({p̃i}|{ni}) . (3.13)

By changing the definition of the log-likelihood function, one obtains

%uncon
MLE = arg min

%̃
Ľ (%̃|{ni}) (3.14)

for the unconstrained maximum likelihood estimate. In order to incorporate the physicality
constraint, the optimization has to be restricted to the set of positive semidefinite (density)
matrices, %̃ ∈ {%|% ≥ 0}. Hence, the (constrained) maximum likelihood estimate %MLE is
found by means of

%MLE = arg min
%̃≥0
Ľ (%̃|{ni}) . (3.15)

As an alternative to the negative log-likelihood as a loss function, one can use the least
squares between the measured frequencies and the expected probabilities,

%LS = arg min
%̃≥0

∑

i

wi (fi − pi)2 (3.16)

with adequate weights such as wi = 1 or wi = pi [134]. Those loss functions can further
be modified to, e.g., accommodate for boundary effects such that to a specific event which
was never observed should be attributed a small, but non-vanishing probability as by the
so-called hedged maximum likelihood estimation [166].

Finding the optimum of the constrained optimization in Eq. (3.15) is generally a nu-
merically demanding task [108, 134]. While first approaches could not verify the successful
optimization, a series of powerful reconstruction methods emerged [108, 134, 165], see
also [P1], partly making use of a convex formulation, which allows to guarantee conver-
gence [132, 154]. Eventually, this lead recently to efficient state estimation tools [167, 168].
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Figure 3.2: Different commonly used tomography methods for one qubit states. The over-
complete Pauli scheme is based upon projection onto the states |H〉, |V 〉, |P 〉, |M〉, |R〉, and
|L〉, as shown by the edges of the red octahedron. The informationally complete (green) scheme
makes use of the states |H〉, |V 〉, |P 〉, and |R〉, which allow to reconstruct the density matrix.
However, those states are distributed in a suboptimal way. In contrast, the symmetric, tomo-
graphically complete scheme, shown by the blue tetrahedron, distributes the 4 measurements in
a more uniform way on the Bloch sphere such that the measurements have equal mutual overlap.
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Figure 3.3: All rebits (real qubits) lie within the cross section with 〈σy〉 = 0 on the Bloch
sphere, cf. Fig. 2.1. The quantum state reconstruction based on the linear inversion as described
in Eq. (3.5) leads for onlyN = 10 counts per basis setting to a finite set of 113 different statistically
obtainable outcomes and thus can resolve only 113 different quantum states. For the example
of %1 = |0〉〈0| (green dot) as discussed in Tab. 3.1, the outcomes will have 〈σz〉 = 1. The green
dotted line indicates the uncertainty of the possible results, indicating that the outcome will be
unphysical with high probability. The rotated state %2 (blue dot), however, has approximately
50% probability to result in a physical state as the uncertainty circle (blue dotted) has similar

overlap with the physical region (% ≥ 0) as with the unphysical one (% 6≥ 0).
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3.3.3 Bias in Various Experiments

Although constraining the estimation to the subspace of physical results inherently avoids
unphysical density matrices, it can lead to severe side effects. In [P1], which is reprinted
in the following section, the systematic errors in state tomography due to constrained
optimization are studied. When considering tomography of an unknown state with finite
statistics, the reconstructed state may show systematically wrong values for the state
fidelity or entanglement monotones. This effect, often called estimation bias , can hence
lead to spurious entanglement detection of a state initially fully factorizable [P1]. The
bias strongly depends on the initial quantum state, the number of qubits, the measurement
settings, and the measurement statistics per setting. Although for increasing sample size,
i.e., longer measurement time, the estimator is consistent and hence converges to the true
result in the limit of infinite sample size, one has to carefully evaluate the measurement
data for typical samples sizes in photonic experiments. For systems with a single qubit,
similar results to [P1] had been reported in [150]. The systematics discussed in [P1] have
also been seen among others in [169–171].

In [P1], state-of-the-art tomography tools are discussed. For finite statistics with sam-
ple size typical for multiqubit quantum state tomography, the systematic deviations be-
tween some theoretical states and results of simulated state tomography are discussed. The
influences of various properties of the theoretical state, such as the number of qubits, its
purity and the entanglement class, are investigated. Finally, a method is presented how
meaningful one-sided error bars can be obtained for various quantities of interest.

This publication originated from a close collaboration with Tobias Moroder, Matthias
Kleinmann and Otfried Gühne. It is based both on theoretical work, which was led by
Otfried Gühne, and on numerical studies, which were mainly conducted by us. For the nu-
merical studies, we developed an efficient computer program for constrained optimization
of tomographic results as described above. Together with Christian Schwemmer, and also
Daniel Richart, I worked on this program, significantly increased its efficiency and simu-
lated the required sets of tomographic data. I implemented several of the data evaluation
procedures and, together with Christian Schwemmer, evaluated the data. For five and
six qubits, I simulated and evaluated the data sets on a computation cluster. All authors
contributed to the preparation and editing of the manuscript.
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Introduction.—Quantum state tomography (QST) [1]
enables us to fully determine the state of a quantum system
and, thereby, to deduce all its properties. As such, QST and
the closely related quantum process tomography (QPT) are
widely used to characterize and to evaluate numerous
experimentally implemented qubit states or their dynamics,
e.g., in ion trap experiments [2,3], photonic systems [4,5],
superconducting circuits [6], or nuclear magnetic resonance
systems [7,8]. The increasing complexity of today’s multi-
qubit or multiqudit quantum systems brought new chal-
lenges but, also, progress. Now, highly efficient methods
allow an even scalable analysis for important subclasses
of states [9,10]. The calculation of errors of QST was
significantly improved, although the errors remain numeri-
cally expensive to evaluate for larger systems [11].
Moreover, QST and QPTwere adopted to detect systematic
errors in the alignment of an experiment itself [12].
A central step in QST is to establish the state from the

acquired experimental data. A direct, linear evaluation
of the data returns, almost for sure, an unphysical density
matrix with negative eigenvalues [13]. Thus, several
schemes have been developed to obtain a physical state
which resembles the observed data as closely as possible
[4,14,15]. From classical statistics, it is known that a
constraint, such as the physicality of a state, can lead to
systematic deviations, called bias, in parameter estimation
for finite statistics [16,17]. However, in quantum tomog-
raphy experiments, this effect has hardly ever been
considered.
In this Letter, we test whether the naive expectation is

met that QST delivers meaningful estimates for physical
quantities. We test this for the two most commonly used
reconstruction schemes—maximum likelihood (ML) [15]

and least squares (LS) [4]—using Monte Carlo simulations.
In detail, we investigate whether or not a possibly occurring
bias of these reconstruction schemes is relevant at all on the
example of some of the most prominent multiqubit quan-
tum states. We find that, due to the constraint of physicality,
both ML and LS return states which deviate systematically
from the true state. Foremost, for small sample sizes, as
they are typical in multiqubit experiments, it leads to
significantly differing estimates for physical quantities as
illustrated for the fidelity with respect to the Greenberger-
Horne-Zeilinger (GHZ) state in Fig. 1 [18]. These devia-
tions depend on the experimental and statistical noise but
are typically larger than commonly deduced errors [19].
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FIG. 1 (color online). Histogram of the fidelity estimates of 500
independent simulations of QST of a noisy four-party GHZ state
for three different reconstruction schemes. The values obtained
via ML (blue) or LS (red) fluctuate around a value that is lower
than the initial fidelity of 80% (dashed line). For comparison, we
also show the result using LIN (green), which does not have this
systematic error called bias.
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We demonstrate that, for linear quantities, one can provide
meaningful confidence regions directly from the raw data
and that it is also possible to compute meaningful lower
(upper) bounds on convex (concave) functions like the
bipartite negativity.
Standard state tomography tools.—The aim of QST is to

find an estimate together with some confidence region for
the initially unknown state ϱ0 of a system via appropriate
measurements on multiple preparations of this state. For
an n-qubit system, the so-called Pauli tomography scheme
consists of measuring in the eigenbases of all 3n possible
combinations of local Pauli operators, each yielding 2n

possible results [4]. In more general terms, in a tomography
protocol, one repeats, for each measurement setting s, the
experiment a certain number of times Ns and obtains csr
times the result r. These numbers then yield the frequencies
fsr ¼ csr=Ns. The probability to observe the outcome r for
setting s is given by Ps

ϱ0ðrÞ ¼ trðϱ0Ms
rÞ. Here, Ms

r labels
the measurement operator corresponding to the result r
when measuring setting s. The probabilities Ps

ϱ0ðrÞwill uni-
quely identify the unknown state ϱ0, if the set of operators
Ms

r spans the space of traceless Hermitian operators.
Provided the data f, i.e., the experimentally determined

frequencies fsr, one requires a method to determine the
estimate ϱ̂≡ ϱ̂ðfÞ of the unknown state ϱ0. Simply
inverting the relations for Ps

ϱ0ðrÞ we obtain

ϱ̂LIN ¼
X
r;s

As
rfsr; ð1Þ

where As
r are determined from the measurement operators

Ms
r [8,20]. Note that there is a canonical construction of As

r
even for the case of an overcomplete set ofMs

r, see SM 1 in
the Supplemental Material (SM) [21]. This reconstruction
of ϱ̂LIN is computationally simple and has become known
as linear inversion (LIN) [23]. In principle, Gaussian
error propagation could also be used here to determine
confidence regions.
Yet, due to unavoidable statistical fluctuations, the

estimate ϱ̂LIN is not a physical density operator for typical
experimental situations; i.e., generally some eigenvalues
are negative. Apart from causing issues related to a physical
interpretation of such a “state”, negative eigenvalues
impedes the evaluation of interesting functions like the
von Neumann entropy, the quantum Fisher information, or
an entanglement measure like the negativity, as these
functions are defined, or meaningful, only for valid, i.e.,
positive semidefinite, quantum states.
For this reason, different methods have been introduced

that mostly follow the paradigm that the reconstructed state
ϱ̂ ¼ argmaxϱ≥0TðϱjfÞ maximizes a target function TðϱjfÞ
within the set of valid density operators. This target
function, thereby, measures how well a density operator
ϱ agrees with the observed data f. Two common choices
are ML [15] where TML ¼ P

r;sf
s
r log½Ps

ϱðrÞ�, and LS [4]
where TLS ¼ −

P
r;s½fsr − Ps

ϱðrÞ�2=Ps
ϱðrÞ. We denote the

respective optima by ϱ̂ML and ϱ̂LS. From these estimates,
one then easily computes any physical quantity of the
observed state, e.g., the fidelities F̂ML ¼ hψ jϱ̂MLjψi and
F̂LS ¼ hψ jϱ̂LSjψi with respect to the target state jψi.
Numerical simulations.—To enable detailed analysis of

the particular features of the respective state reconstruction
algorithm and to exclude influence of systematic exper-
imental errors, we perform Monte Carlo simulations.
For a chosen state ϱ0, the following procedure is used:
(i) Compute the single event probabilities Ps

ϱ0ðrÞ, (ii) toss
coins to get frequencies distributed according to the
multinomial distribution determined by Ps

ϱ0ðrÞ and Ns,
(iii) reconstruct the state with either reconstruction method
and compute the functions of interest, (iv) carry out steps
(ii) and (iii) 500 times. Note that the optimality of the
maximizations for ML and LS in step (iii) is certified by
convex optimization [10,24].
First, we consider the four-qubit GHZ state jGHZ4i ¼

ðj0000i þ j1111iÞ= ffiffiffi
2

p
mixed with white noise, i.e., ϱ0 ¼

pjGHZ4ihGHZ4j þ ð1 − pÞ1=16 where p is chosen such
that the fidelity is hGHZ4jϱ0jGHZ4i ¼ 0.8. This state is used
to simulate the Pauli tomography scheme. Figure 1 shows
a typical histogram of the resulting fidelities for Ns ¼ 100
measurement repetitions, which is a typical value
used for various multiqubit experiments. The fidelities
obtained via LIN reconstruction fluctuate around the
initial value (F̄LIN ¼ 0.799� 0.012). (The values given
there are the mean and the standard deviation obtained
from the 500 reconstructed states). In stark contrast, both
ML (F̄ML ¼ 0.788� 0.010) and even more LS (F̄LS ¼
0.749� 0.010) systematically underestimate the fidelity,
i.e., are strongly biased. Evidently, the fidelities of the
reconstructed states differ bymore than 1 standard deviation
for ML and even more than 5 standard deviations for LS.
The question of how these systematic errors depend on the
parameters of the simulation arises. Let us start by inves-
tigating the dependence on the number of repetitions Ns.
Figure 2(a) shows the mean and the standard deviations
of histograms like the one shown in Fig. 1 for different Ns.
As expected, the systematic errors are more profound for
low numbers of repetitions Ns per setting s and decrease
with increasingNs. Yet, even forNs ¼ 500, a number hardly
used in multiqubit experiments, F̄LS still deviates by 1
standard deviation from the value for the initial state. The
effect is also, by no means, special for the GHZ state but
was equally observed for other prominent four-party states,
here, also, chosen with a fidelity of 80%, see Figs. 2(b)–2(d)
and the SM [21].
The systematic deviations also vary with the number of

qubits or the purity of the initial state. Figure 3(a) shows the
respective dependencies of the fidelity for n-qubit states
ϱ0 ¼ pjGHZnihGHZnj þ ð1 − pÞ1=2n (for Ns ¼ 100).
Here, a significant increase of the bias with the number
of qubits is observed especially for LS. Also, when varying
the purity or fidelity with the GHZ state, respectively,
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we observe a large deviation for ML and LS estimators
[Fig. 3(b)]. If the initial fidelity is very low, the effect is
negligible, but large fidelity values suffer from stronger
deviations, especially for LS.
The reliability of the estimates ϱ̂ or of physical quantities

deduced thereof are quantified by the size of confidence
regions which commonly are deduced by bootstrapping
methods [19]. Starting either from the estimate ϱ̂EST
(EST ∈ fML;LSg) or the observed data set f, this error
is typically accessed by Monte Carlo sampling: One
repeatedly simulates data fðiÞ according to the state ϱEST
or f together with a reasonable noise model for the
respective experiment and reconstructs the state ϱ̂ðfðiÞÞ.
From the resulting empirical distribution, one then reports
the standard deviation (or a region including, say, 68%
of the simulated states) for the matrix elements or for
quantities of interest [19], see also SM 3. However, the
problem with such error regions is that they are typically
too small since they reflect only statistical fluctuations of

the biased estimate, which can easily be smaller than the
systematic error [26].
In summary, we observe systematic errors, which depend

on the state reconstruction method and the strength of the
statistical fluctuations of the count rates. Any manual
correction of the bias and the statistical fluctuations [17]
seems out of reach, since the effect depends on the
unknown initial state which cannot be calculated from
the observed data [16]. Let us emphasize that in most cases
the initial value differs by more than the statistical error
determined via bootstrapping (cf. SM 3 [21]).
Biased and unbiased estimators.—The systematic offset

discussed above is well known in the theory of point
estimates [26]. Expressed for QST, an estimator ϱ̂ is called
unbiased if its fluctuations are centered around the true
mean, such that, for its expectation value,

Eϱ0ðϱ̂Þ≡
X
f

Pϱ0ðfÞϱ̂ðfÞ ¼ ϱ0 ð2Þ

holds for all possible states ϱ0 with Pϱ0ðfÞ the probability
to observe the data f. An estimator that violates Eq. (2) is
called biased. Similar definitions hold, for instance, for
fidelity estimators, Eϱ0ðF̂Þ ¼ hψ jϱ0jψi≡ F0. This termi-
nology is motivated by the form of the mean squared error,
which decomposes, for example, for the fidelity into

Eϱ0 ½ðF̂ − F0Þ2� ¼ Vϱ0ðF̂Þ þ ½Eϱ0ðF̂Þ − F0�2; ð3Þ

where VðF̂Þ≡ EðF̂2Þ − EðF̂Þ2 denotes the variance.
Equation (3) consists of two conceptually different parts.
The first is a statistical term quantifying the fluctuations of
the estimator F̂ itself. The second, purely systematic term,
is called bias and vanishes for unbiased estimators [27].
Note that, since the expectation values of the frequencies
are the probabilities, Eϱ0ðfsrÞ ¼ Ps

ϱ0ðrÞ, and because ϱ̂LIN as
given by Eq. (1) is linear in fsr, the determination of a
quantum state using LIN is unbiased. However, as shown
below, for QST, the bias is inherent to estimators con-
strained to giving only physical answers.
Proposition.—A reconstruction scheme for QST that

always yields valid density operators is biased.
Proof.—For a tomography experiment on the state jψ ii

with finite measurement time, there is a set of possible data
Si ¼ ffijPjψ iiðfiÞ > 0g, with Pjψ iiðfiÞ the probability to
obtain data fi when observing state jψ ii.
Consider two pure nonorthogonal states jψ1i and jψ2i

(hψ1jψ2i ≠ 0). For these two states, there exists a nonempty
set of data S12 ¼ ff0jPjψ1iðf0Þ · Pjψ2iðf0Þ > 0g ¼ S1∩S2,
which can occur for both states.
Now, let us assume that a reconstruction scheme ϱ̂

provides a valid quantum state ϱ̂ðfÞ for all possible
outcomes f and that Eq. (2) is satisfied for jψ1i, i.e.,P

S1
Pjψ1iðf1Þϱ̂ðf1Þ ¼ jψ1ihψ1j. This incoherent sum over

all ϱ̂ðf1Þ can be equal to the pure state jψ1ihψ1j only for the
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(already pathological) case that ϱ̂ðf1Þ ¼ jψ1ihψ1j for all
f1 ∈ S1. This means that the outcome of the reconstruction
is fixed for all f1 including all data f0 ∈ S12. As these
data also occur for state jψ2i, there exist f2 ∈ S12 with
ϱ̂ðf2Þ ¼ jψ1ihψ1j ≠ jψ2ihψ2j. Thus, in Eq. (2), the sum
over all reconstructed states now is an incoherent
mixture of at least two pure states, and the conditionP

S2
Pjψ2iðf2Þϱ̂ðf2Þ ¼ jψ2ihψ2j is violated for jψ2i. Hence,

ϱ̂ does not obey Eq. (2) for jψ2i and is, therefore,
biased [28].
This leaves us with the tradeoff: Should one necessarily

use an algorithm like ML or LS to obtain a valid quantum
state but suffer from a bias, or should one use LIN which
is unbiased but typically delivers an unphysical result?
In the following, we propose a scheme using linearized
operators to provide a valid, lower or upper bound and
an easily computable confidence region for many quantities
of interest.
Parameter estimation by linear evaluation.—Many rel-

evant functions are either convex, like most entanglement
measures or the quantum Fisher information, or concave,
like the von Neumann entropy. Thus, these operators can be
linearized around some properly chosen state in order to
obtain a reliable lower (upper) bound. Note that, typically,
a lower bound on an entanglement measure is often suited
for evaluating experimental states, whereas an upper bound
does not give much additional information.
Recall that a differentiable function gðxÞ is convex if

gðxÞ ≥ gðx0Þ þ∇gðx0ÞTðx − x0Þ holds for all x; x0. In our
case, we are interested in a function gðxÞ ¼ g½ϱðxÞ� where x
is a variable to parametrize a quantum state ϱ in a linear
way. From convexity, it follows that it is possible to find an
operator L, such that

trðϱ0LÞ ≤ gðϱ0Þ ð4Þ
holds for all ϱ0 (similarly an upper bound is obtained for
concave functions). This operator L can be determined
from the derivatives of gðxÞ with respect to x at a suitable
point x0, from the Legendre transformation [29], or directly
inferred from the definition of the function gðxÞ [30].
A detailed discussion is given in SM 5 [21].
For this bound, a confidence region, i.e., the error region

for the frequentistic approach, can be calculated. For
example, a one-sided confidence region of level γ can
be described by a function Ĉ on the data f such that
Probϱ0 ½Ĉ ≤ gðϱ0Þ� ≥ γ holds for all ϱ0 [26]. According to
Hoeffding’s tail inequality [31] and a given decomposition
of L ¼ P

lsrMs
r into the measurement operators Ms

r, a
confidence region, then, is

Ĉ ¼ trðϱ̂LINLÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2j logð1 − γÞj

2Ns

s
; ð5Þ

where h2 is given by h2 ¼ P
sðlsmax − lsminÞ2, and lsmax =min

denotes the respective extrema of lsr over r for each

setting s. Although not optimal, such error regions are
easy to evaluate and valid without extra assumptions.
Since we directly compute a confidence region on gðxÞ,
we obtain, generally, a tighter result than what would be
obtained from a “smallest” confidence region on density
operators which tend to drastically overestimate the error
(see SM 4 [21] for an example).
In the following, we show how to use a linearized

operator on the example of the bipartite negativity [30].
(For the quantum Fisher information [32] and additional
discussion, see SM 5 [21].) A lower bound on the
negativity NðϱABÞ of a bipartite state ϱAB is given by
NðϱABÞ ≥ trðϱABLÞ for any L satisfying 1 ≥ LTA ≥ 0,
where the superscript TA denotes partial transposition
[33] with respect to party A. This bound is tight if L is
the projector on the negative eigenspace of ϱTA

AB. Using this
linear expression, one can directly compute the lower
bound on the negativity and, by using Eq. (5), the one-
sided confidence region. Any choice of L is, in principle,
valid, but, for a good performance, L should be chosen
according to the experimental situation. We assume, how-
ever, no prior knowledge and rather estimate L independent
of the tomographic data by the projection on the negative
eigenspace of ϱ̂TA

ML deduced from an additional tomography,
again withNs ¼ 100 counts per setting. One can, of course,
also start with an educated guess of L motivated by the
target state one wants to prepare.
Figure 4 shows the distributions of the negativity

between qubits A ¼ f1; 2g and B ¼ f3; 4g for the four-
qubit GHZ state and for the separable four-qubit state
jψ sepi ∝ ðj0i þ jþiÞ⊗4, with jþi∝ ðj0iþ j1iÞ, each mixed
with white noise such that the fidelity with the respective
pure state is 80%. In both cases, we observe that ML and
LS overestimate the amount of entanglement. Even if no
entanglement is present, ML and LS clearly indicate
entanglement. In contrast, the lower bound of the negativity
does not indicate spurious entanglement. As negativity
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FIG. 4 (color online). Lower bound obtained by linearizing
bipartite negativity (LBL) for the GHZ (left) and a four-qubit
product state (right) both mixed with white noise resulting in 80%
fidelity. The ML and LS reconstruction leads to a systematic
overestimation of the negativity, while the lower bound yields a
valid estimate.
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gives lower bounds of other entanglement measures, those
would overestimate entanglement of a state, too [34].
Conclusion.—Any state reconstruction algorithm enforc-

ing physicality of the result suffers from systematic devia-
tions. We have shown that, for the commonly used methods,
this bias is significant for data sizes typical in current
experiments. Quantities that are computed from such a point
estimate can easily inherit this bias and lead to erroneous
conclusions, as shown here on the examples of the fidelity,
the negativity, and the Fisher information. Equivalent
statements can be inferred for process tomography.
Recently, methods have been used to obtain confidence

regions via the likelihood function. However, these are
notoriously difficult to compute. The linearization method
developed here yields a well defined confidence region
for interesting quantities. This quantity is easily calculable,
yet pessimistic. The quest is, thus, open for finding tighter,
but still computationally accessible, confidence regions.
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SM1: QUANTUM STATE RECONSTRUCTION
USING LINEAR INVERSION

In [4] it is explained how to obtain the estimate %̂LIN
for an n-qubit state from the observed frequencies of a
complete set of projection measurements, i.e. 4n results.
Yet, the scheme described there is more general and can
be used for any (over)complete set of projection measure-
ments.

In the standard Pauli basis {σ0, σx, σyσz} the density
matrix of the state % is given by

% =
1

2n

∑

µ

TµΓµ (S1)

where µ = 1...4n enumerates all possible n-fold tensor
products of Pauli matrices Γ1 = σ0 ⊗ σ0 ⊗ ... ⊗ σ0,
Γ2 = σ0 ⊗ σ0 ⊗ ... ⊗ σx, etc. and with correlations
Tµ = tr(%Γµ). To simplify our notation we will use the
following mapping for a setting s with a respective out-
come r: (r, s) −→ ν = 2n(s−1) + r − 1, hence for the
projectors, Ms

r −→ Mν , and for the Asr −→ Aν , etc.
Then the probabilities to observe a result r for setting s,
or ν respectively, are given by

Pν = tr(%Mν) =
1

2n

∑

µ

tr(MνΓµ)Tµ. (S2)

Introducing the matrix B̂ with elements

Bν,µ =
1

2n
tr(MνΓµ) (S3)

Eq. (S2) simplifies to

~P = B̂ ~T . (S4)

Inverting Eq. (S4), the correlations can be obtained from
the probabilities Pν , i.e., Tµ =

∑
ν(B̂−1)µ,νPν . Note that

this is possible for any set of measurement operators. In
case of a tomographically overcomplete set, the inverse
B̂−1 has to be replaced by the pseudo inverse B̂−1 −→

B+ = (B†B)−1B†. Reinserting Tµ one obtains

% =
1

2n

∑

ν,µ

(B̂−1)µ,νΓµPν . (S5)

For finite data sets, the Pν are replaced by the frequencies
fν and with

Aν =
1

2n

∑

µ

(B̂−1)µ,νΓµ (S6)

Eq. (1) is obtained.

SM2: BIAS FOR OTHER PROMINENT STATES

The occurrence of a bias for fidelity estimation based
on ML and LS state reconstruction is by no means a
special feature of the GHZ state. In Fig. S1 we show
some further examples of the corresponding dependencies
of the bias on the number of measurements per setting
Ns for the W and the fully separable state |ψ〉 ∝ (|0〉 +
|+〉)⊗4. For all these pure states we assume that they
are mixed with white noise for an overall initial fidelity
of 80%, so that the states are not at the border of the
state space.
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FIG. S1. The behavior of ML, LS and LIN depending on
the number of events Ns per setting for different noisy initial
states %0.

Furthermore we observed that the fidelity values as
inferred via LS are systematically lower than those ob-
tained using ML, see Fig. S2.
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FIG. S2. Here we show the differences of the respective fidelity
estimates evaluated for each single simulated tomography ex-
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is always lower than the LIN estimate. Comparing ML and
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SM3: BOOTSTRAPPING

As already mentioned in the main text, in many pub-
lications where QST is performed the standard error bar
is calculated by bootstrapping based on Monte Carlo
methods. One can here distinguish between paramet-
ric bootstrapping, where f (i) are sampled according to
P̂ s(r) = tr(%̂(fobs)M

s
r ), and non-parametric bootstrap-

ping, where P̂ s(r) = fobs is used instead.

We consider again the four-qubit GHZ state of 80%
fidelity and Ns = 100. Interpreting the simulations of
Fig. 1 as Monte-Carlo simulations from the parametric
bootstrap with P̂ s(r) = tr(%0M

s
r ) we have already seen

that ML and LS yield fidelity estimates below the actual
value. If one uses now one of these data sets fobs as a
seed to generate new samples f (i) the fidelity decreases
further. As shown in Fig. S3 this happens in particular
for parametric bootstrapping (0.777± 0.011 for ML and
0.700±0.012 for LS) while non-parametric bootstrapping
(0.780± 0.011 for ML and 0.714± 0.012 for LS) weakens
this effect. However, in this context, one is interested in
fact in the standard deviation of the simulated distribu-
tion. In our simulations it is somewhat smaller than the
distribution of linearly evaluated fidelities. This means,
the biasedness of ML and LS methods leads to a false
estimate of the error, too.

SM4: CONFIDENCE REGIONS FOR STATES
VS. SCALAR QUANTITIES

Let us now comment on confidence regions (CR) for
density operators and CR on parameter functions Q.
Having a (tractable) method to compute CR for states
Ĉ%(f) [11], one could think that this region of states also
provides good CR for the parameter functions Q, if one
manages to evaluate the minimal and maximal values of
Q(%) for all % ∈ Ĉ%(f). However, such CR are typically
much worse than CR evaluated for Q directly, the reason
being the large freedom in how to build up a CR. Let us

give the following illustrative example, see also Fig. S4:

Let us consider the task to obtain a CR for the two
mean values ~µ = (µ1, µ2) of two independent Gaussian
experiments, where the firstN samples xi are drawn from
N (µ1, σ

2) while the remaining N instances yi originate
from N (µ2, σ

2), both with the same known variances. If
one is interested in an 68% CR for both mean values ~µ
then both possible recipes

Ĉ(1) = {~µ : ‖~µ− (x̄, ȳ)‖ ≤ 1.52σ/
√
N}, (S7)

Ĉ(2) = [x̄− σ/
√
N, x̄+ σ/

√
N ]× (−∞,∞) (S8)

with x̄ = 1
N

∑
i xi and similar for ȳ are valid 68% CR.

However, while Ĉ(1) yields the smallest area for the CR, it
gives a much larger confidence region for Q(~µ) = µ1 than
if we would directly use Ĉ(2), which in fact is the smallest
one for µ1. Note that this effect increases roughly with√

dim if one adds further parameters in the considered
Gaussian example. Therefore we see that “errors” asso-
ciated with CR on the density operator are not the best
choice if one is interested only on a few key properties of
the state.
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FIG. S3. Error bar computation for the fidelity of the four-
qubit GHZ state via Monte-Carlo simulation using either
parametric or non-parametric bootstrapping with the data
from Fig. 1. For each of these 500 observations fobs, 100 new
data sets f (i) were generated and reconstructed in order to
deduce the mean and standard deviation as an error bar for
the fidelity. The histograms denoted by “after BS” show the
distributions of these means together with an averaged error
bar given by the gray shaded areas. The initial values for the
fidelities are described by the dashed lines.

68 3. Quantum State Tomography



3

μ

μ2

μ

μ2

μ
1.521 1

Smallest 68% CR ( 1, 2) Smallest 68% CR 1

FIG. S4. Which confidence region is the smallest? If one
is interested in both mean values ~µ = (µ1, µ2) then clearly
the left one represents the smallest one, but if Q(~µ) = µ1 is
chosen, then the CR obtained by projection onto theµ1-axis
is much larger for the disc-shaped area.

SM5: BOUNDS ON CONVEX/CONCAVE
FUNCTIONS

As mentioned in the main text, one can directly bound
convex (or concave) functions g(x) by linear ones using
an operator L

tr(%0L) ≤ g(%0). (S9)

Here, we want to explain in detail how the operator
L can be determined from the derivatives of g[%(x)].
Therefore, we parametrize the density operator %(x) =
11/ dim +

∑
i xiSi via an orthonormal basis Si of Her-

mitian traceless operators. A possible choice for the
Si are all normalized traceless tensor products of the
Pauli matrices and the identity. Since we employ an
affine parametrization, the function g(x) = g[%(x)] is con-
vex. Direct calculation shows that choosing the operator
L[%(x′)] = l011 +

∑
i liSi as

l0 = g[%guess(x
′)]−

∑

i

x′i
∂

∂xi
g[%guess(x

′)] (S10)

li =
∂

∂xi
g[%guess(x

′)] (S11)

gives due to the convexity condition g(x) ≥ g(x′) +
∇g(x′)T (x − x′) a lower bound as in Eq. (S9). Here,
L[%(x′)] is computed on a “guess” x′, i.e., %guess(x

′) of
the true state %0. Recall that while the guess %guess must
be a valid state the lower bound tr(%0L) is well-defined
also for nonphysical density operators.

As an example how to apply this linearization, let
us consider the quantum Fisher information f(x) =
F (%,H), which measures the suitability of a state % to
determine the parameter θ in an evolution U(θ,H) =

LBLIN
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FIG. S5. Full analysis of a Pauli QST scheme with Ns = 100
on four qubits in order to deduce the quantum Fisher infor-
mation with respect to H = Jz. As the true underlying state
we assume again a noisy four-party GHZ state. We observe
that the quantum Fisher information is underestimated from
both ML and LS, while the lower bound deduced from LIN is
fine.

e−iθH . More explicitly the formulae are given by

f(x) = 2
∑

jk

(λj − λk)2

λj + λk
HjkHkj , (S12)

∂

∂xi
f(x) = 4

∑

jkl

λjλk + λjλl + λkλl − 3λ2j
(λj + λk)(λj + λl)

HjkSi,klHlj

(S13)

where {λi, |ψi〉} denotes the eigenspectrum of %(x),
Hjk = 〈ψj |H|ψk〉 and Si,kl = 〈ψk|Si|ψl〉. In order to
compute the derivative of the Fisher information one
can employ the alternative form, as given for instance
in Ref. [32],

F (%,H) = tr[(H%2 + %2H − 2%H%)J−1% (H)], (S14)

J−1% (H) =

∫ ∞

0

dt e−t/2%He−t/2%. (S15)

such that the derivative can be computed via the help of
matrix derivatives [22].

Now let us imagine that we want to determine the
quantum Fisher information of a four-qubit state with
respect to H = Jz, while our true underlying state %0
is once more the noisy GHZ state of 80% fidelity. Fig-
ure S5 shows the full simulation of a Pauli tomography
experiment with Ns = 100 together with the standard
error analysis using parametric or non-parametric boot-
strapping. As with the other examples, we observe a sys-
tematic discrepancy between the results of standard QST
tools and the true value. In this case, though the quan-
tum Fisher information is typically larger for stronger
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4

entangled states, ML or LS underestimate the true ca-
pabilities of the state. However, if we use the described
method for LIN (with an in this case optimized operator
L) the lower bound via LIN is fine.

For completeness, we also give the respective deriva-
tives for further convex functions of interest like the pu-
rity g(x) = tr(%2)

∂

∂xi
g(x) = 2 tr[Si%(x)] (S16)

and correspondingly for the von Neumann entropy

g(x) = − tr(% log %)

∂

∂xi
g(x) = − tr[Si(log %(x))]. (S17)
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3.4 Multiqubit State Tomography with Finite Data

In the previous sections, problems of constrained optimization methods such as maximum
likelihood estimation have been discussed. In this section, the reason for the appearance of
negative eigenvalues in the first place will be investigated. Here, the consequences of finite
statistics will be studied in greater detail, leading to another quantum state estimation
method, which is based on understanding the effects of finite statistics.

Also, the effects of finite statistics in quantum state tomography may also be used
to certify a given set of experimental data. Manipulation of experimental data, either
intentionally or accidentally, can be identified, which may allow to verify the integrity of
measurements.

3.4.1 Wigner Semicircle Distribution

For increasing statistics, the relative frequencies obtained in quantum state estimation
will tend towards the actual (unknown) probabilities. In the hypothetical scenario of
infinite sample size, the frequencies actually become equal to the probabilities. Thus, the
reconstructed state equals the unknown state.
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Figure 3.4: The Wigner semicircle distribution describes the distribution of eigenvalues in a
tomography experiment with finite statistics and an infinite number of qubits. Already for a
modest number of qubits, the description, which is based on two parameters only, the radius
and the center, provides a suitable approximation. Here, the distribution of 10 000 simulated
tomographies of the maximally mixed state with six qubits and 100 measurements per basis

setting is shown.

Conversely, for finite statistics, the deviations between frequencies and probabilities
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will lead to statistical errors. Consider first the maximally mixed state with n qubits. As
its density matrix is proportional to the identity matrix with 2n × 2n elements, it has 2n

degenerate eigenvalues. The finite statistics now leads to a lifting of the degeneracy. When
using the overcomplete Pauli tomography and for a sufficiently large number of qubits, the
eigenvalues will be distributed according to the Wigner semicircle distribution, see Fig. 3.4.
The emergence of this distribution will be explained later and proven in the publication
[P2], which is reprinted in Sec. 3.4.6.

Although the Wigner semicircle distribution describes the distribution of eigenvalues
only in the limit of large density matrices, it is a sufficient approximation already for a
modest number of qubits. A characteristic feature of the semicircle distribution, described
by its radius R and the center c, is its compact support with the clear cutoffs at c±R. Given
a distribution of eigenvalues for a finite number of qubits, the best fitting semicircle can be
found. In Tab. 3.2, the radius and the center of the approximative Wigner semicircle are
estimated for simulations of the maximally mixed state and overcomplete Pauli tomography
with N = 100 samples per basis setting for various numbers of qubits n. In order to assess
the behavior of the eigenvalue distribution of density matrices with finite n close to the
point, at which the theoretical model in the limit n → ∞ predicts a cutoff, numerical
simulations have been conducted. A linear approximation in the vicinity of the expected
cutoff at c−R and c+R provided the estimates for the slopes s1 and s2 of distributions of
the numerically simulated density matrices, respectively. Hence, a large positive value for
s1, i.e., for the slope at the left hand side at which the distribution is rising, and a large
negative value for s2, i.e., for the slope at the right hand side at which the distribution
is falling, indicate steep tails. As the evaluation is based on a finite number of simulated
samples and relies on a difference quotient with finite interval length, the values s1 and s2

are only rough estimates. Due to the symmetry of the Wigner semicircle, in the following,
only the averaged slope (|s1|+ |s2|) /2 is considered.

Table 3.2: Radius R and center c of the approximative Wigner semicircle are given for the n
qubit maximally mixed state. Around the cutoffs c±R, the slopes s1 and s2 of the distributions
are estimated by means of linear fits. The mean of the moduli of the slopes, |s1|+|s2|2 , indicates the
increasing steepness at the tails of the distribution. The last column shows the relative amount
of samples outside the interval I = [c−R, c+R]. Fig. 3.5 shows |s1|+|s2|2 versus the number of

qubits n.

n samples R c s1 s2
|s1|+|s2|

2
|{λi : λi 6∈ I}|

1 200× 104 0.18 0.50 8.5 −9.2 8.9 0.47%
2 400× 104 0.17 0.25 20.9 −24.2 22.5 0.99%
3 800× 104 0.15 0.13 40.2 −45.1 42.6 0.69%
4 1390× 104 0.14 0.06 60.8 −76.3 68.5 0.46%
5 4× 104 0.13 0.03 67.2 −144.5 105.9 0.26%
6 64× 104 0.12 0.02 152.2 −200.1 176.1 0.19%

As can be seen in Tab. 3.2, the slope at the anticipated cutoffs of a corresponding Wigner
semicircle distribution strongly increases with increasing number of qubits n. Fig. 3.5
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Figure 3.5: Slope of simulated eigenvalue distribution at c±R. For various numbers of qubits,
the averaged moduli of the slopes are shown with blue markers, see Tab. 3.2. The fit (red line)
corresponds to the fitmodel a(xb + 1) with a ≈ 4.4, b ≈ 2.0. Obviously, for increasing number of

qubits, the tails of the distribution become less pronounced and turn into a steep cutoff.

shows this relation, indicating that the steepness of the simulated eigenvalue distributions
diverges, as one expects for a semicircle distribution. Thus, already for a modest number
of qubits, the spectral distribution features strongly damped tails. For more details, see
also the discussion on the smallest eigenvalue in appendix C of [P2].

3.4.2 Catalan Numbers

The so called Catalan numbers play a significant role in proving that the distribution of
eigenvalues leads to the Wigner semicircle distribution when performing quantum state
tomography with finite statistics. An ideal semicircle distribution centered around 0 with
radius R can be described by

f(x) =
2

πR2

{√
R2 − x2 x2 ≤ R2,

0 x2 > R2.
(3.17)
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A general description for the sequence of all moments msc
k of this distribution can be

obtained using the Catalan numbers Cn as

msc
k ≡

∫ R

−R
dxf(x)xk =





1 k = 0,

0 k = 1,(
R
2

)2
k = 2,

0 k = 3,

2
(
R
2

)4
k = 4,

0 k = 2n+ 1,

Cn
(
R
2

)k
k = 2n.

(3.18)

This important fact will be used in the following section to prove the appearance of the
semicircle distribution in quantum state tomography.

The Catalan numbers are a series of numbers which can be used to count the number
of so-called non-crossing partitions [172].

When four persons (e.g., Alice, Bob, Charlie, and Dave) meet and stand together, there
are two out of three total possibilities for them to shake hands without the arms of one
pair crossing another pair’s arms (in the arrangement ABCD possible combinations are
AB/CD and AD/BC, while AC/BD contains crossing arms). For six persons, there are in
total nine possible ways how those persons can shake hands, i.e., how those persons can be
partitioned, see Fig. 3.6. Out of those, five partitions are so called non-crossing as shown
in green, while the remaining four possibilities contain crossing arms or lines, respectively.
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Figure 3.6: Non-crossing and crossing partitions for six elements. The upper (green shaded)
row shows all possibilities how to connect pairwise two vertices such that those connections do
not cross. The lower (orange shaded) row lists the four crossing partitions. For example, consider

the vertices to be persons shaking hands along the edges, as described in the text.

The number of non-crossing partitions also corresponds to counting the number of valid
possibilities how to arrange n pairs of parentheses. Three pairs can be arranged in five
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possible ways, ((())), (()()), ()()(), ()(()), (())(), while )()()(, ))(()(, )())((, )))(((, ))()(( are
invalid combinations. Another equivalent example is the number of combinations of going
in total 3 steps upwards and 3 steps downwards under the constraint of staying at least at
the initial height (cf. climbing a ladder starting at the floor).

The Catalan numbers are given by

Cn =
1

n+ 1

(
2n
n

)
=

(
2n
n

)
−
(

2n
n+ 1

)
. (3.19)

The first Catalan numbers starting with C0 = 1 are then {1, 1, 2, 5, 14, 42, . . . }. In the
above examples, the number of non-crossing partitions for 4 elements is given by C2 = 2
and for 6 elements by C3 = 5.

3.4.3 Illustration of Proof - Example of Fourth Moment

In [P2], which is reprinted in Sec. 3.4.6, it is proven that for finite statistics, the distribution
of eigenvalues of a tomographically obtained maximally mixed state tends towards a Wigner
semicircle distribution [173]. To better understand the principle of the proof in detail, in
this section an essential part of it will be illustrated.

As shown in Eq. (3.18), an ideal semicircle distribution results in statistical moments
which depend on the radius and the Catalan numbers Cn. If it can be shown that all
moments of the eigenvalue distribution are identical to the moments of an ideal semicircle
distribution, those distributions are shown to be equal, as a semicircle is defined on a
compact support, see Sec. 2.2.6.2.

For that purpose, it can easily be shown that odd moments of the spectral distri-
bution vanish. Here, to illustrate the method, the calculation of even moments will be
illustrated by means of the fourth moment mev

4 of the eigenvalues of the difference matrix
∆% = 1

2n

∑
µ ∆Tµσµ with ∆Tµ = T̃µ − Tµ, where T̃µ denote the experimentally obtained

correlations in the basis with index µ. For the maximally mixed state, the theoretical
correlations Tµ vanish except of T0,...,0 = 1. Please note that the difference matrix ∆% is
considered instead of % as this simplifies the further calculation. As for the maximally
mixed state all but T0,...,0 vanish, by subtracting the diagonal matrix % from %̃, all elements
of the matrix ∆% and therefore all eigenvalues are centered around 0 instead of the diag-
onal elements (and the eigenvalues) being centered around c = 1/2n. Hence, considering
the difference matrix ∆% corresponds in this case to shifting the center of the eigenvalue
distribution from c to 0.

Although the eigenvalues of a density matrix are due to the normalization condition∑
i λi = 1 not independent of each other, for multiqubit systems, one can still use the

approximation that they are independent. The distribution of the eigenvalues as shown
in Fig. 3.4 is supposed to describe the probability distribution for any eigenvalue, when
picking one at random, and obviously differs from the distribution of only the, say, smallest
eigenvalue. In order to incorporate this into the derivation, one can first approximate
the joint spectral probability distribution p (λ1, λ2, . . . , λ2n) by the product of the almost
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independent probability distributions of each eigenvalue,

p (λ1, λ2, . . . , λ2n) ≈
2n∏

i=1

p (λi) . (3.20)

To describe now the distribution of a randomly picked eigenvalue, one can marginalize over
all but one specified eigenvalue and average of the specification,

p (λ) ≈ 1

2n

[
p (λ1)

2n∏

i=2

∫ ∞

−∞
dλip (λi) + p (λ2)

2n∏

i=1;i 6=2

∫ ∞

−∞
dλip (λi) +

· · ·+ p (λ2n)
2n−1∏

i=2

∫ ∞

−∞
dλip (λi)

]
. (3.21)

As the integral over each eigenvalue is normalized, i.e., the probability to find the i-th
eigenvalue anywhere is 1, one finally obtains

p (λ) ≈ 1

2n

2n∑

i=1

p (λi) (3.22)

for the probability distribution for a randomly chosen eigenvalue. As the k-th moment of
the i-th eigenvalue of the centralized matrix ∆% is given by

mev
k,i =

∫ ∞

−∞
dλip (λi)λ

k
i = E

[
λki
]
, (3.23)

where p (λi) describes the probability distribution of the i-th eigenvalue, the k-th moment
of the distribution of the randomly picked eigenvalue is given by

mev
k ≈

∫ ∞

−∞
dλp (λ)λk =

1

2n

∑

i

mev
k,i =

1

2n

∑

i

E
[
λki
]
, (3.24)

which therefore is an expectation value (over the various eigenvalues) of an expectation
value (over the various distributions). mev

4 is then given by

mev
4 ≈

1

2n

2n∑

i=1

E
[
λ4
i

]
=

1

2n
E
[
tr
(
(∆%)4)]

=
1

25n
E

[
tr
∑

µ,ν,γ,λ

∆Tµ∆Tν∆Tγ∆Tλσµσνσγσλ

]

=
1

25n

∑

µ,ν,γ,λ

E [∆Tµ∆Tν∆Tγ∆Tλ] tr (σµσνσγσλ) . (3.25)
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As ∆Tµ is a random variable following a Gaussian distribution with E [∆Tµ] = 0 and
E
[
∆T 2

µ

]
> 0, the respective summand vanishes whenever one of the indices appears in an

odd power. Hence,

mev
4 ≈

1

25n

∑

µ

[
E
[
∆T 4

µ

]
tr (σµσµσµσµ) +

1

2

∑

ν;µ6=ν

E
[
∆T 2

µ∆T 2
ν

]
tr
(
σµσµσνσν + σµσνσµσν + σµσνσνσµ+

σνσνσµσµ + σνσµσνσµ + σνσµσµσν
)]
. (3.26)

The prefactor 1
2

in front of the second term takes the double counting of the different
contributions into account. By defining

j (σµ) ≡
n∑

i=1

δµi,0, (3.27)

which counts the number of zeros in the index µ, one finds

E
[
∆T 2

µ

]
=

1

3j(σµ)N
, (3.28)

E
[
∆T 4

µ

]
= 3

(
1

3j(σµ)N

)2

(3.29)

for the second and the fourth moment of the Gaussian distributed random variable ∆Tµ.
For more details on the Gaussian distribution of deviations of correlations, see [P2]. Con-
sequently, Eq. (3.26) simplifies to

mev
4 ≈

1

25n

1

N2

∑

µ

[3 tr (σµσµσµσµ)

(3j(σµ))
2 +

∑

ν;µ6=ν

tr
(
σµσµσνσν + σµσνσµσν + σµσνσνσµ + σνσνσµσµ + σνσµσνσµ + σνσµσµσν

)

2 · 3j(σµ) · 3j(σν)

]
.

(3.30)

The first expression depends solely on the index µ, whereas the second one depends on µ
and ν. Hence, the second expression occurs O(4n) times more often. As the magnitudes
of the values are comparable, in the limit of many qubits, one can neglect the first term
and is left with

mev
4 ≈

1

25n

1

N2

∑

µ,ν;µ6=ν

tr
(
σµσµσνσν + σµσνσµσν + · · ·+ σνσµσνσµ + σνσµσµσν

)

2 · 3j(σµ) · 3j(σν)
. (3.31)

The crucial step is to realize that, while σµσµσνσν = 1 holds for any choice of indices
{µ, ν}, σµσνσµσν can result in +1 or −1 depending on the commutation relation of σµ and
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crossing noncrossing

Figure 3.7: Two of the six different permutations of σµσνσµσν are shown. The first one is
called crossing as connecting lines between identical operators cross each other. Depending on
the commutation relation of the operators, the argument of the trace equals 1 or −1. The other
shown permutation, however, can directly be evaluated to 1, irrespective of the commutation

relation of σµ and σν .

σν . One can find for every fixed index µ two indices ν and ν ′ (with j (σν) = j (σν′)) such
that σµσν = σνσµ and σµσν′ = −σν′σµ. Hence, for a fixed µ, only those summands within
tr
(
σµσµσνσν + σµσνσµσν + · · ·+ σνσµσνσµ + σνσµσµσν

)
have to be counted which do not

depend on the commutation relation between the operators. This argument is illustrated
in Fig. 3.7. Those summands which depend on these relations result in a positive and a
negative value, respectively, half of the time, canceling each other. This simplifies Eq. (3.31)
further and leads to

mev
4 ≈

1

25n

1

N2

∑

µ,ν;µ6=ν

tr
(
σµσµσνσν + σµσνσνσµ + σνσνσµσµ + σνσµσµσν

)

2 · 3j(σµ) · 3j(σν)
. (3.32)

Out of the six possible permutations of σµ, σµ, σν , σν , only four are left. Those four are also
characterized by the fact that, when connecting mutually identical operators, no connecting
lines are crossing as shown in Fig. 3.7. Please note, however, that each configuration is
appearing twice, e.g., σµσµσνσν and σνσνσµσµ are identical up to relabeling of the indices
µ ↔ ν.2 Therefore, Eq. (3.32) can be simplified further by means of the Catalan number
C2 = 2,

mev
4 ≈

1

25n

1

N2

∑

µ,ν;µ6=ν

2n · 2 · C2

2 · 3j(σµ) · 3j(σν)
≈ 1

24n

1

N2

∑

µ,ν

C2

3j(σµ) · 3j(σν)
, (3.33)

where the last expression neglects the restriction of µ 6= ν in the summation. Eventually, as
the sums over µ and ν are now independent, this expression can be factorized and becomes

mev
4 ≈ C2

(
1

22n

∑

µ

1

3j(σµ)N

)2

. (3.34)

2For higher moments, when k different indices are involved, the relabeling factor becomes k!, which
cancels with the prefactor appearing in Eq. (3.26).
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When comparing Eq. (3.34) with the second moment,

mev
2 ≈

1

22n

∑

µ

1

3j(σµ)N
≈ 5n

6n
1

N
, (3.35)

the fourth moment finally becomes

mev
4 ≈ C2 (mev

2 )2 . (3.36)

Equivalently, all higher even moments can be calculated. In combination with the vanishing
odd moments, it has thus been shown that the moments of the spectral distribution of a
tomographically obtained maximally mixed state approximate the moments of an ideal
semicircle distribution, Eq. (3.18). Furthermore, the radius can be determined from the
second moment, leading to R = 2

√
mev

2 . For more details, see appendix A of [P2].

3.4.4 Degenerate Eigenvalues

Although the maximally mixed state by itself is not a highly interesting state, it is a helpful
model system to understand the effects due to finite statistics. The n-qubit maximally
mixed state has 2n degenerate eigenvalues. The finite statistics will eventually lead to a
lifting of the degeneracy of those eigenvalues such that they are distributed according to
the Wigner semicircle distribution. This process of lifting the degeneracy, however, is not
limited to the maximally mixed state and is also observed for other degenerate eigenvalues.

Often, experimentally relevant noise can be modeled via an admixture of the maximally
mixed state, i.e., by adding white noise to a pure (or low rank) state. States described
by the model p|ψ〉〈ψ|+ (1− p)1⊥/(2n − 1), where 1⊥ denotes the maximally mixed state
from the subspace perpendicular to |ψ〉, have a single eigenvalue p and 2n − 1 eigenvalues
degenerate at (1− p) /(2n − 1). In the same manner as discussed above, those degenerate
eigenvalues tend to follow a Wigner semicircle distribution with a radius depending on the
number of measurements performed.

This knowledge allows to discriminate noise eigenvalues from signal eigenvalues, esti-
mate the essential rank of the state, and find a reasonable state estimate. Also, one can
estimate before the actual measurement, how many measurements are required in order to
avoid unphysical state estimates in the first place.

3.4.5 Error Estimation

The state estimators discussed in Sec. 3.2 are point estimators and do not provide any
information about errors. In general, error analysis in quantum state estimation is a
non-trivial task [108]. Using standard methods of error propagation commonly lead to a
significant overestimation of statistical errors [108]. A very frequently used tool to obtain
some information on the statistical scatter of the density matrix and quantities derived from
it is the so-called bootstrapping method [174, 175]. This method uses the point estimate
for the density matrix as a starting point to numerically simulate new density matrices
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according to the statistical uncertainty of the experiment [176]. Using this set of density
matrices, errors for the corresponding figure of merit such as the fidelity or the purity can be
calculated. As bootstrapping involves a random process to obtain a set of density matrices
close to the point estimate, it belongs to the class of Monte Carlo methods [108]. Besides
the computational effort, this method implicitly relies on an unbiased estimate for the
quantum state, which cannot be provided using, e.g., maximum likelihood estimation [176].

Other approaches allow, e.g., to obtain bounds for the fidelity depending on the number
of measurements [177]. In Refs. [178–180], the likelihood function has been used to derive
some confidence regions, whereas Refs. [181, 182] provide credibility regions as error regions.
For some overview including a study of the computational complexity of optimal error
regions, see [183].

Our ansatz of modeling the statistical uncertainty of the eigenvalues of the density
matrix allows for a deep analysis of a tomographically obtained quantum state without
relying on computationally demanding Monte Carlo methods or on biased state estimates.
Using the knowledge of the distribution of the Wigner semicircle helps to identify noise
eigenvalues, which are of no further interest as they are present solely due to finite statis-
tics or they cannot be distinguished from this kind of noise. However, one is typically
interested in the distribution of the other eigenvalues. For that purpose, the influence of
finite statistics onto the estimated state can be examined using perturbation theory.

To illustrate the method, consider first an n-qubit state which has been shown to be
of rank 1 by above mentioned methods, which are also described in Sec. 3.4.6, such that
2n− 1 eigenvalues cannot be distinguished from the combination of white noise and effects
of finite statistics. As the direct estimate of the state provides only a point estimate for
this large eigenvalue λmax ≡ λ2n , the uncertainty is still unknown. In order to circumvent
this shortcoming, statistical fluctuations to the density matrix are treated as small pertur-
bations to the obtained eigendecomposition, i.e., the obtained density matrix with finite
statistics is considered to be the result of the ideal density matrix together with a pertur-
bation matrix. This perturbation matrix ∆% can be decomposed as ∆% = 1/2n

∑
µ ∆Tµσµ

with a set of parameters {∆Tµ} analog to the correlation tensor. Here, ∆Tµ are considered
to be random variables following a normal distribution with expectation value 0 and vari-
ance

[
1− T 2

µ

]
/
[
3j(µ)N

]
, with N denoting the sample size and j defined as in Eq. (3.27). If

now ∆Tµ is considered to be a small perturbation, one obtains for the first order deviation
of the largest eigenvalue due to the perturbation

∆λmax = 〈Ψmax|∆%|Ψmax〉 = tr (|Ψmax〉〈Ψmax|∆%)

=
1

22n
tr

(∑

µ,ν

σµσν∆TµT
Ψmax
ν

)

=
1

2n

∑

µ

∆TµT
Ψmax
µ , (3.37)

where TΨmax
ν denotes the ν-th correlation of the eigenstate corresponding to the largest

eigenvalue, i.e., TΨmax
ν = tr (|Ψmax〉〈Ψmax|σν).
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This can be translated to the variance of the largest eigenvalue,

V [λmax] = E
[
(∆λmax)2]− E [(∆λmax)]2︸ ︷︷ ︸

=0

=
1

22n

∑

µ

E
[
(∆Tµ)2]E

[(
TΨmax
µ

)2
]

=
1

4n

∑

µ

[
1− T 2

µ

]

3j(µ)N

(
TΨmax
µ

)2

≈ 1

4n

∑

µ

[
1−

(
λmaxT

Ψmax
µ

)2
] (
TΨmax
µ

)2

3j(µ)N
. (3.38)

In the last step, one can approximate the µ-th correlation of the state, Tµ, by a scaled
value of the correlation of the eigenstate to the largest eigenvalue, i.e., Tµ ≈ λmaxT

Ψmax
µ .

In this case of a rank-1 state, the distribution of the largest eigenvalue is directly related
to the distribution of the center of the noise eigenvalue, such that

V [c] ≈
(

1

2n − 1

)2

V [λmax] (3.39)

holds.
However, for cases with higher rank, i.e., r > 1, the calculation becomes more involved.

In Eq. (3.38), one distinguished between the one eigenstate containing information and the
other eigenstates. Now, instead of a single eigenstate of interest, several have to be taken
into account, resulting in the variance of the i-th relevant eigenvalue of

V [λi] ≈
1

4n

∑

µ

[
1−∑l

(
λlT

Ψl
µ

)2
] (
TΨi
µ

)2

3j(µ)N
. (3.40)

All eigenvalues which are identified to be of relevance are incorporated in the summation∑
l

(
λlT

Ψl
µ

)2
, where, analogously to above, the µ-th correlation of the l-th eigenstate is

rescaled with the corresponding eigenvalue. This allows to directly propagate the uncer-
tainty also to other quantities such as the purity.

Furthermore, one can now compare which deviations in the estimated state are caused
by finite statistics when using the direct method of linear inversion and a scheme, which
distinguishes noise eigenvalues from relevant ones. The impact of finite statistics can
be estimated in terms of the Hilbert-Schmidt distance, which is defined by h (∆%) =√

1/2n
√∑

j,k |∆%j,k|
2 =

√
1/2n

√∑
µ (∆Tµ)2 for ∆%, the difference of two states, para-

metrized by means of ∆Tµ. As in Sec. 3.4.3, ∆% = %̃ − % is defined as the deviation of
the estimated state %̃ from the original state %. The Hilbert-Schmidt distance will be used
to estimate how large statistical errors in the state estimate will be. In fact, the squared
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Hilbert-Schmidt distance corresponds to the mean squared error (MSE) of the estimator.
For the linear inversion, the mean value and variance of the squared Hilbert-Schmidt norm
are obtained by means of

µMSE,lin = E
[
h (∆%)2] =

1

2n

∑

µ

E
[
(∆Tµ)2] , (3.41a)

σ2
MSE,lin =

1

4n

∑

µ,ν

E
[
(∆Tµ)2 (∆Tν)

2]− µ2
MSE,lin, (3.41b)

µHS,lin ≈
√
µMSE,lin −

1

8

σ2
MSE,lin

µ
3/2
MSE,lin

, (3.41c)

σ2
HS,lin ≈

σ2
MSE,lin

4µMSE,lin

, (3.41d)

where Eqs. (3.41c) and (3.41d) are computed by means of a Taylor expansion.
As an example, consider a random pure n = 6 qubit state which is determined by means

of tomography with N = 10 000 copies per basis setting. In the linearly obtained matrix,
one large eigenvalue will be found and 63 eigenvalues will be distributed according to the
Wigner semicircle distribution close to 0. The confidence region for linearly reconstructed
states around this estimated state is given by the Hilbert-Schmidt distance, which can
be approximated by a Gaussian distribution with mean µHS,lin ≈ 0.04593 and standard
deviation σHS,lin ≈ 0.00713. The analytically obtained values are compared with 1 000
simulated tomographies around the reconstructed state, for which the mean value and
standard deviation are 0.04594 and 0.00696, respectively, see Fig. 3.8. The distribution of
the Hilbert-Schmidt norm, characterized by µHS,lin and σHS,lin, is calculated as the distance
from the linearly reconstructed state to other linearly reconstructed states.

If one uses the method proposed above and in [P2] (see also Sec. 3.4.6) to identify
and discriminate signal eigenvalues from noise eigenvalues of the linearly reconstructed
state and averages over the noise eigenvalues, the deviation of the state estimate from
the theoretical state will be reduced, as shown by the distribution of the Hilbert-Schmidt
norm in Fig. 3.8. After state reconstruction and estimation of eigenvalues, for this specific
example the large eigenvalue is found to be λ64 = 0.99966 with a standard deviation
of 0.00071. For this reconstruction, the distribution of the Hilbert-Schmidt distance is
described by the mean value µMSE,recon and the standard deviation σMSE,recon, respectively,
with

µMSE,recon ≈
4

4n

∑

µ

E
[
(∆Tµ)2] , (3.42a)

σ2
MSE,recon ≈

16

16n

∑

µ,ν

E
[
(∆Tµ)2 (∆Tν)

2]− µ2
MSE,recon. (3.42b)

One obtains for the approximation of the distribution of the Hilbert-Schmidt distance
of reconstructed states the mean value µMSE,recon ≈ 0.01146 and the standard deviation
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Figure 3.8: (Blue bars) Distribution of Hilbert-Schmidt norm in 1 000 numerical simulations of
linear inversion compared with (blue line) Gaussian distribution with mean value and standard
deviation as obtained from calculation based upon Eqs. (3.41c) and (3.41d). (Red bars) Distribu-
tion of Hilbert-Schmidt norm when using the reconstruction method proposed in [P2] and (red

line) anticipated distributions based on Eqs. (3.42a) and (3.42b).

σMSE,recon ≈ 0.00071, respectively. Consequently, the state estimation is far less influenced
by statistical noise than the linear inversion estimate as can be seen by the smaller Hilbert-
Schmidt distances.

Other figures of merit can be either derived in an analogous way or by means of nu-
merical simulations based on the random matrices ∆%.

In the following section, which is a reprint of [P2], these methods are discussed in de-
tail and also applied for the evaluation of an experimentally prepared quantum state. The
origin of the Wigner semicircle distribution for estimates of state tomography with finite
statistics is explained together with tools for an in-depth analysis of tomography results.
Using hypothesis tests, one can easily assess the actual rank of the state, although the to-
mographically obtained estimate may seem to be of approximately half rank. Furthermore,
this theory allows to estimate the necessary tomographic effort for obtaining statistically
meaningful results.

This publication arose from discussion with Tobias Moroder, Matthias Kleinmann and
Otfried Gühne as well as with Géza Tóth. Based on discussions with Harald Weinfurter,
I performed the numerical simulations for this project and evaluated the data. Together
with Nico Klein and Christian Schwemmer, we interpreted the results and worked on the
spectral probability distribution for a single qubit. Jonas Reuter provided an initial proof
that the spectral distribution will converge to a semicircle distribution, still neglecting some
conditions of the tomographic setup. Later on, I could replace the proof by a very different
approach which is specifically tailored for quantum state tomography. The experimental
data used in the publication had been obtained by Christian Schwemmer in the course
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of an earlier publication. The manuscript was mainly written by myself together with
Christian Schwemmer, Géza Tóth, and Harald Weinfurter and edited by all authors. An
earlier version of this manuscript was entitled “How long does it take to obtain a physical
density matrix?” (arXiv:1512.06866).
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We show that for finite set of data the statistical nature of measurements is an almost unavoidable
reason for unphysical estimates in multiqubit quantum state tomography using linear inversion. The
usual multinomial or Poissonian noise results in distributions of eigenvalues converging to the Wigner
semicircle distribution for already a modest number of qubits. This fact has to be taken into account
by all methods evaluating tomographic data. Here, we show how to determine which eigenvalues of
the raw density matrix obtained via tomography are relevant and which ones are irrelevant as they
are the result of statistical effects or cannot be distinguished from it. We introduce a method to
avoid unphysical estimates to a great extend, without using constrained optimization, thus avoiding
numerical artefacts such as the bias. This approach allows to directly obtain also error bars for
interesting figures of merit such as the fidelity with minimal numerical effort.

PACS numbers: 03.65.Wj,03.67.Ac

I. INTRODUCTION

Quantum state tomography (QST) became the stan-
dard tool for fully determining unknown multiqubit
states [1, 2] and has been used to analyze experimental
data for numerous systems like photons [3–5], ions [6],
nuclear magnetic resonance systems [7], superconducting
qubits [8], and cold gases [9].

In experiments, however, using straightforward linear
inversion, i.e., solving a system of linear equations based
on the measured data for the density matrix, typically,
one obtains unphysical “raw estimates” [10]. Powerful
numerical methods like the maximum likelihood estima-
tion (ML), least squares (LS), or Bayesian concepts [4, 11]
have been employed to cope with this fact and to en-
force a physical result. Although reconstruction methods
made great progress [12], the tremendous computational
requirements limit these approaches for full QST. Recent
developments enable to obtain confidence and credibility
regions, respectively, instead of point estimates [13], yet,
are confined to very few qubits. An even more pressing
problem is that the methods using constrained optimiza-
tion are precise only in the limit of an infinite number of
copies, since, for real, finite data the constraint of phys-
icality in optimization routines results in artefacts. For
example, puzzling convergence behaviour has been re-
ported [14] as well as biased estimation leading to dis-
torted results, systematic errors and wrong information
about the statistical uncertainty of the estimated param-
eters [15–17].

Here, analyzing the impact of statistical noise for a
finite amount of data we find a characteristic distribu-

∗ Current Address: IBM Research GmbH, Säumerstrasse 4, CH-
8803 Rüschlikon, Switzerland.

tion for the eigenvalues of matrices obtained via linear
inversion. For Poissonian or multinomial measurement
statistics and the standard overcomplete Pauli tomogra-
phy scheme, the obtained eigenvalues can be described
by a Wigner semicircle distribution [18, 19] already for
a handfull of qubits. The knowledge of the eigenvalue
distribution enables one to identify statistically relevant
components of a raw estimate and thus to put the anal-
ysis onto physical grounds. We propose a simple, but
plausible physical model composed by the statistically
relevant eigenvalues and with confidence regions obtained
using perturbation theory.

Our approach compares well with standard data anal-
ysis methods in various areas of physics. Let us illustrate
our general approach with the analogy of interferometry.
If one analyzes an interference pattern knowing that data
points will scatter due to statistics, one surely restrains
from attributing physical significance to all the ampli-
tudes of a Fourier transform, but rather keeps the most
significant ones to model the data. The residues are then
tested for consistency, equivalently to the hypothesis test
proposed here.

II. QUANTUM STATE ESTIMATION

There are several strategies of how to collect data for
QST. The measurement scheme we first focus on is the
so-called Pauli tomography scheme (other schemes will
be discussed in Sec. III C). For characterizing an n-qubit
system, the individual qubits are projected on the eigen-
states of all 3n possible tensor products of local Pauli
operators, σ1, σ2, and σ3. These 3n different measure-
ment settings are denoted by s ∈ {(s1, s2, . . . , sn)|sj ∈
{1, 2, 3}, j = 1, . . . , n} and correspond to measurements
of σs1 ⊗ σs2 ⊗ · · · ⊗ σsn . For each setting s one ob-
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tains 2n different outcomes, r ∈ {(r1, r2, . . . , rn)|rj ∈
{−1, 1}, j = 1, . . . , n}. This leads to a tomographically
overcomplete set of 6n relative frequencies fsr = csr/Ns
with csr the number of results r for settings s and with
total number of counts Ns =

∑
r c
s
r of setting s. We

use the same total number of counts for all settings, i.e.,
Ns = N for all s.

To determine the raw estimate %̃ of the density matrix
%, the decomposition

% =
1

2n

∑

µ

Tµσµ (1)

can be used, where now σµ = σµ1
⊗ σµ2

⊗ · · · ⊗ σµn
,

µi ∈ {0, 1, 2, 3}, includes also σ0, the identity matrix.
The correlation tensor, defined via Tµ = 〈σµ〉, includes
both the so-called full correlations, where µk 6= 0 for all k,
such that µ = s, but also the non-full correlations with
some µk = 0, i.e., which describe correlations between
only those qubits with µk 6= 0.

In a measurement, the estimates T̃µ are obtained from
the respective frequencies from which %̃ is derived using
Eq. (1) [20]. Note that the raw estimate %̃ is defined on
the set of all Hermitian 2n × 2n matrices without the
constraint of positive semi-definiteness. It is used here
solely as a basis for calculating a physical state estimate
%̂.

In practice, due to the finite number of measurements
and the resulting statistical noise, the T̃µ and conse-
quently the elements of %̃ are random variables depending
on both the observed state and the statistics. For a fixed
number of measurements, the events csr are multinomially
distributed random values. If instead of a fixed number
of measurements, a fixed measurement time per setting
is chosen, the number of events follows a Poissonian dis-
tribution. In any case, when increasing the sample sizes
N , the distribution of the correlation T̃µ tends to a Gaus-
sian distribution, which in the following will be denoted

g
(
T̃µ

)
.

Note, in the overcomplete Pauli scheme, the differ-
ent correlations T̃µ and also the different elements of
%̃ do not have all the same uncertainty. The corre-
lation value of a full correlation T̃s is approximately
distributed according to a Gaussian distribution with
mean Ts, i.e., the theoretically expected correlation, and
with variance

(
1− T 2

s

)
/N . However, due to the in-

herent redundancy, all 3 × 2n frequencies fsr can be

used to calculate the non-full correlation T̃µ. For ex-

ample, for µk = 0, T̃µ is obtained from three settings
s = (s1, . . . , sk−1, sk, sk+1, . . . , sn) with sk ∈ {1, 2, 3}.
Thus, for those non-full correlations, more events are
taken into account, clearly reducing its variance. If σµ
contains j (µ) =

∑n
i=1 δµi,0 times the factor σ0 (δa,b de-

notes the Kronecker delta), the distribution g
(
T̃µ

)
will

be narrower compared to the one for full correlations, as
3j(µ)N events instead of N are available for the evalu-
ation. In the following, often the short-hand notation j

will be used instead of j (µ). Altogether, we can approx-
imate the distribution of the correlations by a Gaussian
given by

g
(
T̃µ

)
=

√
3j(µ)N(

1− T 2
µ

)
2π

exp

(
−3j(µ)N (∆Tµ)

2

2
(
1− T 2

µ

)
)

(2)

with the variance V
[
g
(
T̃µ

)]
=
(
1− T 2

µ

)
/
(
3j(µ)N

)
and

with ∆Tµ =
(
T̃µ − Tµ

)
. The distribution of correlations

can be approximated by the Gaussian of Eq. 2 as long

as V
[
g
(
T̃µ

)]
� 1 − Tµ. As a first fact, to note, for

any data analysis the different variances of the observed
correlations T̃µ have to be taken into account.

III. DISTRIBUTION OF EIGENVALUES

Due to finite statistics, the eigenvalues of the raw esti-
mate %̃ will be randomly distributed around the true val-
ues. To understand these distributions we start with the
completely mixed state (Sec. III A) as this state is, on one
hand, least prone to result in unphysical estimates and,
on the other hand, can analyze the effect of finite statis-
tics to highly degenerate eigenvalues. Low rank states
will be discussed in Sec. III D. We compare the derived
distribution with the ones obtained from numerical sim-
ulations.

A. Maximally Mixed State with Many Qubits

FIG. 1. The relative occurences of eigenvalues for the n = 6
qubit completely mixed state. 10 000 QST and linear state
estimations have been performed on simulated data with
N = 100 expected counts per measurement basis yielding a
characteristic eigenvalue distribution (blue). (red line) The
Wigner semicircle centered at c = 2−6 with a radius of
R = 0.116, see Eqs. (3) and (6). (The probability density
of the histogram is obtained here by dividing probabilities by
bin size.)

The completely mixed state %cm is characterized by
Tµ = 0 for all µ except T0,...,0 = 1, hence %cm =
1

2nσ0,0,...,0 = 1
2n1 with 2n-fold degenerate eigenvalue

1/2n. However, the statistical fluctuations of the mea-
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surement results csr and thus of T̃µ lift the degeneracy,
in fact, they cause repulsion of the eigenvalues [18], and
consequently cause a wide distribution of observed eigen-
values. With this we come to another central result:
provided the distribution of the correlations can be ap-
proximated by a Guassian distribution with this specific
pattern of variances as given in Eq. (2), in the limit of
large matrices the eigenvalues follow a Wigner semicircle
distribution [18, 19]. This is surprising since the different
matrix elements have considerably different variances,
which is different from the scenario usually assumed for
random matrices, where all elements are identically dis-
tributed [21]. A proof of this central fact is given in
App. A.

As shown in Fig. 1 we observe in a numerical simula-
tion already for a modest number of n = 6 qubits for the
distribution of the eigenvalues of the completely mixed
state an excellent agreement with the semicircle distribu-
tion. The center c of the Wigner semicircle distribution
W (λ) ∝

√
R2 − (λ− c)2 is given by the mean value of

the eigenvalues λi and is, due to normalization of %̃, equal
to

c =
1

2n
E

[
2n∑

i=1

λi

]
=

1

2n
, (3)

while the radius R depends on the second moment of the

correlation tensor elements, E
(
T̃ 2
µ

)
, via the relation

(
R

2

)2

=
1

4n

∑

µ

E
(
T̃ 2
µ

)
. (4)

For the completely mixed state and multinomial noise,
the correlation T̃µ will be distributed according to Eq. (2)

as g(T̃µ) ≈
√

3j(µ)N/ (2π) exp
(
−T̃ 2

µ3j(µ)N/2
)

. Con-

sequently, we obtain for the second moment E
(
T̃ 2
µ

)
=

∫∞
−∞ dT̃µg(T̃µ)T̃ 2

µ ≈ 1
3j(µ)N

. and thus for the right-hand

side of Eq. (4)

1

4n

∑

µ

E
(
T̃ 2
µ

)
=

1

4n

n−1∑

j′=0

∑

µ
j(µ)=j′

1

3j(µ)N
=

1

4n

[
3n

N
+

3n−1

3N

(
n

1

)
+ · · ·+ 3

3n−1N

(
n

n− 1

)]
=

1

4n

n−1∑

j′=0

3n−j
′
(
n

j′

)
1

3j′N
=

10n − 1

12nN
. (5)

Here, the second line follows from counting the number
of correlations with j′ indices being 0. The first contri-
bution in the sum considers all 3n full correlations. The
second summand is due to the non-full correlations for
n−1 observers: each observers can measure in 3 different
settings (3n−1) and the binomial counts the possibilities

FIG. 2. The spectral probability distribution for the single
qubit completely mixed state. QST was simulated 106 times,
each with N = 100 events per measurement setting. (blue
area) Histogram of the eigenvalues with high-resolution bins.
(red line) Expected distribution.

of n − 1 out of n possible observers. Hence, the radius
R of the Wigner semicircle distribution for the approx-
imation of the n-qubit completely mixed state is given
by

R = 2

√
10n − 1

12n
1√
N
≈ 2

(
5

6

)n
2 1√

N
. (6)

Note, the radius of the semicircle approximation de-
creases with the statistics N as

√
1/N . For the simulated

data, we can now estimate the radius to be R = 0.116,
giving the clear agreement with the distribution of eigen-
values visible in Fig. 1. Obviously, if the radius R is
larger than the center c, i.e., the distribution extends to
the negative range, there is a non-vanishing probability
for negative eigenvalues (see App. C 2).

B. Maximally Mixed State with Few Qubits

The Wigner semicircle describes the spectral distri-
bution in the limit of large matrices, i.e., of many
qubits [18]. While already for six qubits the matrix
is large enough such that the distribution of eigenval-
ues can be described very well by the Wigner semicir-
cle distribution, let us also analyze the case of states
with few qubits. For a single qubit, the eigenvalues and
the spectral density can be determined analytically as

g(λ) ∝ exp
[
− (1−2λ)2N

2

]
(1− 2λ)

2
(see App. B). Fig. 2

shows the simulated spectral probability of the n = 1
qubit completely mixed state together with the proba-
bility density according to g(λ). Evidently, it is highly
unlikely to obtain the correct result with both eigenval-

ues at 1/2 since, due to λ1,2 = 1
2

(
1±

√
T 2

1 + T 2
2 + T 2

3

)
,

all three correlations have to vanish. In particular, if N
happens to be odd, it is even impossible. Yet, we see
an exponential damping towards the boundaries of the
distribution. Hence, for a reasonable number of mea-
surements, the probability of negative eigenvalues is neg-
ligible.

The spectral distribution in the case of a single qubit
clearly differs from a semicircular behavior. Fig. 3 shows
that by increasing the number of qubits the distribution
develops a comb structure. This effect is due to the repul-
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FIG. 3. Distribution of eigenvalues of simulated QSTs of the
completely mixed state for N = 100. (blue) Results for n = 2
qubits, displaying four peaks. The two-qubit state remains
in almost all cases physical, i.e., all eigenvalues can be inter-
preted as probabilities. (red) For n = 3 qubits, the distribu-
tion is shifted such that the probability for negative eigenval-
ues and thus for unphysical matrices increases strongly. (yel-
low) For n = 4 qubits, the 24 subpeaks overlap strongly such
that the comb structure is almost vanished and the shape of
the Wigner semicircle function already becomes visibile. One
perceives the increased damping towards the boundaries of
the distribution for increasing n.

sion of the eigenvalues, i.e., a reduced probability to find
eigenvalues close to each other [21, 22]. The center of the
distribution shifts, according to Eq. (3), closer to 0. As
the probability density then extends to negative values,
it becomes increasingly unlikely, even for the completely
mixed state, to obtain physical results for a limited num-
ber of measurements per setting (here N = 100). For
n = 2 qubits (blue histogram) only 6 out of 106 simu-
lated states are unphysical, while for n = 3 qubits, al-
ready 32% are unphysical. For n = 4 all of the 106

simulated raw state estimates lack physicality. The tail
of the distribution can be approximated by the Tracey-
Widom distribution of the smallest and the largest eigen-
value of random matrices, respectively [23]. In our case
already a Gaussian approximation is appropriate to es-
timate the likelihood for obtaining an unphysical matrix
ρ̃, see App. C.

C. Alternative Tomography Schemes

The overcomplete Pauli tomography discussed so far
is one of several sampling strategies. Other schemes, for
example, obtain the elements of the density matrix di-
rectly one by one by separate sets of measurements [24].
Tailoring the respective variances to be the same for all
elements then will lead to a semicircle distribution for the
eigenvalues (radius R = 2/

√
N , which is also discussed

in the proof in App. A, see also [21, 25]). Similarly, also
a symmetric sampling procedure [26] can yield such a
distribution [27].

For the very frequently used informationally complete
scheme proposed in [4], i.e., experimental data are ob-
tained by projecting onto, e.g., all 4n tensor products
of |0〉, |1〉, 1√

2
(|0〉+ |1〉), and 1√

2
(|0〉+ i|1〉), the eigen-

value spectrum changes considerably. In this badly con-

FIG. 4. (Histogram) Simulated spectrum of a 6 qubit com-
pletely mixed state obtained using the tomographically com-
plete scheme [4] (blue bars) and the overcomplete scheme (red
bars). The blue line corresponds to h (λ) given in Eq. (7). The
dark red line corresponds to the semicircle model. While all
eigenvalues in the latter scheme are expected to be positive,
the asymmetric scheme [4] gives unphysical results in all cases.
The matrix insets show the relative variances of the matrix
elements encoded in adequately scaled colors. The pattern
of the variances in the overcomplete scheme (left inset) lead
to the semicircle distribution, as proven in the appendix. In
the complete scheme (right inset), the antidiagonal entries of
the density matrix strongly dominate, leading to a distorted
eigenvalue distribution. While the variances of the diagonal
entries are comparable for both schemes, the variances of the
antidiagonal elements highly differ as visible from the paired
histogram inset (upper right corner). Please note that the
color codes are different for both methods for higher visibil-
ity.

ditioned [24] tomography scheme not all correlations are
directly measured. Although the distribution of correla-
tion values can still be approximated by Gaussian distri-
butions, their variances are changed compared to Eq. (2).
Consequently, the Catalan numbers (see App. A) cannot
be reproduced by the moments of the distribution, lead-
ing to a different distribution than the Wigner semicircle
distribution.

Fig. 4 compares complete and overcomplete sampling
obtained from the spectral distribution of 100 simulation
runs (n = 6 qubits, completely mixed state, cf. Fig. 1).
In each run, we choose the total number of measure-
ments Ntotal = 4 000 000. Distributing all measurements
over the required 36 settings for Pauli sampling (N =
Ntotal/3

6 ≈ 5487) yields physical estimates with the
eigenvalue distribution shown in red. Contrary to this,
for complete sampling [4] with the same number of total
measurements Ntotal one obtains the distribution shown
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in blue. The second (centralized) moment of the heuris-
tically found distribution h (λ) = α

2 exp (−α |λ− 2−n|)
is given by 2/α2 and has to be equal to the second
(centralized) moment of the eigenvalue distribution, i.e.,
4n/Ntotal. Thus, the spectral probability distribution for
the informationally complete tomography as proposed in
Ref. [4] can be approximated by

h (λ) =

√
Ntotal

2 · 4n exp

(
−
√

2Ntotal

4n
∣∣λ− 2−n

∣∣
)
. (7)

Evidently, this tomography scheme yields negative eigen-
values with high probability in the tails of the distribu-
tion far away from the center at 1/64. For the dark blue

line in Fig. 4, one obtains α =
√

2 · 4 · 106/46 ≈ 44.2.
Thus, another fact to note, it is highly recommended to
always perform symmetric sampling as in the overcom-
plete scheme which yields physical estimates for a much
lower number of measurements.

The problem of strongly differing variances is very
likely to become even worse for sparse sampling meth-
ods such as, for example, compressed sensing [2, 28, 29],
which introduce further disturbances to the spectrum due
to its unavoidable fitting. These schemes and badly con-
ditioned ones, such as photon number state reconstruc-
tion schemes [30] require a separate, detailed analysis.

FIG. 5. (Bars) The large eigenvalue of a noisy 6 qubit GHZ
state follows (red line) a Gaussian distribution with mean
0.8 + 0.2/64 = 0.803125 and standard deviation 1.5 · 10−4

estimated from Eq. (8). A more detailed discussion of this
state is given in App. C and App. E, see also Fig. 10.

D. Low Rank States

Using first order perturbation theory, the variance of
a large eigenvalue λi can be obtained as (App. E)

V [λi] ≈
1

4n

∑

µ

[
1−∑l

(
λlT

Ψl
µ

)2] (
TΨi
µ

)2

3j(µ)N
, (8)

where the summation l is over the contributions from
the r relevant (large) eigenvalues and TΨl

µ denotes cor-

FIG. 6. QST (with N = 10 000) is simulated for the equal
mixture of r pure (random) n = 6 qubit states. The nu-
merically obtained radii R for different values for the rank r
are compared with the expected radius behaviour. For more
details, see Sec. III D.

relations of the r eigenstates [36]. For the example
of noisy 6 qubit Greenberger-Horne-Zeilinger state with
% = 0.8 |GHZ〉 〈GHZ| + 0.2

64 1, the large eigenvalue is ex-
pected to be λ64 = 0.8 + 0.2/64 ≈ 0.803. However, due
to finite statistics, the estimated eigenvalue will follow a
Gaussian distribution with mean 0.8 + 0.2/64 and with
variance according to Eq. (8). Fig. 5 shows a compar-
ison between this approximate model and a numerical
simulation.

In experiments, one typically aims to realize a specific
quantum state, yet, the state preparation and analysis
are never perfect. We thus make the ansatz that a low
rank state %̂r (rank r) to be observed is mixed with white

noise as %̂ = q%̂r + (1− q) %cm = f%̂r + 1−f
2n−r%

⊥
cm, where

%⊥cm denotes white noise in the subspace orthogonal to %̂r.
We use white noise often encountered in experiments as a
first ansatz, which will be checked later with a hypothesis
test.

For rank one (r = 1, %r = |ψ〉 〈ψ|), the probability
of observing |ψ〉 is q + (1 − q)/2n, which turns out to
be the largest eigenvalue of %. The other eigenvalues are
degenerate, but, for finite statistics, due to level repulsion
they follow again a semicircle distribution now centered
at cq,r = (1− q) / (2n − r), which is significantly closer
to 0 or at 0 if there would not be any contribution from
the orthogonal subspace [31, 32]. This also leads to a
small reduction of the radius by approximately a factor
of
√

(2n − r) /2n as

R→ Rr = R ·
√

1− r · 2−n = 2

(
5

6

)n
2
√

1− r · 2−n√
N

,

(9)

as shown in Fig. 6.

Knowing the distribution of eigenvalues enables now
to estimate the necessary amount of measurements such
that the data directly result in a physical density ma-
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trix (App. C). A physical solution is expected for Rr ≤
cq,r, thus the number of measurements necessary to ob-
tain a physical state with high probability is N0 =

4
(

5
6

)n ( 2n−1
1−q

)2

. Note that N0 grows exponentially with

the number of qubits and is inversely proportional to
(1 − q)2, i.e., to the squared infidelity. For high fidelity
states, it is thus almost impossible to obtain a physical
estimate without further data evaluation.

IV. PHYSICALLY MOTIVATED STATE
ESTIMATION

A. Scheme

We have now the tools at hand to devise a new strat-
egy to obtain a physical state estimate without con-
strained optimization. The strategy is to use clearly
identifiable eigenstates and values of %̃. Provided the
remaining eigenvalue spectrum agrees with the expected
Wigner distribution, one should replace those eigenvalues
by white noise. For a (noisy) low rank state sampled with
finite statistics, we expect r eigenvalues and the 2n − r
ideally degenerate eigenvalues to scatter within an inter-
val of width wr = 2 · Rr. Knowing the width of this
scatter enables to identify the rank of %r [33]. The pro-
posed procedure is to (i) find r using |{λj |λj > mini λi+
wr}| = r, i.e., find the number of eigenvalues larger than
mini λi + wr (for an initial estimate, use the number of
eigenvalues larger mini λi + 2R), (ii) compose %r of r
eigenstates with eigenvalues larger than mini λi + wr,
(iii) replace all 2n − r other eigenvalues by their cen-
ter value cr = E ({λj |λj < mini λi + wr}), (iv) estimate
the state % by averaging the lowest eigenvalues (ALE),

%̂ALE =
∑2n

i=2n−r+1 λi |ψi〉 〈ψi| +
∑2n−r
i=1 cr |ψi〉 〈ψi|, and

finally (v) check r as well as the form of the actual noise
by a hypothesis test. As a cross check, repeat this pro-
cedure for neighboring values of r.

This scheme avoids overfitting [29] and has the advan-
tage that no constraint, and thus no bias [15], influences
the evaluation of the important eigenvalues [34]. For (al-
most) pure states all 2n − r eigenvalues will also be dis-
tributed according to the Wigner semicircle distribution
with the respective radius.

Please note that approaches such as maximum likeli-
hood estimation do not modify states which are physical
in the first place. However, already in these situations,
one will observe that the small eigenvalues are distributed
according to a Wigner semicircle distribution due to the
finite statistics. One cannot contribute any meaning to
those eigenvalues.

B. Experimental Demonstration

FIG. 7. Eigenvalue distribution for a tomography of a six-
qubit Dicke state. (red dots) Eigenvalues and (gray shaded
area) the support of the assumed Wigner semicircle distribu-
tion. (red stepped curve) The empirical distribution function
(EDF) of the smallest 61 eigenvalues and the (green smooth
curve) cumulative distribution function (CDF) of the Wigner
semicircle distribution with R = 0.0745 and c = 4 × 10−4 in
excellent agreement.

TABLE I. Center and radius of a hypothetical Wigner semi-
circle distribution for different rank values r. The P -values
directly obtained by means of an Anderson-Darling (AD) hy-
pothesis test are shown as well as effective Peff -values. If more
than r eigenvalues are found outside of the Wigner semicircle,
Peff -values is set to 0. For the hypothesis of the state being the
maximally mixed state, one obtains the center c = 1/64 with
a radius of R = 0.076317. The P -value for this hypothesis is
below 10−5.

rank r center c radius R P -value Peff -value

1 0.006187 0.075719 0.0089 0

2 0.002803 0.075115 0.3553 0

3 0.000399 0.074507 1− 8 · 10−7 1− 8 · 10−7

4 −0.000790 0.073894 0.9998 0.9998

5 −0.001883 0.073275 0.9976 0.9976

Let us demonstrate the power of this scheme on real
data of an overcomplete quantum state tomography of
a 6 qubit Dicke state obtained in a 6 photon experi-
ment [3]. On average, N = 230 projection measure-
ments per setting were performed, leading to Rr ≈
0.07632 ·

√
1− r · 2−n. The 64 ordered eigenvalues of

the unphysical raw matrix are found to be {λi} =
{−0.06368, −0.06223, . . . , 0.06371, 0.07171, 0.14949,
0.21595, 0.61024} indicated by red dots in Fig. 7. First,
the rank of %r is set to r = 3, and thus, the center is
obtained as the average of the smallest 61 eigenvalues
or, respectively, by c = E ({λi|i ≤ 61}) = (1 − λ64 −
λ63 − λ62)/61 ≈ 4 × 10−4. For Rr=3 = 0.07452 all
the 61 lowest eigenvalues are within the given interval,
hence %r=3 now defines the estimated state. Using the
Anderson-Darling hypothesis test [35], the assumption
of a state with rank r = 3 results in a P -value of about
1− 8.2 · 10−7, well above any prechosen significance level
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(typically 0.05). For lower values of r, the P -value is ei-
ther below the significance level or some eigenvalues are
neither attributed to the signal nor the noise, thus rul-
ing out this value for r, see Tab. I. Since one is looking
for the simplest model explaining the data, one identifies
the experimentally prepared state as a rank-3 state ad-
mixed with some noise. The next-to-perfect agreement
between empirical and cumulative distribution functions
(see Fig. 7) shows that the observed eigenvalue distribu-
tion cannot be distinguished from the eigenvalue distri-
bution of white noise, thereby justifying to replace all
λj (j ≤ 2n − r) with cr, i.e., to complement %r by %⊥cm,
white noise in the subspace orthogonal to %r, see App. D.
The variance of the large eigenvalue λ64 is estimated by
applying perturbation theory according to Eq. (8) and
App. E. One obtains for the large eigenvalue and for

the fidelity λ64 = 0.610± 0.004 and F
(
|D(3)

6 〉 , %̂ALE

)
=

〈D(3)
6 | %̂ALE |D(3)

6 〉 = 0.602±0.004, respectively, with 95%
confidence level. Indeed, the remaining two large eigen-
values λ62 = 0.14949 and λ63 = 0.21595 can be identified
as higher order noise due to the experimental prepara-
tion. The corresponding eigenstates correspond to the

Dicke states |D(2)
6 〉 and |D(4)

6 〉, respectively [3].

V. CONCLUSIONS

For finite measurement statistics, the degenerate eigen-
values of the ideal state are distributed according to the
Wigner semicircle distribution. Ideally, this holds in the
limit of many qubits, but is useful as a very neat approx-
imation already for a modest number of qubits (n & 6).
The knowledge how statistical noise influences the eigen-
value spectrum enables now a new ansatz to obtain a
physical state estimate together with confidence inter-

vals. Hypothesis or residual tests can be used to compare
the distribution of eigenvalues with the semicircle distri-
bution in order to possibly identify colored noise. One
should not attribute any physical meaning to eigenvalues
which are consistent with the Wigner semicircle distribu-
tion, but rather set equal as due to statistics they can-
not be distinguished from white noise. This ansatz gives
the number of measurements necessary to avoid negative
eigenvalues alltogether using a simple modelling. The
physically meaningful eigenvalues and eigenvectors of the
density matrix are not affected by an estimation bias even
for a finite number of measurements [32]. Numerical op-
timization to merely obtain a physical state estimate is
replaced by a simple, yet efficient strategy, directly tak-
ing statistical effects into account. Evidently, the same
analysis method is highly beneficial for quantum process
tomography, e.g., of quantum logic gates. This finally
enables one to obtain reliable estimates also for the high
fidelity multiqubit states of future quantum simulations
or first quantum computers.
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Appendix A: Proof of the semicircle distribution

1. Limit of approximation

Obviously, the correlation values are restricted to lie
between −1 and 1, i.e., T̃µ ∈ [−1, 1], while the Gaussian
distribution has support everywhere in R. The above ap-
proximation is justified for sufficiently large N , i.e., for
cases where enough counts are recorded such that it is
fairly unlikely to obtain |Tµ| > 1 in the Gaussian approx-
imation. For the maximally mixed state with Tµ = 0 and

for already only N = 10, the probability of T̃µ 6∈ [−1, 1]
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is fairly low for the Gaussian approximation,

1−
∫ 1

−1

g(T̃µ)dT̃µ = 1− erf(N/2) ≈ 0.0016, (A1)

where erf(x) = 2/
√
π
∫ x

0
exp

(
−τ2

)
dτ denotes the error

function. Thus, one can approximate the correlation with

a Gaussian distribution, where the variance (V
[
T̃µ

]
=

E
[
T̃ 2
µ

]
− E

[
T̃µ

]2
= E

[
T̃ 2
µ

]
for E

[
T̃µ

]
= 0) is given by

E
[
T̃ 2
µ

]
=

∫ 1

−1

dT̃µg(T̃µ)T̃ 2
µ ≈

∫ ∞

−∞
dT̃µg(T̃µ)T̃ 2

µ

=

√
N

2π

∫ ∞

−∞
dT̃µ exp

(
−NT̃

2
µ

2

)
T̃ 2
µ =

1

N
. (A2)

2. Idea of proof

We prove that the eigenvalue distribution is described
by a Wigner semicircle distribution based on the mo-
ments of the correlations. The moments of the density
matrices obtained by means of the used overcomplete
Pauli scheme for quantum state tomography are com-
pared to the moments of a semicircle distribution. As the
semicircle distribution is defined on a compact support,
the equality of moments suffices to prove the equality of
the distributions.

In fact, the proof shows the eigenvalue distribution of
the deviation matrix ∆% ≡ %̃−%. For the highly relevant
case of % being the maximally mixed state, ∆% and %̃ have
the same spectral distribution up to a shift of its center.

3. Moments of semicircle distribution

First, let us calculate the moments of a function de-
scribing a semicircle. The function

fc,R(x) =
2

πR2

√
R2 − (x− c)2

(A3)

describes a normalized semicircle centered around c with
Radius R. Without loss of generality, we focus on
the central moments. Instead, the function fc,R(x) it-
self can be centered by setting c = 0. By this, mo-
ments and central moments are becoming equal. Due
to the symmetry, all odd moments vanish, i.e., msc

2k+1 =∫∞
−∞ f0,R (x)x2k+1dx = 0. For the even moments, one

finds

msc
2 =

∫ ∞

−∞
f0,R (x)x2dx =

(
R

2

)2

, (A4a)

msc
4 =

∫ ∞

−∞
f0,R (x)x4dx = 2

(
R

2

)4

, (A4b)

msc
6 =

∫ ∞

−∞
f0,R (x)x6dx = 5

(
R

2

)6

, (A4c)

msc
8 =

∫ ∞

−∞
f0,R (x)x8dx = 14

(
R

2

)8

, (A4d)

where the coefficient can be found recursively and equals
the Catalan numbers Cj . Thus, the moments are

msc
2k+1 =

∫ ∞

−∞
f0,R (x)x2k+1dx = 0, (A5a)

msc
2k =

∫ ∞

−∞
f0,R (x)x2kdx = Ck

(
R

2

)2k

= Ck (msc
2 )

k
.

(A5b)

To show that the spectral probability distribution of
tomographically obtained completely mixed states equals
a semicircle function, one has to recover Eqs. (A5) for the
distribution of the eigenvalues of white noise.

a. Catalan numbers

The Catalan numbers are given by, e.g., a recursively
defined sequence also appearing in various counting prob-
lems. The zeroth Catalan number is C0 = 1. The subse-
quent numbers are defined by

Cj+1 = Cj
2 (2j + 1)

j + 2
. (A6)

Consequently, the first elements of the (zerobased) se-
quence Cj are 1, 1, 2, 5, 14, 42, . . . counting, e.g., the pos-
sibilities of 2j persons shaking hands at the same time
under the constraint that the hands of two pairs do not
cross. Another example is the number of possible paths
on the xy plane from point (0, 0) to (2j, 0) going only
steps of (1,±1) under the constraint that the x axis can
be touched, but not crossed. These so called Dyck paths
are equivalent to the question of how many possibilities
of correctly setting j pairs of parentheses, e.g., “()()” and
“(())” are the only possibilities for j = 2. For those and
more applications of the Catalan numbers, see [39].
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4. Moments of density matrices

The k-th moment of the i-th eigenvalue will be denoted
by

m
(i)
k = E

[
λki
]
. (A7)

Since in this case, one is only interested in the joint spec-
tral probability distribution, one has to average over all
2n eigenvalues in order to obtain the k-th moment of the
spectral probability distribution of %̃′,

mev
k =

1

2n

2n∑

i=1

m
(i)
k =

1

2n

2n∑

i=1

E
[
λki
]

=
1

2n
E

[
2n∑

i=1

λki

]
= E

[
1

2n
Tr
(
Dk
)]

= E
[

1

2n
Tr
((
U†∆%U

)k)]
= E

[
1

2n
Tr
(

(∆%)
k
)]
,

(A8)

where U†∆%U = D corresponds to the eigendecompo-
sition of ∆% with diagonal D (Di,j = δi,jλi). To show
that the spectrum of random density matrices, namely
the distribution of their eigenvalues, is semicircular, one
can now prove the equality of Eq. (A8) with the moments
of the compactly supported semicircle given in Eqs. (A5).

a. First moment

By considering ∆% instead of %̃, the first moment of
the joint spectral distribution directly vanishes.

mev
1 = E

[
1

2n
Tr (∆%)

]
= E

[
1

2n
Tr (%̃− %)

]

=
1

2n
E [Tr (%̃)− Tr (%)] = 0. (A9)

b. Second moment

By using Eq. (A8) and ∆% = 1
2n

∑
µ∆Tµσµ with

∆Tµ = T̃µ − Tµ, one can calculate the second moment,

mev
2 =

1

2n

2n∑

i=1

E
[
λ2
i

]
=

1

2n
E
[
Tr
(

(∆%)
2
)]

=
1

23n

∑

µ,ν

E [∆Tµ∆Tν ] Tr (σµσν)

=
2n

23n

∑

µ,ν

E [∆Tµ∆Tν ] δµ,ν

=
1

22n

∑

µ

E
[
(∆Tµ)

2
]
. (A10)

For the maximally mixed state, this can easily be eval-
uated since Tµ = 0 for all µ 6= (0, 0, . . . , 0) and thus

T̃µ = ∆Tµ. Because one can infer non-full correlations
with larger statistics, see Eq. 2, one has to take this into
account,

mev
2 =

1

4nN

n−1∑

j=0

(
n

j

)
3n−j

3j
=

10n − 1

12n
1

N
≈ 5n

6n
1

N
.

(A11)

Here, one uses that the sum runs over µ, where E
[
T̃ 2
µ

]
=

1/(3jN) depends on the number j of local measurements
of σ0 of µ. If instead of the used overcomplete Pauli
scheme a tomography scheme with E(T̃ 2

µ) = 1/N for all
µ is used, (approximately) all matrix elements have the
same variance. In this case, the second moment is found
to be mev

2 = 1/N .

c. Third and higher odd moments

All odd (centralized) moments of the eigenvalue dis-
tribution vanish, as we will argue at the example of the
third moment. The third moment

mev
3 =

1

2n

2n∑

i=1

E
[
λ3
i

]
=

1

2n
E
[
Tr
(

(∆%)
3
)]

=
1

24n
E

[
Tr

(∑

µ,ν,γ

∆Tµ∆Tν∆Tγσµσνσγ

)]

=
1

24n

∑

µ,ν,γ

E [∆Tµ∆Tν∆Tγ ] Tr (σµσνσγ) (A12)

vanishes due to the expression E [∆Tµ∆Tν∆Tγ ]. For all
choices of indices {µ,ν,γ}, the expecation value will
be taken of at least one correlation value in an odd
power, i.e., the summation contains E [∆Tµ∆Tν∆Tγ ] =
E [∆Tµ]E [∆Tν ]E [∆Tγ ] (for mutually distinct indices

{µ,ν,γ}), E
[
(∆Tµ)

2
]
E [∆Tγ ] (for µ = ν 6= γ), and

E
[
(∆Tµ)

3
]

(µ = ν = γ). Because E
[
T̃µ

]
= Tµ,

E [∆Tµ] = E
[
(∆Tµ)

3
]

= 0 holds, and thus all odd mo-

ments vanish,

mev
2k+1 = 0 (A13)
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d. Fourth moment

Extending the procedure of Eqs. (A10) and (A11) to
the fourth moment mev

4 , one obtains

mev
4 =

1

25n
E


Tr

∑

µ,ν,γ,λ

∆Tµ∆Tν∆Tγ∆Tλσµσνσγσλ




=
1

25n

∑

µ,ν,γ,λ

E [∆Tµ∆Tν∆Tγ∆Tλ] Tr (σµσνσγσλ) .

(A14)

By the parity argument, only those terms contribute that
contain indices in even power. One is now left to count
the number of contributing summands in Eq. (A14). For
illustration, consider the case of n = 2 qubits and two
different factors in the trace, each appearing twice. For
commuting factors, e.g., σ1,1 and σ2,2

Tr (σ1,1σ1,1σ2,2σ2,2) = Tr (σ1,1σ2,2σ1,1σ2,2) = · · · = 22

(A15)
holds for all 6 permutations of σ1,1σ1,1σ2,2σ2,2. On the
other hand, one notices that for anticommuting factors
σ1,1 and σ1,2, i.e., σ1,1σ1,2 = −σ1,2σ1,1, different contri-
butions occur.

Tr (σ1,1σ1,1σ1,2σ1,2) = Tr (σ1,1σ1,2σ1,2σ1,1) =

Tr (σ1,2σ1,1σ1,1σ1,2) = Tr (σ1,2σ1,2σ1,1σ1,1) = 22 (A16)

and

Tr (σ1,1σ1,2σ1,1σ1,2) = Tr (σ1,2σ1,1σ1,2σ1,1) = −22

(A17)

are valid for the permutations of two anticommuting fac-
tors, each of those appearing twice. Hence, if the matrices
σµ and σν commute, 6 terms are contributing while an-
ticommuting σµ and σν lead to an effective contribution
of only 4− 2 = 2 summands.

We already could argue that the four indices µ,ν,γ,λ
in Eq. (A14) reduce to two indices, e.g. µ and ν, where
the sum in Eq. (A14) is now running over those two in-
dices and all permutations of σµσµσνσν . By a simple
counting argument, one realizes that after choosing µ
out of approximately 4n possibilities, one has approxi-
mately 4n/2 possibilities for ν such that [σµ, σν ] = 0,
while the other 4n/2 choices of ν lead to {σµ, σν} = 0.
The expressions

Tr (σµσµσνσν) = Tr (σµσνσνσµ)

= Tr (σνσµσµσν) = Tr (σνσνσµσµ) = 22 (A18)

give a positive contribution independently of the commu-
tation relation between σµ and σν .

Tr (σµσνσµσν) = Tr (σνσµσνσµ) = ±Trσ0,0 = ±22

(A19)
leads in half of the choices of µ and ν to a positive, in the
other half to a negative contribution. Contributions of
those permutations cancel for different choices of indices.

mev
4 =

1

2n

2n∑

i=1

E
[
λ4
i

]
=

1

25n

∑

µ,ν,γ,λ

E [∆Tµ∆Tν∆Tγ∆Tλ] Tr (σµσνσγσλ) = (A20a)

1

25n

1

2!

∑

µ

[ ∑

ν:{ν 6=µ}
E
[
(∆Tµ∆Tν)

2
]

Tr

(
6∑

i=1

Pi (σµσµσνσν)

)
+ E

[
(∆Tµ)

4
]

Tr (σµσµσµσµ)

]
≈ (A20b)

1

25n

1

2!

∑

µ

∑

ν:{ν 6=µ}
E
[
(∆Tµ∆Tν)

2
]

Tr

(
6∑

i=1

Pi (σµσµσνσν)

)
, (A20c)

where
∑6
i=1 Pi (σµσµσνσν) = σµσµσνσν + σµσνσµσν + · · · + σνσνσµσµ denotes the summation over all permu-

tations of the tensor products of Pauli matrices. By means of Eq. (2), one finds for the maximally mixed state

E
[
(∆Tµ∆Tν)

2
]

= E
[
(∆Tµ)

2
]
E
[
(∆Tν)

2
]

= 1/
(
3jµN

)
1/
(
3kνN

)
and E

[
(∆Tµ)

4
]

= 3/
(
3jµN

)2
, where jµ and

kν denote the number of σ0 operators appearing in σµ and σν , respectively. In addition to the approximation in
Eq. (A11), here we can neglect the second term in Eq. (A20b) for many qubits, i.e., n→∞ since the first summand

is occurring O(4n) times more often. With the aforementioned argumentation, Tr
(∑6

i=1 Pi (σµσµσνσν)
)

= 4 · 2n
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holds, leading to

mev
4 =

1

2n

2n∑

i=1

E
[
λ4
i

]
=

1

2

1

25n

∑

µ

∑

ν:{ν 6=µ}

1

N2
4 · 2n =

1

2

1

25n
4n4n

(
5n

6nN

)2

4 · 2n = 2 ·
(

5n

6nN

)2

= 2 (mev
2 )

2
. (A21)

Using instead a tomography scheme with E
[
(∆Tµ)

2
]

= 1/N for all µ leads to mev
4 = 2/N2.

e. Sixth moment

Analogously, the sixth moment reads

mev
6 =

1

2n

2n∑

i=1

E
[
λ6
i

]
≈ 1

27n

1

3!

∑

µ

∑

ν:{ν 6=µ}

∑

γ:{γ 6=ν,γ 6=µ}
E
[
(∆Tν)

2
(∆Tµ)

2
(∆Tγ)

2
]
· Tr

(
90∑

i=1

Pi (σµσµσνσνσγσγ)

)
,

(A22)

where in the approximation terms of the form E
[
(∆Tν)

4
(∆Tµ)

2
]

and E
[
(∆Tν)

6
]

can be neglected for many qubits

because terms of the form E
[
(∆Tν)

2
(∆Tµ)

2
(∆Tγ)

2
]

dominate the expression by appearing O(4n) and O(16n) times

more often, respectively. The factor 1/3! compensates for multiple counting of exchanging indices. A specific summand
of that expression, e.g., Tr (σµσνσγσµσνσγ) contributes positively for half of the choices of {µ,ν,γ}, while the other
choices lead to a negative contribution. Thus, permutations of that form cancel each other and can thus be neglected.
By extending this argument, all crossing partitions do not have to be considered. Hence, one has to count only
noncrossing partitions. Consequently, Eq. (A22) can for the maximally mixed state be further simplified leading to

mev
6 =

1

2n

2n∑

i=1

E
[
λ6
i

]
≈ 1

27n

1

3!
4n · 4n · 4n

(
5n

6nN

)3

2n30 = 5

(
5n

6nN

)3

= 5 (mev
2 )

3
. (A23)

For a scheme with E
[
(∆Tµ)

2
]

= 1/N for all µ, one obtains mev
6 = 5/N3.

f. Crossing and noncrossing partitions - solution for
arbitrary moments

Fig. 8 illustrates four examples of permutations occur-
ing in the calculation of the sixth moment in Eq. (A22).
For permutations of the six operators σµ, σµ, σν , σν ,σγ ,
and σγ , which are according to Fig. 8 “noncrossing” par-
titions, the commutation relation between the operators
does not play a role. However, the trace of a permuta-
tion of those operators, which is a “crossing partition”,
can result in 2n or −2n, depending on the commutation
relation of the operators. Since the number of crossing
partitions resulting in 2n is the same as those resulting
in −2n, crossing partitions do not contribute for comput-
ing the moments. Only noncrossing permutations, where
the (anti-)commutation relations between the operators
do not influence the value of the trace, have to be consid-
ered. Thus, we are left to count the number of noncross-
ing partitions. For our case of k/2 different operators,
each of those appearing twice, the number of noncross-
ing partitions is given by the Catalan number Ck/2, see
Eq. (A6). All odd moments vanish, see Eq. (A13), while

for the 2k-th moment

mev
2k =

1

2n

2n∑

i=1

E
[
λ2k
i

]
= Ck (mev

2 )
k

= Ck
(

5n

6nN

)k

(A24)
holds, which equals the expressions of Eqs. (A5) for

R = 2 (5/6)
n/2

/
√
N . Eventually, we could prove that the

spectral probability distribution of the completely mixed
state converges to the Wigner semicircle in the limit of
many qubits, although the different random variables,
correlations in our case, have different variances.

For a tomography scheme with equal variances for all
correlations (and all matrix elements), one as well obtains

mev
2k =

1

2n

2n∑

i=1

E
[
λ2k
i

]
= Ck (mev

2 )
k
, (A25)

which leads to a Wigner semicircle distribution also in
this case. However, due to Eq. (A4a), it holds R =

2
√

1/N , where N is given by the number of measure-
ments for determining each correlation (and thus each
matrix element).
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FIG. 8. Examples of crossing and noncrossing partitions.
Four different permutations of σµσµσνσνσγσγ are depicted,
where equal operators are connected by lines. The per-
mutations in the left column are called noncrossing, which
corresponds to the graphical representation of noncrossing
lines. Thus, the trace of those products is independent
whether σµ, σν and σγ mutually commute or anticommute.
In contrast, the trace of permutations shown in the right
column depends on the (anti-)commutation relations. E.g.,
Tr (σµσνσµσνσγσγ) is positive if [σµ, σν ] = 0. These terms
are posivitely contributing to the sum in Eq. (A22), but cancel
with the negative values for ν with {σµ, σν} = 0.

Appendix B: Spectral probability distribution of one
qubit density matrices

The spectral probability distribution g(λ) for the sin-
gle qubit case as stated in the main text can be de-
rived analytically. The eigenvalues are given by λ1,2 =

1
2

(
1±

√
T̃ 2

1 + T̃ 2
2 + T̃ 2

3

)
. Using the assumption of

Gaussian distributed correlations, one obtains for the
density g of eigenvalues λ

g(λ) =

∫ ∞

−∞
[δ (λ− λ1) + δ (λ− λ2)]

3∏

i=1

g(T̃i)dT̃i

= 4π

∫ ∞

0

r2drg(r) [δ (λ− λ1) + δ (λ− λ2)] , (B1)

where the integration is performed over spherical coor-

dinates, i.e. we substitute r =
√
T̃ 2

1 + T̃ 2
2 + T̃ 2

3 , and

with δ denoting the Dirac delta distribution. Since

g(r) = g(T̃1)g(T̃2)g(T̃3) with g(T̃i) ∝ exp
(
− T̃

2
i N
2

)
, we

obtain

g(r) ∝ exp

(
−r

2N

2

)
(B2)

with the number of counts N . Solving Eq. (B1), we fi-
nally obtain

g(λ) ∝ exp

[
− (1− 2λ)

2
N

2

]
(1− 2λ)

2
. (B3)

The proportionality constant is given by normalization.

FIG. 9. The eigenvalue distribution as shown in Fig. 1 (n = 6,
N = 100) in the main text with the distribution of the small-
est eigenvalue (green bars) and the approximated Gaussian
distribution (green line) with mean and standard deviation
as given by Eqs. (C2) and (C3), respectively.

Appendix C: Probability of physical results

1. Distribution of the smallest eigenvalue

It is known from Random Matrix Theory that in cases
similar to the one considered here the smallest and largest
eigenvalue follow the Tracey-Widom distribution, which
solves a Painlevé differential equation of type II [21, 23].
This distribution can be approximated if mean, vari-
ance and skewness are known [23]. For determining
the probability of negative eigenvalues, our numerical
analysis showed that already the Gaussian distribution
N (µλ1

, σλ1
) with mean µλ1

and standard deviation σλ1

is appropriately describing the distribution of the small-
est eigenvalue. Thus, our approximation is based solely
on µλ1

and σλ1
with the probability density

1√
2πσλ1

exp

(
− (λ− µλ1)2

2σ2
λ1

)
, (C1)

of a Gaussian distribution (see Fig. 9) where the expec-
tation value is

µλ1
≈ c−R+ 2σλ1

= c− 2

(
5

6

)n/2√
1

N
+ 2σλ1

(C2)

with center c and radius R of the noise eigenvalue dis-
tribution. The contribution from the standard deviation
σλ1

is negligibly small, especially for larger n. For σλ1
,

we obtain from a numerical analysis

σλ1 ≈
(

9

14

)n+2

·R =

(
9

14

)n+2

2

(
5

6

)n/2√
1

N
. (C3)

The distribution of the largest eigenvalue can be ap-
proximated analogously.
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2. Estimating the probability of physical results

The probability for the smallest eigenvalue being not
negative can be obtained using Eq. (C1), thus

p(λ1 > 0) = 1−
∫ 0

−∞

1√
2πσλ1

exp

(
− (λ− µλ1

)2

2σ2
λ1

)
dλ

= 1− 1

2
erfc

(
µλ1√
2σλ1

)

≈ 1− 1

2
erfc

[
1√
8

[
4 +

(
14

9

)n+2
((

6

5

)n
2 c√

N
− 2

)]]

(C4)

with the complementary error function erfc (x) = 1 −
erf (x). Obviously, with the Gaussian approximation,
one can never guarantee that the result will be physi-
cal. Nevertheless, due to the small standard deviation of
the distributions, unphysical results will get rather un-
likely. For the example of the maximally mixed n = 6
qubit, with N = 4371 counts, the probability of a phys-
ical result is p(λ1 > 0) ≈ 0.046. For N = 4865 counts,
the probability already increased to p(λ1 > 0) ≈ 0.5,
while for N = 5387 counts, one expects a physical result
with p(λ1 > 0) ≈ 0.954. Thus, the transition from the
regime where unphysical estimates are highly likely to
the regime of physical estimates can be estimated easily.

Applying Eq. (C4) to a state defined as % = q|ψ〉〈ψ|+
(1− q) %cm with |ψ〉 = |GHZ〉, n = 6, and q = 0.8 leads
to the blue line in Fig. 10, being in good agreement with
the simulated data as shown by points in this figure.

Similar considerations can be used to determine the
number of total measurements required to separate small
eigenvalues from statistical noise.

Appendix D: Reconstruction of experimental state

1. Modification of radius for low rank states

According to App. A, the spectral probability density
of the maximally mixed state converges to the Wigner
semicircle. For low rank states, the radius of the spec-
tral probability distribution of the insignificant eigen-
values can be approximated by the radius as given in
Eq. (6) in the main text. The assumption that the ra-
dius does not depend on the rank r is only an approx-
imation valid for r � 2n. In Fig. 6, the radius Rr in
dependence of the rank r is shown for 100 QST esti-
mates (N = 10 000), where the underlying state is ob-
tained by equally mixing r orthogonal random states.
R can be estimated by means of the second moment
mev

2 = 1/2nE
[∑

i λ
2
i

]
= (R/2)

2
. For a low rank state,

the summation over the eigenvalues in Eq. (A10) has to

FIG. 10. Verifying our estimate N0 for the number of events
needed for a physical state, as given in the main text. (a)

(red line, left y-axis) The radius scales with 1/
√
N with the

number of events per basis setting N according to Eq. (6) in
the main text, shown here for n = 6 qubits. For a given ad-
mixture of white noise 1− q, N0 is obtained by equating the
radius with the center given in the main text as cq,r = 1−q

2n−r
,

being a function of q. For q = 0.8, we obtain c = 0.0032 and
N0 = 132 921. (blue dots) The ratio of physical states for
simulated QST for the given noise parameter. (blue line)
Theoretical prediction based on the estimated distribution
of the smallest eigenvalue, see Eq. (C4). (b) Histogram of
eigenvalues for a GHZ state admixed with white noise for N0

events per setting [green circle in (a)]. The largest eigenvalues
of each simulation correspond (approximately) to the GHZ
state. Note that each simulated state results in 63 eigenval-
ues distributed within the semicircle and a single eigenvalue
around 0.8 + 0.2/64 ≈ 0.803.

be modified as

mev
2 → mev′

2 ≈ mev
2 ·
(

2n − r
2n

)
= mev

2 ·
(
1− r · 2−n

)

(D1)

and

R→ Rr = R ·
√

1− r · 2−n = 2

(
5

6

)n
2
√

1− r · 2−n√
N

.

(D2)

For a rank r = 1 state with n = 6 qubits, the radius is
changed by a factor of

√
1− r · 2−n ≈ 0.992, which can

be neglected.
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2. Hypothesis test

In the main text, the obtained spectrum of the ex-
perimentally prepared Dicke state [3] is tested against
its anticipated distribution. For this hypothesis test,
we use the Anderson-Darling test [35]. The distance
between the hypothetical cumulative distribution func-
tion (CDF) F (x) and the empirical distribution function

(EDF) F̃ (λ) is calculated by means of

D = n

∫ ∞

−∞
w (λ)

[
F̃ (λ)− F (λ)

]2
dF (λ), (D3)

where w (λ) is a weighting function and where n denotes
the sample size (number of eigenvalues in the empirical
data).

The function w (λ) = 1/ {F (λ) [1− F (λ)]} used for
the Anderson-Darling test [35] weights the tails of the
distribution higher than, e.g., the Cramér-von-Mises
test [38]. The CDF of a semicircle with radius R and
center c reads

F (λ) =
1

2
+

(λ− c)
√

1− (λ−c)2
R2

πR
+

ArcSin
(

(λ−c)
R

)

π
(D4)

for c−R < λ < c+R. For eigenvalues outside the interval,
F (λ) = 0 for λ ≤ c − R, and F (λ) = 1 for λ ≥ c + R.
Please note that the difference between the empirical and
the cumulative distribution function contributes only for
dF (λ) 6= 0 to the test statistic from which the P -value is
derived. Thus, if an eigenvalue is outside of the support
of the Wigner semicircle distribution, it does not matter
how far it is off. Consequently, it is recommended to
check in the first place whether all the data are in the
support and set the P -value to 0 otherwise.

As an additional check of the state estimation strat-
egy introduced above, one can compare the P -values for
various rank values r assumed in the tests. In Tab. I the
center c and the corresponding P -values are given for low
rank states with admixed white noise for different rank
values r. Please note that for the cases where eigenvalues
are found outside of the support of the Wigner semicircle
distribution the corresponding hypothesis that statistical
noise can be an explanation for these eigenvalues has to
be rejected, effectively leading to a vanishing P -value.
Evidently, for r ≥ 4, the center of the assumed semicir-
cle is shifted to negative values, being incompatible with
our model. Thus, Peff should be set to 0, too. Conse-
quently, the analysis results in a rank r = 3 state with a
small amount of admixed white noise. Please note that
the high P -value of 1 − 8 · 10−7 for r = 3 alone is an
indicator that the true state is rank 3, but due to the
nature of hypothesis tests cannot be considered to be a
proof. Instead, all other possibilities, namely r < 3 and
r > 3 have to be ruled out, leading to r = 3. For high
purity states one has to be careful. For r = 1 there will
be a certain probability, depending on the state relative
to the projection of the Pauli tomography scheme, that

the largest eigenvalue is larger one, λmax > 1, and conse-
quently c < 0. Similarly, for low rank states with small
noise admixed, the center can be negative, too. These are
statistical effects, again, due to the finite number of mea-
surements N . It is thus essential to estimate the variance
of c, see App. E, Eq. (E3).

The comparison between CDF and EDF gives a direct
handle to estimate the type of noise. The residues should
follow a Student-t distribution for white noise. Different
types of noise become visible easily, however, the partic-
ular dependence of characteristic parameters on various
noise models requires more detailed investigation.

3. Reconstructed experimental state

FIG. 11. Real part of the density matrix of the experimentally

prepared n = 6 qubit Dicke state |D(3)
6 〉 after linear inversion.

FIG. 12. Real part of the density matrix of the reconstructed
state %r=3 after using the reconstruction scheme as explained
in the main text.

With the aforementioned reconstruction scheme for
the experimentally prepared and measured Dicke state

|D(3)
6 〉 [3], one obtains a state with rank r = 3.

For the directly obtained, i.e., linearly reconstructed
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state, the real part of the density matrix is shown
in Fig. 11. One is barely able to recognize a pat-
tern of bars of equal height, which are additionally
strongly influenced by noise. After applying the recon-
struction scheme introduced in the main part of this
letter, i.e., taking into account the eigenstates of the
relevant eigenvalues and average over the background
noise, one obtains the density matrix, whose real part
is shown in Fig. 12. The resulting eigenvalues are
{0.0004, 0.0004, . . . , 0.0004, 0.1495, 0.2160, 0.6102} with
the center c of the noise eigenvalues of about 0.0004.
The eigenvalues are estimated by the eigenvalues of the
raw matrix. The contribution of 8 photon events leads
to higher order noise as seen by the eigenvalues 0.1495
and 0.2160. While we expect also noise from 10 pho-
ton events, the corresponding eigenvalues are too small
to be resolved, and are thus within the distribution of
white noise. Averaging the 61 low lying eigenvalues lead
here to a large reduction of statistical noise, but still the
structure of the state becomes evident.

Appendix E: Obtaining error bars using
perturbation theory

By means of perturbation theory, the influence of finite
statistics onto the estimated state can be assessed. In
this section, we focus, for the sake of simplicity, mainly
on estimated states with r = 1, i.e., a single eigenstate
containing information, whereas the remaining 2n − 1
eigenstates are regarded as background noise only. While
the noise eigenvalues are of no further interest, one wants
to assess an error interval for the large eigenvalue λmax ≡
λ2n .

For that purpose, consider a random matrix ∆% =
1/2n

∑
µ∆Tµσµ with a set of parameters {∆Tµ} ana-

log to the correlation tensor. ∆Tµ are here taken to
be random variables as defined in App. A with expecta-
tion value 0. The variances ∆Tµ are given according to

App. A by
[
1− T 2

µ

]
/
[
3j(µ)N

]
. Let us consider ∆Tµ and

consequently ∆% as a small perturbation resulting in a
small perturbation of eigenstates and eigenvalues. The
first order deviation of the large eigenvalue λmax is then
obtained as

∆λmax = 〈Ψmax|∆% |Ψmax〉 = Tr (|Ψmax〉 〈Ψmax|∆%)

=
1

22n
Tr

(∑

µ,ν

σµσν∆TµT
Ψmax
ν

)

=
1

2n

∑

µ

∆TµT
Ψmax
µ (E1)

with TΨmax
ν = Tr (|Ψmax〉 〈Ψmax|σν).

The variance of λmax is thus obtained as

V [λmax] = E
[
(∆λmax)

2
]

=
1

22n

∑

µ

E
[
(∆Tµ)

2
]
E
[(
TΨmax
µ

)2]

=
1

4n

∑

µ

[
1− T 2

µ

]

3j(µ)N

(
TΨmax
µ

)2

≈ 1

4n

∑

µ

[
1−

(
λmaxT

Ψmax
µ

)2] (
TΨmax
µ

)2

3j(µ)N
, (E2)

with the approximation that the correlation Tµ equals
λmaxT

Ψmax
µ . Accordingly, the variance of the center of

the noise eigenvalues can be estimated,

V [c] ≈
(

1

2n − 1

)2

V [λmax] . (E3)

For estimates with rank r > 1, Eq. (E2) has to be
modified such that it corresponds to the expected corre-
lation, i.e., for a state with rank r and background noise,
the variance of the i-th relevant eigenvalue

V [λi] ≈
1

4n

∑

µ

[
1−∑l

(
λlT

Ψl
µ

)2] (
TΨi
µ

)2

3j(µ)N
, (E4)

where the summation index l labels all relevant eigenval-
ues and eigenstates. Consequently, statistical deviations
of the measured matrix as described by ∆% lead to devi-
ations of the obtained large eigenvalue. Thus, one uses
a Gaussian distribution with mean value λmax and vari-
ance V [λmax] in order to assess the confidence interval of
λmax.

Please note that Eq. (E2) is state dependent due to the
dependence on correlations of the corresponding eigen-
state |Ψmax〉.

Obviously, if the pure target state |φ〉 is close to the
eigenstate of the largest eigenvalue, |Ψmax〉, the variance
of 〈φ|∆Ψmax〉 is far smaller than the variance of the large
eigenvalue itself. Thus, to estimate the confidence in-
terval of the fidelity it is sufficient to consider V [λmax],
which is the dominating contribution. Deviations of the
eigenstate can be neglected for the case of |φ〉 ≈ |Ψmax〉.
Error bars for some other figures of merit can directly
be obtained as well. Using error propagation, the vari-
ance of the large eigenvalue given in Eq. (E2) results, for
example, for the purity P in

V [P] = 4V [λmax]

(
λmax +

λmax − 1

2n − 1

)
. (E5)

For the large eigenvalue of a noisy n = 6 qubit GHZ
state, as discussed in App. C, one obtains for N = 132921
events a standard deviation of about 1.5·10−4, see Fig. 5.
Thus, the confidence interval for the large eigenvalue
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with confidence level of 95% has a width of 3 · 10−4.
A similar analysis can be performed for the eigenval-
ues of the experimentally measured Dicke state. The
largest eigenvalue is affected by the statistics accord-
ing to a Gaussian distribution with standard deviation

of about 0.002. Thus, the confidence interval for λ64

is λ64 = 0.610 ± 0.004 when using a 95% confidence

level (1.96σ). The estimated fidelity is F
(
|D(3)

6 〉 , %̃
)

=

〈D(3)
6 | %̃ |D

(3)
6 〉 = 0.602± 0.004.
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3.5 Conclusion

Quantum state tomography is a powerful tool for understanding, developing, improving,
and verifying experimental setups to prepare quantum states. Together with quantum
process tomography, state tomography thus provides powerful means for experimental
analysis. On the other hand, those insights are costly in terms of labor and time. For full
quantum state tomography, the experimental measurement effort scales exponentially with
the number of qubits and can only be reduced for special states with, for example, some
symmetry or with additional assumptions. Also, each measurement has to be performed
with adequately large sample size in order to reduce the probability of unphysical results
and for reducing statistical errors in the first place. Finally, many popular state estimators
including the linear inversion and maximum likelihood estimation are point estimators
and do not provide any error information at all. Those restrictions hold even more for
quantum process tomography, which in turn requires quantum state tomography for a
tomographically complete set of initial states.

In the previous sections, those obstacles have been discussed, pointing out some severe
pitfalls of tomography. Our publication [P1] pinpoints these problems and assesses the
size of systematic deviations for parameters typical in quantum state estimation scenarios.
Moreover, in this publication, methods are derived to obtain upper or lower bounds for
concave and convex functions of the density matrix, respectively, which do not suffer from
any systematic effect.

Beyond that, in the publication [P2], common reconstruction methods of quantum
state estimation have been analyzed. It is shown that for the widely used method of
overcomplete Pauli tomography, degenerate eigenvalues of the state estimate will follow
are Wigner semicircle distribution. Our tools allow to precisely describe this distribution
based only a few parameters such as the number of performed measurements, enabling to
gauge the needed measurement effort. These tools nicely allow to estimate the influence
of statistical effects onto the estimated quantum state and can thus be used to identify for
example systematic errors in the experimental setup. Only if an eigenvalue is clearly outside
the support of the Wigner semicircle distribution for the used sample size, this eigenvalue
can be contributed some physical meaning. Hence, our methods enable to distinguish and
separate the physically and statistically significant contributions from the statistical noise.
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4.1 Introduction

Entanglement is one of the characterizing features of quantum systems. It is not only a
fascinating characteristic by itself, stimulating research in quantum foundations, but also
powers various quantum information protocols, including some variations of quantum key
distribution [34], quantum teleportation [37], and quantum computing [40, 79]. Further-
more, there have been reports that entanglement might play a role in biological systems
such as for the avian compass [184] or that coherent transport processes might be crucial
for photosynthetic processes [185].

One naturally tries to understand phenomena in terms of our classical perception. Yet,
this basic approach fails for entangled quantum systems. Although observers performing
local measurements on classical systems may as well see correlated results, those corre-
lations are different from the correlations produced by entangled systems. Consider the
maximally entangled Bell singlet state |ψ−〉. When two observers, Alice and Bob, perform
local measurements in the same respective basis, they will obtain outcomes which look
completely random. However, when both compare their results, they will realize that their
outcomes were always opposite to each other. Any classical system, i.e., a system which can
be described by local variables, can show perfect anticorrelations for specific measurements
of Alice and Bob. Though, those perfect anticorrelations will only be found if Alice and
Bob perform their measurements in one particular direction. Thus, only the (entangled)
quantum system can give rise to this peculiar type of correlations.

Yet, while entanglement in bipartite systems can be understood fairly well, multipartite
systems are much more difficult to describe. In bipartite systems, the presence of entan-
glement can for example be directly proven when full information about the quantum
state is given. For multipartite systems, however, identifying entanglement is in general
a hard task due to the exponentially increasing size of the Hilbert space and the multi-
tude of combining subsystems (see Sec. 2.2.2). Additionally, the perfect anticorrelations
in the bipartite example from above allow a maximal predictability. When Alice observes
a specific measurement outcome, she can predict that Bob, when measuring in the same
direction, will observe the opposite outcome. In contrast, in the multipartite scenario,
maximal (anti-)correlations allow predictions with certainty in general only when all but
one observer communicate about their results. The tripartite |W3〉 ∝ |001〉+ |010〉+ |100〉
state for example has a perfect anticorrelation Tzzz = −1, when all three observers Alice,
Bob, and Charlie align their measurement apparatuses along σz. If Alice and Bob ob-
tain, e.g., the respective results −1 (σz|1〉 = −|1〉) and 1 (σz|0〉 = |0〉), they can together
conclude that Charlie will measure 1. As will be discussed on the basis of the so-called
no-correlation state, genuinely multipartite entangled states exist which do not show any
(full) correlation.

In the following sections of this chapter, first, an efficient and constructive way how to
reveal genuine multipartite entanglement is discussed. Afterwards, correlations and entan-
glement are considered in the context of systems with noisy channels and without (stable)
local reference frames. Finally, the role and connection of correlations, entanglement, and
predictability are subject of the last part.
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4.2 Efficient Multipartite Entanglement Detection

In Sec. 2.2.2, some methods had been introduced which can be employed for entanglement
detection, namely the the PPT criterion (2.2.2.4), fidelity witnesses (2.2.2.5), and Bell
inequalities (2.2.2.6). However, those methods are either restricted to small systems, sub-
optimal or inefficient. Here, an efficient method is presented which allows to certify genuine
multipartite entanglement based on the minimal possible number of measurements, i.e.,
measurements in only two bases. This method relies on prior knowledge of the quantum
state similar to other entanglement witnesses, but it allows to construct adequate entangle-
ment identifiers for various prominent quantum states including GHZ, Cluster and Dicke
states.

4.2.1 Need for Efficient Methods

Consider two black box experiments, producing an arbitrary amount of identical copies of a
quantum state with two qubits. Furthermore, let us assume one wants to identify whether
the produced state is entangled and can thus be used as a resource for quantum information
protocols such as quantum teleportation or entanglement swapping. One possibility to
certify the entanglement is based on quantum state tomography, i.e., determination of the
whole density matrix of the state, see also chapter 3. The first experiment might produce
copies of the state

%1 =




0.362 −0.223− 0.005i −0.054 + 0.217i −0.096 + 0.349i
−0.223 + 0.005i 0.138 0.030− 0.134i 0.054− 0.217i
−0.054− 0.217i 0.030 + 0.134i 0.138 0.223 + 0.005i
−0.096− 0.349i 0.054 + 0.217i 0.223− 0.005i 0.362




(4.1)
described in a product basis, while the second experiment is shown to deliver

%2 =




0.042 −0.173 + 0.012i 0.022 + 0.007i −0.095− 0.024i
−0.173− 0.012i 0.718 −0.091− 0.036i 0.384 + 0.124i
0.022− 0.007i −0.091 + 0.036i 0.013 −0.055 + 0.004i
−0.095 + 0.024i 0.384− 0.124i −0.055− 0.004i 0.227


 .

(4.2)
Although one might have some intuition by considering the ratio of moduli of coherences
to populations, it is hard to tell if %1 and %2 are entangled. Using the PPT criterion
(see Sec. 2.2.2.4), one directly obtains the eigenvalues {−1/2, 1/2, 1/2, 1/2} for the partial
transpose of %1, while the partial transpose of %2 results in {0, 0, 0, 1}. Thus, %1 corresponds
to a maximally entangled state, while %2 is a product state. However, this analysis is
limited to small systems and requires performing quantum state tomography, which in
general requires an exponentially scaling effort with increasing number of qubits.

Fortunately, in most cases, the experimental apparatus does not need to be consid-
ered as a black box. Using prior knowledge, one can find more efficient means to reveal
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entanglement, for example using entanglement witnesses. In order to reveal entangle-
ment with properly constructed fidelity witnesses, one needs to measure the fidelity of
the experimentally prepared state with respect to a reference state. Depending on the
state, the amount of required measurements might also scale exponentially. For exam-
ple, the n-qubit Greenberger-Horne-Zeilinger state, see Sec. 2.2.4.3, has 2n−1 nonvanishing
correlations in the subspace of locally observing σx or σy, i.e., 2n−1 of the expressions
〈GHZ|σi1 ⊗ σi2 ⊗ · · · ⊗ σin|GHZ〉 with ij ∈ {x, y} are nonvanishing, see also Sec. 2.2.1.3.
In the subspace spanned by σ0 and σz, 2n−1 − 1 nonvanishing correlations can be found,
which all can be determined by measurements of only one measurement setting, namely,
when all parties observe along σz direction, as this measurement setting allows to deduce
also all corresponding non-full correlations. For example, a three-qubit GHZ state shows
nonvanishing correlations for the nontrivial measurements of σx ⊗ σx ⊗ σx, σx ⊗ σy ⊗ σy,
σy ⊗ σx ⊗ σy, σy ⊗ σy ⊗ σx, and for σ0 ⊗ σz ⊗ σz, σz ⊗ σ0 ⊗ σz, σz ⊗ σz ⊗ σ0, where latter
three correlations can be obtained by the single measurement setting σz ⊗ σz ⊗ σz. Thus,
in general correlations in 2n−1 + 1 measurement settings have to be evaluated to obtain
the fidelity with respect to the GHZ state. However, for this very state, a more efficient
strategy for detecting genuine multipartite entanglement based on only two measurement
settings is known [56]. While this derivation was based on clever guessing, here, a method
to constructively find nonlinear entanglement witnesses based on solely two settings is
introduced [P3], see also [186].

4.2.2 Commuting and Anticommuting Operators

A sufficient criterion to show that a quantum state % with correlation tensor T is not
bi-separable is given by violating the condition

max
Tbi−sep

(
T bi−sep, T

)
M
< (T, T )M ≡ ‖T‖

2
M , (4.3)

where the left hand side contains the maximization over correlation tensors of bi-separable
quantum states and M denotes some metric tensor for the scalar product between two
tensors with

(X, Y )M =
∑

µ1,...,µn;ν1,...,νn

Xµ1,...,µnYν1,...,νnMµ1,...,µn,ν1,...,νn . (4.4)

A derivation of expressions similar to Eq. (4.3) are given in [187, 188]. While it is sufficient
to find any metric tensor M such that the corresponding maximization of the left-hand
side gives a smaller value than the right-hand side of Eq. (4.3), it is hard to find a suitable
tensor M and to perform the maximization over all bi-separable states.

However, an equivalent formulation of the criterion in Eq. (4.3) can be derived more
easily based on the properties of commuting and anticommuting operators. Let C =
{C1, C2, . . . , CN} denote a set of N mutually commuting, traceless Hermitian operators
with eigenvalues {−1, 1}. Then, the sum of the squares of the respective expectation
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values is trivially bounded by N [189],

N∑

j=1

〈Cj〉2 ≤ N. (4.5)

Furthermore, let A = {A1, A2, . . . , AN} denote a set of N mutually anticommuting, trace-
less Hermitian operators with eigenvalues from the set {−1, 1}. For any quantum state,

N∑

j=1

〈Aj〉2 ≤ 1 (4.6)

is satisfied [189]. Thus, the measurement results of mutually anticommuting operators obey
a complementarity relation. The most straightforwards example of the complementarity
given in Eq. (4.6) is the Bloch sphere shown in Fig. 2.1. All physical states obey the
relation 〈σx〉2 + 〈σy〉2 + 〈σz〉2 ≤ 1, which describes a unit sphere.

According to [189], two operators are called cut-commuting and cut-anticommuting if
those operators are commuting or anticommuting on a subspace, respectively. Consider
two operators O1 = OA

1 ⊗ OB
1 (with OA

1 ∈ HA and OB
1 ∈ HB) and correspondingly O2.

If
[
OA

1 , O
A
2

]
= 0 or

[
OB

1 , O
B
2

]
= 0 holds, where [a, b] = ab − ba denotes the commutation

bracket, the two operators O1 and O2 are said to be cut-commuting with respect to the
bipartition A|B, or, for short, A|B-commuting. On the other hand, if the operators O1 =
OA

1 ⊗OB
1 and O2 = OA

2 ⊗OB
2 are defined such that {OA

1 , O
A
2 } = 0 or {OB

1 , O
B
2 } = 0 for the

anticommutation bracket {a, b} = ab+ ba, they are said to be A|B-anticommuting.
According to Eq. (4.5), the sum of the squared expectation values of two commuting

operators O1 = OA
1 ⊗ OB

1 and O2 = OA
2 ⊗ OB

2 , both with eigenvalues from {−1, 1}, is
bounded for all physical quantum states,

〈O1〉2 + 〈O2〉2 ≤ 2. (4.7)

Using the property that the expectation value of O = OA ⊗ OB factorizes for a product
state % = %A⊗%B, i.e., tr (O%) = tr

(
OA%A

)
tr
(
OB%B

)
, and using two operators O1 and O2

which not only commute, but also cut-anticommute with respect to the bipartition A|B,
one can show that Eq. (4.7) is not tight for a product state. Instead, for a product state,
one obtains

〈O1〉2 + 〈O2〉2 = tr
(
OA

1 %A
)2

tr
(
OB

1 %B
)2

+ tr
(
OA

2 %A
)2

tr
(
OB

2 %B
)2

(4.8a)

≤
(

tr
(
OA

1 %A
)2

+ tr
(
OA

2 %A
)2
)

︸ ︷︷ ︸
≤1

(
tr
(
OB

1 %B
)2

+ tr
(
OB

2 %B
)2
)

︸ ︷︷ ︸
≤1

(4.8b)

≤ 1. (4.8c)

The expressions in Eq. (4.8b) are upper-bounded by 1 because of their complementarity
due to Eq. (4.6). Therefore, for a product state, a large value for 〈O1〉2 excludes a large



108 4. Characterizing Entanglement

value for 〈O2〉2, while large values simultaneously for both operators indicate that the state
is not a product state (and also not separable) along this specific bipartition.

Consequently, it was shown that

〈O1〉2 + 〈O2〉2 ≤
{

1 for product (and all separable) states,

2 in general.
(4.9)

In the following, such an equation will be given in the form

〈O1〉2 + 〈O2〉2 ≤SEP
A|B

1 (4.10)

A violation of the given bound then indicates non-A|B-separability.
If all possible bi-partitions have been tested, a witness for genuine multipartite entan-

glement can be found. Such a combined witness, i.e., a single indicator to exclude all
bi-partitions, can be written in the form

W =
1

G0

∑

j∈S

vjT
2
j ≤BISEP

G

G0

, (4.11)

where G0 denotes some normalization, G/G0 is the bound for bi-separable states, S is the
set of operator labels, and vj the respective weighting for the correlation Tj. By compar-
ing Eq. (4.11) with Eq. (4.3), one directly recognizes the analogies. The metric tensor
M of Eq. (4.3) corresponds to the weights {vi}i and the choice of the set S, whereas the
maximization corresponds to finding a proper G/G0. However, those tasks can now be
performed with the aforementioned method. This enables to find entanglement witnesses
for various quantum states of interest including GHZ and Cluster states as well as Dicke
states. Since a measurement of a full correlation allows to obtain several non-full correla-
tions, the scheme becomes highly efficient and can detect entanglement with the minimal
number of measurement settings1 for a non-probabilistic entanglement witness. For details,
see [P3], which is reprinted in Sec. 4.2.5. The idea of the procedure will be illustrated by
means of first a simple two-qubit example and will be further illustrated afterwards with
a 3-qubit GHZ state.

4.2.3 Nonlinear Witness for Bell States

Consider the Bell state |ψ−〉 = 1√
2

(|01〉 − |10〉), see Sec. 2.2.4.2. Its nonvanishing correla-
tions are found to be T00 = 1 and Txx = Tyy = Tzz = −1, i.e., the measurement results of
two observers are always anticorrelated, as long as both measure in the same basis. The
latter (nontrivial) correlations are given by the expectation values of the operators σx⊗σx,

1There are also approaches for detecting entanglement with a single measurement setting [190, 191].
However, those schemes are not only influenced by the finite statistics of measurements in each setting,
but they also depend on the random choice of the measurement basis. In short, they are based on the fact
that it is much more likely to find a large correlation in a highly entangled state than in a product state.
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Figure 4.1: Graphical representation of derivation of bounds. (Left) Since the three operators
σx ⊗ σx, σy ⊗ σy, and σz ⊗ σz commute, all of them can simultaneously take the maximal value
of 1. The sum of squared expectation values is then 3. (Right) For obtaining the bound for
separable states, one connects all mutually cut-anticommuting operators. The task is now to
attribute the value 1 to as many operators as possible with the constraint that two mutually
connected operators cannot reach 1 at the same time. Thus, one can assign this value to only

one operator, leading to the bound 1.

σy ⊗ σy, and σz ⊗ σz. Those three operators can be used for entanglement detection since
the corresponding correlation values are nonvanishing. All three operators are mutually
commuting, but cut-anticommuting (with respect to the only possible bi-partition), as one
can verify by finding, e.g., [σx ⊗ σx, σy ⊗ σy] = 0 (commutation) and {σx, σy} = 0 (cut-
anticommutation). Thus, when considering all three operators, a straightforward nonlinear
witness reads

〈σx ⊗ σx〉2 + 〈σy ⊗ σy〉2 + 〈σz ⊗ σz〉2 = T 2
xx + T 2

yy + T 2
zz ≤BISEP 1, (4.12)

whereas the general bound for physical states is 3, see also Fig. 4.1. The Bell state |ψ−〉
achieves that maximum of 3 and thus violates the bound of Eq. (4.12). It thus clearly
indicates entanglement.

To study the noise sensitivity, consider the mixture of |ψ−〉 with some white noise,

% = p|ψ−〉〈ψ−|+ 1− p
4

1. (4.13)

For this state, one observes Txx = Tyy = Tzz = −p. Thus, as long as p > 1/
√

3 holds,
Eq. (4.12) can detect entanglement. Obviously, for the Bell state already two measurement
settings are sufficient, e.g., T 2

xx+T 2
zz ≤BISEP 1. This further reduces the measurement effort,

however, this witness is more prone to noise (p > 1/
√

2 needed) than the one based upon
three measurement settings.
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4.2.4 Nonlinear Witness for Three-Qubit GHZ State

Contrary to the two qubit example, for multipartite states several possibilities for biparti-
tions have to be inspected. To illustrate the principle, a nonlinear entanglement witness for
the three-qubit GHZ state will be derived. The state |GHZ3〉 = 1√

2
(|000〉+ |111〉) exhibits

nonvanishing correlations for four measurements involving all three observers as well as
three measurements involving only two of the observers, as shown in Tab. 4.1.

Table 4.1: All nonvanishing correlations of |GHZ3〉. The first column gives the shorthand
notation for the correlation values measured in the respective basis.

shorth. not. basis correlation
111 σ0 ⊗ σ0 ⊗ σ0 1
1ZZ σ0 ⊗ σz ⊗ σz 1
Z1Z σz ⊗ σ0 ⊗ σz 1
ZZ1 σz ⊗ σz ⊗ σ0 1
XXX σx ⊗ σx ⊗ σx 1
XYY σx ⊗ σy ⊗ σy −1
YXY σy ⊗ σx ⊗ σy −1
YYX σy ⊗ σy ⊗ σx −1

Fig. 4.2 shows the trade-off relation for correlations that can be deduced when perform-
ing measurements in the settings σz⊗σz⊗σz, σx⊗σx⊗σx, σx⊗σy⊗σy, σy⊗σx⊗σy, and
σy ⊗ σy ⊗ σx. Please note that from the first measurement, also the non-full correlations
shown in Tab. 4.1 can be deduced. The lines in Fig. 4.2 indicate a cut-anticommutation
relation between the connected operators and thus that these operators cannot exhibit
large expectation values at the same time for states being separable along this bipartition.
Naturally, according to Eq. (4.5) all physical quantum states have to fulfill the inequality

〈σ0 ⊗ σz ⊗ σz〉2 + 〈σz ⊗ σ0 ⊗ σz〉2 + 〈σz ⊗ σz ⊗ σ0〉2+

〈σx ⊗ σx ⊗ σx〉2 + 〈σx ⊗ σy ⊗ σy〉2 + 〈σy ⊗ σx ⊗ σy〉2+

〈σy ⊗ σy ⊗ σx〉2 ≤ 7. (4.14)

Biseparable states, however, are constrained by the cut-anticommutation relations of those
operators. From Fig. 4.2, one observes that for a biseparable state no more than 3 operators
can show large expectation values simultaneously. Therefore, all biseparable states are
bounded by

〈σ0 ⊗ σz ⊗ σz〉2 + 〈σz ⊗ σ0 ⊗ σz〉2 + 〈σz ⊗ σz ⊗ σ0〉2+

〈σx ⊗ σx ⊗ σx〉2 + 〈σx ⊗ σy ⊗ σy〉2 + 〈σy ⊗ σx ⊗ σy〉2+

〈σy ⊗ σy ⊗ σx〉2 ≤BISEP 3. (4.15)

One can directly deduce the white noise tolerance of
√

3/7, i.e., the three-qubit GHZ state

is detected to be genuinely tripartite entangled as long as no more than 1 −
√

3/7 white
noise is added.
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In the publication Multipartite Entanglement Detection with Minimal Effort [P3],
which is reprinted in the following section, this method is introduced. It is also applied
to different experimentally prepared four-qubit states. Additionally, a method will be
introduced allowing to use optimal weights for the measured correlations. In order to reduce
the measurement effort, those witnesses are based upon only two different measurement
settings, which is the smallest amount of possible measurements to certify genuine n-
partite entanglement. As shown in [P3], for Greenberger-Horne-Zeilinger states as well
as for cluster states, genuine n-partite entanglement can be detected with always two
measurement settings irrespective of the number of qubits.

This publication is based on an idea of Marcin Wieśniak, with whom Christian Schwem-
mer, Harald Weinfurter and myself discussed the initial theoretical approach for entangle-
ment witnessing and its experimental feasibility. I could significantly increase the efficiency
of the initial methods by introducing different weights to the measurement outcomes. To-
gether with Christian Schwemmer and Harald Weinfurter, I conceived the experimental
apparatus. With Christian Schwemmer and later also with Nico Klein, I set up the ex-
periment, conducted the measurements and evaluated the results. I also provided the
experimental software for operating the experiment and conceived a systematic means to
optimize the entanglement witness. The manuscript was written and edited by all authors.
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Figure 4.2: Correlations and cut-anticommutation relations of nonvanishing correlations of a
three-qubit GHZ state. The upper left figure shows the 7 nonvanishing correlations, which are
the expectation values of commuting operators. Thus, all of them can be 1 at the same time.
When considering one of the 3 possible bipartitions, the mutual cut-anticommutation relations
are as shown by the solid lines. A state separable along the given bipartition cannot obtain a
large expectation for two mutually connected operators, leading to a trade-off relation between

them.
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Certifying entanglement of a multipartite state is generally considered a demanding task. Since an N
qubit state is parametrized by 4N − 1 real numbers, one might naively expect that the measurement effort of
generic entanglement detection also scales exponentially with N. Here, we introduce a general scheme to
construct efficient witnesses requiring a constant number of measurements independent of the number of
qubits for states like, e.g., Greenberger-Horne-Zeilinger states, cluster states, and Dicke states. For four
qubits, we apply this novel method to experimental realizations of the aforementioned states and prove
genuine four-partite entanglement with two measurement settings only.

DOI: 10.1103/PhysRevLett.117.210504

Introduction.—Entanglement is a fascinating feature of
strictly quantum nature. It was first studied for the bipartite
case [1,2] and has already been applied for first quantum
communication tasks like quantum cryptography and
quantum teleportation [3]. The generalization to multipar-
tite entanglement comes with a whole new set of features
providing, relative to separable states, information process-
ing advantages for quantum computation and simulation or
for quantum metrology. It is thus crucial to have tools at
hand which allow us to identify genuinely multipartite
entangled states [4–6].
Proving genuine multiparty entanglement is in general a

complex task. Full quantum state tomography (QST) can be
used for detecting and even for quantifying entanglement, but
requires the determinationof exponentiallymanyparameters.
Even when using simplified procedures [7–9], the effort is
still significant. Thus, the goal was to find a direct measure-
ment procedure for witnessing entanglement [5,10–13]. The
only systematic method known today for constructing
entanglement witnesses uses the fidelity relative to a chosen
reference state. However, depending on the state, this as well
leads to a rapidly increasing number of measurements
required to infer the fidelity. Remarkably, specifically for
the cluster and Greenberger-Horne-Zeilinger (GHZ) states,
witnesses based on the stabilizer formalism [14] have been
found incidentally which require only two measurements for
any number of qubits [15]. Still, a systematicmethod, also not
restricted to stabilizer states, is missing.
In this Letter, we introduce a constructive scheme to

derive efficient multipartite entanglement witnesses, i.e.,
witnesses which can be evaluated from only a very small
number of measurements. Our scheme employs basic
properties of operators and their expectation values to
construct witnesses for many relevant quantum states
which require only two measurement settings, independent
of the number of qubits. We show a way to enhance the

concept of finding measurements that are complementary
for separable states [16] by introducing weights and
providing the alternative scheme of testing violation of a
set of inequalities in order to further increase the sensitivity.
We demonstrate how to derive these efficient entanglement
criteria for several of the most prominent quantum states,
encompassing GHZ and cluster states, Dicke and W states,
and the multipartite singlet state.
Every quantum mechanical N-qubit state ρ is uniquely

described by its correlation tensor T,

ρ ¼ 1

2N

X
j∈I

Tjσj; ð1Þ

where the set I ¼ f0…00; 0…01;…; 3…33g labels all
indices j ¼ ðj1…jNÞ, ji ∈ f0; 1; 2; 3g of the correlation
tensor with σj ¼ σj1 ⊗ … ⊗ σjN and with Pauli matrices
σ0, σ1, σ2, and σ3. The correlation tensor elements (for short
called correlations) are given by Tj ¼ hσji ¼ Tr½ρσj�.
Since the eigenvalues of σj are �1, the correlations are
constrained to lie in the interval ½−1; 1� and consequently
T2
j ≤ 1. These constraints, together with the physicality

condition ρ ≥ 0 imply various bounds on the summed
squares of correlations, which are helpful for the con-
struction of efficient witness operators. Consider a set of n
pairwise commuting operators fσj∶j ∈ C ⊂ Ig. These
operators have common eigenstates, for which Tj ¼ �1

holds. Consequently, the sum of squared correlations is
bounded by

P
j∈CT

2
j ≤ n. On the contrary, for a set of

pairwise anticommuting operators, e.g., fσj∶j ∈ A ⊂ Ig,
the threshold is [16] X

j∈A
T2
j ≤ 1; ð2Þ

establishing a complementarity relation between the
correlations [17].
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Separability.—Consider the bipartition (cut) B ¼ AjB
of a multipartite quantum system into parts A and B.
Two operators given by σab ¼ σa ⊗ σb and σa0b0 ¼ σa0 ⊗
σb0 anticommute with respect to the bipartition B if
fσa;σa0g¼0 or fσb;σb0g¼0, i.e., if they locally anticommute
on A or on B. According to Ref. [16] this property is
called cut-anticommutativity or, more specifically,
AjB-anticommutativity. Since for states separable with
respect to B the correlation tensor factorizes, Tab ¼ TaTb,
these states fulfill

T2
ab þ T2

a0b0 ≤SEP
B

1: ð3Þ
However, cut-anticommuting operators can also commute,
i.e., ½σab;σa0b0 � ¼ 0, allowing the common (entangled) eigen-
states of σab and σa0b0 to exhibit T2

ab þ T2
a0b0 > 1. Therefore,

violationofEq. (3) rules out separabilitywith respect to cutB.
Testing entanglement.—To prove genuine multipartite

entanglement of a state, Eq. (3) has to be violated for every
possible bipartition.One startswith a listfσjg of all operators
with nonvanishing expectation value, Tj ≠ 0 (all nonvanish-
ing correlations). For the construction of the efficient
entanglement criterion for a bipartition B, one then chooses
from that list two operators which are mutually commuting,
but also cut-anticommuting relative to the bipartition AjB.
One repeats this, until all bipartitions are tested.
The scheme becomes highly efficient if the correlation

values of several σj can be obtained from the same meas-
urement setting. In detail, this means that one makes use
of the observation that from a single measurement setting
Mk with k ¼ ðk1; k2;…; kNÞ and ki ∈ f1; 2; 3g labeling
the local Pauli measurements, all 2N correlations Tj with
j ∈ fð0; 0;…; 0Þ; ð0; 0;…; kNÞ;…; ðk1; k2;…; kNÞg can be
inferred. Depending on the symmetry of the state, two
measurement settings can suffice to prove genuine multi-
partite entanglement if one finds for each bipartition oper-
ators in the set that are commuting, but cut-anticommuting
for the given bipartition.
Combined entanglement witness.—Combining the above

criteria into a single witness facilitates the practical appli-
cation (only a single value has to be calculated), though at
the expense of a lower sensitivity, i.e., a reduced robustness
against (white) noise. Compared to Ref. [16], the sensitivity
can be considerably improved by using a weighted sum,

W ¼ 1

G0

X
j∈S

vjT2
j ≤BISEP

G
G0

; ð4Þ

where S ⊂ I labels the set of correlations that can be
determined by the given set of measurements and where
≤BISEP denotes that the inequality is valid for all biseparable
states. The weights vj and the (normalization) constants G
(G0) are determined as follows:
(i) Depict the operators defined by S as vertices of a

graph (anticommutativity graph).
(ii) Assign weights vj > 0 to the vertices.
(iii) Choose bipartition Br and connect all vertices for

which the corresponding operators cut-anticommute by
edges. (If all operators indexed by S mutually commute, no

edges will occur.) Distribute values cðmÞ
j ¼ f0; 1g among

vertices under the constraint that any two “1’s” are not
connected by an edge and calculate for each of the m

possible distributions of 1’s the sum GðmÞ
r ¼ P

j∈Sc
ðmÞ
j vj.

The case of no partition will be labeled by r ¼ 0. Repeat
step (iii) for all bipartitions Br.
(iv) Every choice of weights vj in Eq. (4) defines a

witness with G ¼ maxr>0;mG
ðmÞ
r and G0 ¼ maxmG

ðmÞ
0 . The

ratioG=G0 determines the noise robustness of the criterion.
To optimize the witness in terms of its noise robustness, one
has to choose the weights vj according to argminfvjgG=G0.
Example.—Let us consider the four-party GHZ state

1=
ffiffiffi
2

p ðj0000i þ j1111iÞ, whose nonvanishing correlations
are listed in Table I. As one can see, the measurement of the
single setting M3333 provides seven correlations with
squared value 1. Since the operators of these correlations
exhibit the same cut-anticommutation relation with any
operator corresponding to the other eight correlations of
Table I, the second measurement can be chosen arbitrarily
out of those remaining eight. For example, the choice
M1221 for the second measurement setting results in
the set of operators fσ3333;σ3300;σ0033;σ3003;σ0330;σ3030;
σ0303;σ1221g, i.e., S ¼ f3333; 3300;…; 1221g.
States that are, e.g., AjBCD-separable fulfill, according

to Eq. (3),
T2
3333 þ T2

1221 ≤ SEP
AjBCD

1: ð5Þ
Since σ1221 not only AjBCD anticommutes with σ3333, but
also with σ3030, σ3003, σ3300 from our list, a natural choice is
to average over the expectation values of those four
possibilities. Nonseparability against the partition AjBCD
can then be detected with

WGHZ
AjBCD ¼ 1

2

�
1

4
ðT2

3030 þ T2
3003 þ T2

3300 þ T2
3333Þ þ T2

1221

�

≤ SEP
AjBCD

1

2
; ð6Þ

where the additional normalization constant of 1=2 is
introduced to ensure that WGHZ

AjBCD ¼ 1 holds for the ideal

GHZ state, where all squared expectation values are one.
The criteria for the remaining six bipartitions are derived
analogously. For the list of criteria for the four-qubit Dicke,
singlet, and W state see the Supplemental Material [18].
To derive a combined entanglement witness for the GHZ

state, we use all eight operators labeled by S (see Table I).

TABLE I. All nonvanishing correlations of the four-qubit GHZ
state. The correlations in the first two rows can be infered from
the measurement setting M3333 and the last correlation is
obtained from the setting M1221.

T0000 1 T0033 1 T0303 1 T0330 1
T3003 1 T3030 1 T3300 1 T3333 1
T2112 −1 T2121 −1 T2211 −1 T2222 1
T1111 1 T1122 −1 T1212 −1 T1221 −1
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We assign equal weights to the seven operators obtained
from the measurement setting M3333, i.e., α ¼ v3333 ¼
v0033 ¼ � � � ¼ v3300 since these mutually commute and
behave similarly with regard to the cut-anticommutation
relations with σ1221 for the different bipartitions. Theweight
of the remaining operator will be denoted by β ¼ v1221.
From the anticommutativity graph (one without any edges)
one obtains G0 ¼ 7αþ β. Depending on the distribution of

1’s, the sums for all bipartitions are either Gð1Þ
r ¼ 7α or

Gð2Þ
r ¼ 3αþ β, see Fig. 1. For optimal noise robustness,

one has to find the weights vj by minimizing G=G0. The

minimum is achieved for Gð1Þ
r ¼ Gð2Þ

r , thus 7α ¼ 3αþ β,
which leads, by arbitrarily setting α ¼ 1, toG0 ¼ 7αþ β ¼
7þ 4 ¼ 11 and G ¼ 7α ¼ 3αþ β ¼ 7. Then, the opti-
mized two-measurement witness for the GHZ state reads

WGHZ ¼ 1

11
ðT2

3333 þ T2
3300 þ T2

0033 þ T2
3003 þ T2

0330

þ T2
3030 þ T2

0303 þ 4T2
1221Þ ≤BISEP

7

11
: ð7Þ

Analogously, for the cluster state jC4i ∝ ðj0000i þ
j0011i − j1100i þ j1111iÞ one obtains the witness
WC4 ¼ 1

6
ðT2

3300 þ T2
3011 þ T2

0311 þ T2
1130 þ T2

1103 þ T2
0033Þ

≤BISEP
2

3
: ð8Þ

For details on the derivation, see the Supplemental
Material [18].
Extensions.—Similar criteria can also be formulated for

more qubits. The two-measurement-witness for theN-qubit
GHZ state is based upon the measurements of M3333…3

and, e.g., M2211…1 since one is able to find operators
whose expectation value can be determined by those
measurements such that Eq. (3) can be violated for each
bipartition. Then, genuine multipartite entanglement is
detected by violation of

WGHZN ¼ 1

2N−1 þ 2N−2 − 1
½T2

3333…3 þ T2
0033…3

þ T2
0303…3 þ � � � þ T2

33…300 þ 2N−2T2
2211…1�

≤BISEP
2N−1 − 1

2N−1 þ 2N−2 − 1
→

N→∞

2

3
: ð9Þ

The extension of the criterion for the N qubit cluster
state j ~CNi (N even) is based on the correlations fTjjj ∈
S1313…13∪S3131…31g where the set Sk indexes all non-
vanishing correlations of the cluster state that can be
determined from the measurement setting Mk. Please note
that j ~C4i as defined via the stabilizer formalism [14] equals
jC4i up to LU transformations. Genuine multipartite entan-
glement of j ~CNi is then identified by violation of

W ~CN ¼
P

j∈S1313…13
T2
j þ

P
j∈S3131…31

T2
j

2ð2N=2 − 1Þ

≤BISEP
2N=2−1 þ 2N=2 − 2

2ð2N=2 − 1Þ →
N→∞

3

4
: ð10Þ

Analysis of experimental data.—In order to experimen-
tally demonstrate the applicability of our new entanglement
criteria, we prepare a series of superpositions of GHZ and

(a) (b)

FIG. 1. The operators used to construct the witness WGHZ, cf.
Table I. As an example, the cut-anticommutation relations for the
cutABjCD are indicated by dashed lines. One realizes that for each
bipartition four of the seven operators obtained from the meas-
urement of setting M3333 cut-anticommute with σ1221. Thus, the
same weights α are assigned to them, while σ1221 is weighted with
β. Depending on the distribution of 1’s, the sum for this bipartition

is found to be either (a) ~Gð1Þ
r ¼7α or (b) ~Gð2Þ

r ¼3αþβ. The best
weights are obtained when the two assignments are equally good,
i.e., 7α ¼ 3αþ β.

(a)

(b)

FIG. 2. Schemeof the experimental setup. In a first step (a) a type-
I SPDC source together with a half wave plate (HWP) at angle θ is
used to prepare states of the form (jHiðcos2θjHiþsin2θjViÞþ
eiϕjVið−cos2θjViþsin2θjHiÞ)= ffiffiffi

2
p

. The phase ϕ can be set by a
birefringent yttrium-vanadate crystal (YVO4). Interference filters
(F) are applied for spectral filtering and spatial filtering is performed
by coupling into single mode fibers (Supplemental Material [18]).
In a second step (b), the state preparation is completed by increasing
the Hilbert space by polarizing beam splitters (PBSs). Overlap at a
beam splitter and polarization analysis allows us to measure all
Pauli settings σi and to perform QST. YVO4 crystals and glass
plates (G and φ) inside the interferometer are used for phase and
path length compensation, respectively.
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cluster states with variable weights. Different linear optical
setups to prepare either four-qubit GHZ [21] or cluster
states [22] are known. To have the flexibility to prepare
superpositions of GHZ and cluster states in a single setup,
we resort to a two photon experiment using two degrees of
freedom per photon, namely polarization and path [23].
This approach enables one to prepare states with both high
fidelity and high count rates. From now on, the computa-
tional basis states j0i and j1i are encoded either in
polarization or in the path degree of freedom, i.e., j0i →
jHi and j1i → jVi for horizontal (H) and vertical (V)
polarization and j0i → jai and j1i → jbi for paths a and b.
The photon source shown in Fig. 2(a) uses spontaneous

parametric down-conversion and allows us to prepare
states of the form ðjHiðcosð2θÞjHiþsinð2θÞjViÞþeiϕjVi
(sinð2θÞjHi−cosð2θÞjViÞ)= ffiffiffi

2
p

(see the Supplemental
Material [18] for details). In order to achieve the intended
four-qubit state, coupling to the path degree of freedom is
required. Thus, the polarization dependence of the output of
a polarizing beam splitter is used; i.e., photons are trans-
formed as jHi → jHai and jVi → jVbi with a and b
denoting the corresponding output modes of the PBS, see
Fig. 2(b). Consequently, four-qubit states parametrized by θ
and ϕ, jΨðθ;ϕÞi¼ðcosð2θÞjHaHaiþsinð2θÞjHaVbiþ
eiϕsinð2θÞjVbHai−eiϕcosð2θÞjVbVbiÞ= ffiffiffi

2
p

, are obtained.
Prominent members of jΨðθ;ϕÞi are for example the GHZ
states ðjHaHai ∓ jVbVbiÞ= ffiffiffi

2
p

for θ ¼ 0 and ϕ ¼ 0, π,
respectively, or the cluster states ðjHaHai þ jHaVbi �
jVbHai ∓ jVbVbiÞ=2 obtained fo r θ ¼ π=8 and ϕ ¼ 0, π.
The prepared states are characterized by means of QST,

proving full control of the experimental apparatus. This canbe
achieved with an interferometer setup as shown in Fig. 2(b),
overlapping the modes a and b together with a polarization
analysis and coincidence detection in the outputs.
Experimental results.—Thirteen states were prepared

with ϕ ¼ π and θ being increased from 0 (GHZ) to π=8
(cluster) and to π=4 (GHZ0) in equidistant steps. The
coincidence rate was approximately 100 s−1 with a meas-
urement time of 40 s for each basis setting, resulting in

3700–4400 counts per setting and a measurement time of
about 12 h to perform QST for all states. A measure for the
quality of a prepared state ϱexp with respect to a pure target
state jψi is the fidelity F ¼ Trðϱexpjψihψ jÞ. For the GHZ
state, we observed a fidelity of F ¼ 0.958� 0.004, while
for the cluster state it was F ¼ 0.962� 0.003. For the
other states, see Table IV in the Supplemental Material [18].
Genuine four-partite entanglement could be tested using

two measurement settings only. Let us start to determine the
witnesses for the GHZ state from measuring two settings
M3333 and M1221. The values of the respective measured
correlations (Table III in the Supplemental Material [18])
lead to a violation of all seven criteria by at least 56
standard deviations for all cuts, see Table II. Also, the
combined criterion WGHZ ¼ 0.916� 0.005 > 7

11
certifies

genuine four-partite entanglement. For the cluster state,

TABLE II. Experimental values of the individual criteria and combined witnesses for the considered states. All values for a specific
bipartition are clearly above the threshold of 1=2, indicating genuine four-partite entanglement in all cases. The thresholds for the

combined criteria are 7=11 (GHZ), 2=3 (cluster), 4=5 (Dð2Þ
4 ), and 3=5 (Ψ4) respectively. The Dicke state cannot be significantly proven to

be genuinely four-partite entangled by means of the combined witness, see Supplemental Material [18]. Hence, one has to resort to the
individual criteria in this case.

Partition jGHZi jC4i jDð2Þ
4 i jΨ4i

AjBCD 0.894� 0.007 0.922� 0.006 0.819� 0.013 0.804� 0.019
BjACD 0.906� 0.006 0.940� 0.004 0.819� 0.013 0.804� 0.019
CjABD 0.906� 0.006 0.940� 0.004 0.819� 0.013 0.804� 0.019
DjABC 0.906� 0.006 0.928� 0.006 0.819� 0.013 0.804� 0.019
ABjCD 0.904� 0.006 0.922� 0.006 0.627� 0.013 0.608� 0.017
ACjBD 0.906� 0.006 0.948� 0.004 0.620� 0.013 0.594� 0.021
ADjBC 0.901� 0.006 0.943� 0.004 0.625� 0.013 0.622� 0.021
Combined 0.916� 0.005 0.940� 0.004 0.801� 0.017 0.683� 0.014

FIG. 3. The entanglement criterion for the GHZ states allows us
to detect most of the superpositions of GHZ and the cluster state
to be genuinely four-partite entangled (red, starting at 0.92)
whereas the criterion for the cluster state detects states around
θ ¼ 22.5° to be genuinely four-partite entangled (blue, starting at
0.33). States within the gray shaded areas can be detected to be
genuinely four-partite entangled by means of both criteria. The
solid lines show the theoretically expected values for the target
states jΨðθ;ϕÞi mixed with white noise such that on average the
fidelities correspond to the measured values.
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according to our entanglement criterion, the measurement
settings M1133 and M3311 were used (see Supplemental
Material [18]), resulting in WC4 ¼ 0.940� 0.004 > 2

3
for

the combined criterion.
Using the combined witnesses, we analyze the entangle-

ment for all states jΨðθ;ϕÞi (Fig. 3). As can be seen, 10 of
13 states can be detected as genuinely four-partite
entangled by the criterion WGHZ, the 6 states close to
the cluster state can be determined by means ofWC4 . Some
states can be shown to be truly four-partite entangled by
means of both criteria as both are above their respective
threshold. Genuine four-partite entanglement could be

proven with experimental data of the Dicke state jDð2Þ
4 i

[24] and the singlet state [25], see Table II. For more details
see the Supplemental Material [18].
Conclusion.—We have introduced a novel scheme for

the systematic construction of entanglement witnesses,
which need a minimal number of measurements for their
evaluation independent of the number of qubits. We believe
that such a minimal multipartite entanglement detection
will become a handy diagnostic procedure as it is fast and
simple. An interesting question is what other states can
reveal their multipartite quantum correlations in two
measurements. Another challenge is to find even stronger
criteria, which, by possibly going to few more measure-
ments, will detect multipartite entanglement with a higher
robustness against noise.
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SUPPLEMENTAL MATERIAL

SM1: CONSTRUCTING OPTIMAL CRITERIA

Criteria to detect genuine n-partite entanglement are
specifically designed for individual states. Here, we will
describe the construction of the criteria for the cluster
state |C4〉 ∝ (|0000〉+ |0011〉 − |1100〉+ |1111〉). Further-
more, we will derive criteria for the symmetric four-qubit

Dicke state |D(2)
4 〉 ∝ |1100〉+ |1010〉+ |1001〉+ |0110〉+

|0101〉 + |0110〉, the four-qubit singlet state |Ψ4〉 ∝
|0011〉+ |1100〉 − 1/2 (|0110〉+ |1001〉+ |0101〉+ |1010〉)
and for |W4〉 ∝ |1000〉+ |0100〉+ |0010〉+ |0001〉.

A. Cluster state

The general procedure of finding the optimal entangle-
ment criteria has already been described in the main text,
together with an illustrative example for the GHZ state.
According to the scheme given in the main text, Tab. I
lists the non-vanishing correlations of the cluster state.
One notices that the settingsM1133 andM3311 are suffi-
cient to infer six of the non-zero correlations of the state,
indicated by bold letters in Tab. I. We use the corre-
sponding operators to build the set {σ1103, σ1130, σ0033,
σ0311, σ3011, σ3300}. Indeed, all six operators mutually
commute and we are able to find cut-anticommutation
relations for each bipartition. Therefore, it is possible to

TABLE I. The correlations of the cluster state. All other cor-
relations vanish in the Pauli basis. Those with blue characters
can be inferred from the setting M1133, the red colored ones
from M3311.

T0000 1 T0033 1 T0311 1 T0322 −1

T1103 −1 T1130 −1 T1212 −1 T1221 −1

T2112 −1 T2121 −1 T2203 1 T2230 1

T3011 1 T3022 −1 T3300 1 T3333 1

∗ Current Address: IBM Research GmbH, Säumerstrasse 4, CH-
8803 Rüschlikon, Switzerland.

disprove separability along each cut by using an inequal-
ity like Eq. (3) of the main text. For example, the first
two operators A|BCD-anticommute with the last two, so
A|BCD-nonseparability is proven by violation of

WC4

A|BCD =
(
T 2

1103 + T 2
3011

)
≤ SEP

A|BCD

1. (1)

or any other combination of squared expectation values
of the operators of these two groups. Averaging over all
possible combinations of A|BCD-anticommuting opera-
tors of the given set and normalization leads to

WC4

A|BCD =
1

2

[
1
2

(
T 2

1103 + T 2
1130

)

+ 1
2

(
T 2

3011 + T 2
3300

) ]
≤ SEP

A|BCD

1

2
. (2)

Permutations of the indices used in Ineq. (2) are used
for other 1:3 cuts and for AB|CD. For cuts B∗ =
{AC|BD,AD|BC}, the separability is refuted more effi-
ciently with

WC4

B∗ =
1

6

[
T 2

0033 + T 2
0311 + T 2

1103

+T 2
1130 + T 2

3011 + T 2
3300

]
≤SEP
B∗

1

2
. (3)

The combined entanglement witness for the cluster
state uses all six operators. Therefore, the anticommu-
tativity graphs consist of six vertices, each representing
one of the operators of the given set. For no biparti-
tion (r = 0), there are no edges and ‘1’s can be as-
signed to all vertices. Thus, this graph leads to the sum
G0 = v0311 + v3011 + v3300 + v1103 + v1130 + v0033. The
graph of the bipartition AB|CD is depicted in Fig. 1
a) and b), where the dashed lines indicate the cut-
anticommutation relations. Because neither σ0033 nor
σ3300 AB|CD-anticommutes with any of the operators,
they can be assigned ‘1’ in any case. Besides this, one can

distribute ‘1’s according to Fig. 1 a) leading to G
(1)
AB|CD =

v3300+v1103+v1130+v0033. A different distribution of ‘1’s

results in G
(2)
AB|CD = v0311+v3011+v3300+v0033, see Fig. 1

b). The operators σ3300 and σ0033, appearing in both dis-
tributions in this cut, seem to be superior [not connected
with any operator in Fig. 1 a) and b)] to the other op-
erators. In contrast, e.g., for the bipartition A|BCD,
the operators σ0311 and σ0033 do not cut-anticommute
with any other operators and are, thus, superior for this
bipartition. Considering the bipartition AC|BD, as it
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FIG. 1. The cut-anticommutativity graphs for the clus-
ter state are shown for AB|CD (upper row) and AC|BD
(lower row). For those bipartitions, for which the cut-
anticommutation relations are indicated by dashed lines, two
possible distributions of values ‘1’s are depicted in the respec-
tive columns. The weights of the operators are denoted by,
e.g., v1103.

is shown in Fig. 1 c) and d), the cut-anticommutativity
relations are such that each operator cut-anticommutes
with two operators. Thus, by considering all seven bi-
partitions, all six operators behave similarly, suggesting
equal weights for all operators, i.e. we introduce α with
α = v0311 = v3011 = · · · = v0033. Without loss of general-
ity, we can set α = 1. Because four ‘1’s can be distributed
for the bipartition AB|CD, our chosen weights result in

G
(1)
AB|CD = G

(2)
AB|CD = 4. In conclusion, we find for the

anticommutativity graph G0 = 6α = 6 and by maxi-
mizing over all bipartitions G = 4α = 4, leading to the
criterion Eq. (8) in the main text.

B. Dicke state

Criteria for the symmetric four-qubit Dicke state with

two excitations |D(2)
4 〉 ∝ |1100〉+|1010〉+|1001〉+|0110〉+

|0101〉+|0110〉 can also be derived easily. Measurement of
M1111 enables to deduce the expectation values of the op-
erators σ0011, σ0101, σ0110, σ1001, σ1010, σ1100, and σ1111.
Adding the measurement of M2222 results in a set of
commuting operators also containing cut-anticommuting
operators for every cut. The possibility of one-versus-
three qubit separability for the Dicke state is eliminated
by a violation of

WD
(2)
4

{1:3} =
1

2

(
T 2

1111 + T 2
2222

)
≤SEP
{1:3}

1

2
. (4)

Since only T 2
1111 and T 2

2222 are 1 for |D(2
4 〉 while all fur-

ther expectation values of operators deduced by those

two are less, one cannot enhance the criterion by averag-
ing over additional values as in, e.g., Eq. (6) of the main
text. To rule out separability along cut, say, AB|CD the
inequality

WD
(2)
4

AB|CD =
1

2

[
1
4

(
T 2

1010 + T 2
1001 + T 2

0110 + T 2
0101

)

+T 2
2222

]
≤ SEP

AB|CD

1

2
(5)

has to be violated. Note that even the ideal Dicke state

will score only WD
(2)
4

AB|CD = 13/18 ≈ 0.72. By permuta-

tions of the indices in Eq. (5) one obtains the criteria

WD
(2)
4

AC|BD and WD
(2)
4

AD|BC . The combined witness for the

Dicke state reads

WD
(2)
4 =

1

10

[
2
(
T 2

1111 + T 2
2222

)

+T 2
1100 + T 2

0011 + T 2
0101 + T 2

1010 + T 2
1001 + T 2

0110

+T 2
2200 + T 2

0022 + T 2
0202 + T 2

2020 + T 2
2002 + T 2

0220

]
≤SEP

4

5
,

(6)

which is difficult to violate experimentally, as even the
ideal Dicke state scores only 14/15. Since our data can-
not show a significant proof of genuine fourpartite en-
tanglement, all possible biseparations have to be ruled
out.

C. Singlet state

For the four-qubit singlet state |Ψ4〉 ∝ |0011〉+|1100〉−
1/2 (|0110〉+ |1001〉+ |0101〉+ |1010〉), the set of corre-
lations for the operators deduced from the measure-
ment settings of M1111 and M2222 are similar as for

|D(2)
4 〉. Thus, the criteriaWD

(2)
4

{1:3} andWD
(2)
4

AB|CD also apply

here while the criteria for the bipartitions AC|BD and
AD|BC are slightly modified since T0011 and T1100 reach
a value of only 1/3 for the singlet state and are therefore
left out. The combined witness for the singlet state reads

WΨ4 =
1

10

[
4T 2

1111 + 2T 2
3333

+T 2
3003 + T 2

0330 + T 2
3030 + T 2

0303

]
≤SEP

3

5
. (7)

The ideal state |Ψ4〉 scores 7/9. The experimentally pre-
pared state could be proven to be genuinely fourpartite
entangled with high significance.

D. W state

Because correlations of |W4〉 ∝ |0001〉 + |0010〉 +
|0100〉+ |1000〉 are (besides of T3333 = −1) at most only
±1/2 and thus too weak for a robust combined criterion,
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we again have to find criteria for the different biparti-
tions in order to build sensitive indicators. Entanglement
along the cut A|BCD can be detected by violation of

WW4

A|BCD =
1

2

[
T 2

3333

+
1

3

(
T 2

1001 + T 2
1010 + T 2

1100

) ]
≤ SEP

A|BCD

1

2
. (8)

Criteria for the other one-versus-three-separations are
obtained by permuting the parties inWW4

A|BCD. AB|CD-

separability can be ruled out by the criterion

WW4

AB|CD =
1

2

[
T 2

3333 +
1

4

(
T 2

0101 + T 2
0110

+T 2
1001 + T1010

) ]
≤ SEP

AB|CD

1

2
,

(9)

whose permutations lead to the criteria to eliminate sep-
arability along AC|BD and AD|BC.

SM2: SETUP AND MEASUREMENT

The general idea of the experimental setup was already
explained in the main text of this letter. Here, we want to
focus on the details of both the spontaneous parametric
down conversion (SPDC) source and the interferometers
which allow to perform a complete tomographic analysis
of the prepared states.

The experiment starts with the generation of pairs of
polarization entangled photons in the state

1√
2

(
|HH〉+ eiφ|V V 〉

)
(10)

as obtained from the process of spontaneous parametric
down conversion (SPDC) [19]. The SPDC source consists
of a pair of crossed type I cut β-Barium-Borate (BBO)
crystals that are pumped by a continuous wave laser
diode at a central wavelength of 402 nm, with approx-
imately 60 mW of pump power, and linear polarization
of 45◦. The phase φ between the emitted photons can be
set by means of an Yttrium Vanadate crystal (YVO4) in
front of the BBO crystals, see Fig. 2 of the main text.
An additional half waveplate set at an angle θ enables to
rotate the polarization of the second photon to any linear
polarization, leading to the state

1√
2

(
|H〉(cos(2θ)|H〉+ sin(2θ)|V 〉)

+eiφ|V 〉(sin(2θ)|H〉 − cos(2θ)|V 〉)
)

(11)

as mentioned in the main text.
The emitted photons are spectrally filtered by interfer-

ence filters with a bandwidth of 5 nm. Spatial filtering is
achieved by coupling the pairs into two single mode fibers

that are connected to one of the input ports of each of
the two interferometers.

In principle, a Mach-Zehnder type interferometer as
given in the main text suits the purpose to analyze the
phase between the two spatial modes a and b. How-
ever, in terms of phase stability, a Sagnac configuration is
preferable to a Mach-Zehnder type interferometer if one
wants to avoid using an active stabilization scheme, as is
the case here. Therefore, in our experiments we resorted

FIG. 2. For state analysis, it is necessary to be able to char-
acterize the phase ϕ between the modes a and b. In principle,
a Mach-Zehnder interferometer can be used to measure the
(relative) phase between the modes a and b, but in terms of
stability a Sagnac configuration is preferable. Therefore, for
the experimental realization of the interferometer, we resorted
to a Sagnac loop, where instead of two polarizing beam split-
ters (PBS) a single one that is hit by the photons twice is
sufficient. Half (HWP) and quarter waveplates (QWP) are
used for state analysis and enable tomographic analysis of
the experimentally prepared state. A pair of YVO4 crystals
is used for the compensation of unwanted additional phase
shifts resulting from the total internal reflection at the prism.
Two thin glass plates (G) of which one is motorized is used to
balance the interferometer arms and to set arbitrary relative
phases ϕ between the two arms.

to using an unstabilized Sagnac interferometer as shown
in Fig. 2. Although all optical components were mounted
carefully to avoid birefringence as induced by mechanical
stress, still an unwanted polarization dependent phase
shift due to the total internal reflection at the prism re-
mains (Goos-Hänchen effect). This phase shift would for
example rotate diagonally polarized light to elliptically
polarized light. In order to compensate this phase shift,
two YVO4 crystals with their optical axis crossed were
utilized (a zero-order configuration). A motorized thin
piece of glass (≈ 120µm thick) was applied to set the
phase difference between the two interferometer paths a
and b to any wanted value. The interferometer could be
balanced by a second piece of glass plate of the same
thickness. Please note that the second glass plate was
aligned such that the relative phase between the modes is
compensated, i.e., the transformation of the input polar-
izing beam splitter was |H〉 −→ |Ha〉 and |V 〉 −→ |V b〉
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for photons entering the interferometer. The wave plates
inside the interferometer are required to analyze the po-
larization degree of freedom. In order to keep the setup as
compact as possible, the quarter waveplate covers both
spatial modes. The polarization analysis in both out-
puts of the interferometer enables to measure the path
degree of freedom, i.e., allowing to distinguish between
e.g. |a + b〉 and |a − b〉. The task is now to find angle
settings for the waveplates inside and outside of the in-
terferometer such that a tomographically complete set of
projection measurements is obtained. Let us therefore
review the (unitary) transformations that are induced
by the respective waveplates. For the half waveplate the
transformation is

UHWP(θ) =

(
cos(2θ) sin(2θ)

sin(2θ) − cos(2θ)

)
(12)

and correspondingly for the quarter waveplate

UQWP(θ) =

=

(
cos(θ)2 − i sin(θ)2 (1 + i) cos(θ) sin(θ)

(1 + i) cos(θ) sin(θ) −i cos(θ)2 + sin(θ)2

)
(13)

with |H〉 = (1, 0)T and |V 〉 = (0, 1)T . As common to
most multiqubit experiments, we choose to measure in
the eigenbases of all combinations of local Pauli bases.
In order to make the general procedure for finding the
angle settings more illustrative, let us discuss the M31

basis as an example. Measuring in this basis means that
projections onto its eigenvectors have to be performed,
i.e., on |H(a+ b)〉, |H(a− b)〉, |V (a+ b)〉 and |V (a− b)〉.

If one wants to project onto |H(a+ b)〉 for example, the
waveplates inside the interferometer have to transform
the state just behind the polarizing input beam splitter
such that |Ha〉 −→ eiξa |Ha〉 and |Hb〉 −→ eiξb |V b〉 with
respective phases ξa and ξb. One possible choice would
be

|Ha〉 −→ UQWP (0)UHWP (0) |Ha〉 = |Ha〉, (14)

|Hb〉 −→ UQWP (0)UHWP

(
−π

4

)
|Hb〉 = i|V b〉, (15)

where the identity operation acting on the spatial mode is
omitted. Then, the detection of a right circular polarized
photon by the polarization analysis PAa corresponds to a
successful projection on |H(a+ b)〉. On the other hand a
left circular polarized photon in PAa would correspond to
|H(a − b)〉. Consequently, the polarization analysis PAb

in the other output of the interferometer allows for pro-
jection on |V (a+b)〉 and |V (a−b)〉. Please note that one
has to trigger on coincidence counts then, i.e., one pho-
ton from each interferometer has to be detected. For four
qubits, i.e. two interferometers, this scheme then yields
34 = 81 different measurement settings, where in each
setting 24 = 16 projection measurements are performed.
In our experiment we used fiber coupled single photon
counting modules (SPCM from Perkin Elmer) that were
connected to a coincidence electronic with a coincidence
window of 10 ns. All in all 81× 16 = 1296 different pro-
jectors were measured and a tomographically overcom-
plete set of data is obtained, which is processed with the
method described in [20]. The angles for all the measure-
ment settings can be seen in Tab. II. It has to be noted
that the given angles are not the only possible choice to
obtain a tomographically (over-)complete set of projec-
tors.
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TABLE II. The angles of the waveplates of the interferometer (HWPIF,1, QWPIF, HWPIF,2) and of the two polarization
analyses (HWPA, QWPA; HWPB, QWPB) to perform the given projections. ‘HA’, ‘VA’, ‘HB’, ‘VB’ denote the detectors for
the transmitted (‘H’) and reflected light (‘V’) of the PBS of the polarization analysis in the output modes A and B, respectively.
For example, an event of the detector ‘HA’ while measuring in the basisM1 ⊗M1 corresponds to a successful projection onto
the state |P (a + b)〉. Please note that all angles are referenced with respect to mode a which means that for calculating the
transformations induced for light in mode b a minus sign has to be added.

Basis Interferometer Polarisation analysis Projectors

HWPIF,1 QWPIF HWPIF,2 HWPA QWPA HWPB QWPB HA VA HB VB

M1 ⊗M1 (M11) π
8 0 π

8 0 π
4 0 −π4 P(a+b) P(a-b) M(a+b) M(a-b)

M1 ⊗M2 (M12) π
8 0 π

8 −π8 0 −π8 0 P(a+ib) P(a-ib) M(a+ib) M(a-ib)

M1 ⊗M3 (M13) π
8 0 π

8 0 0 π
4 0 Pa Pb Ma Mb

M2 ⊗M1 (M21) 0 π
4 0 0 −π4 0 π

4 R(a+b) R(a-b) L(a+b) L(a-b)

M2 ⊗M2 (M22) 0 π
4 0 π

8 0 π
8 0 R(a+ib) R(a-ib) L(a+ib) L(a-ib)

M2 ⊗M3 (M23) 0 π
4 0 0 0 π

4 0 Ra Rb La Lb

M3 ⊗M1 (M31) 0 0 π
4 0 π

4 0 −π4 H(a+b) H(a-b) V(a+b) V(a-b)

M3 ⊗M2 (M32) 0 0 π
4 −π8 0 −π8 0 H(a+ib) H(a-ib) V(a+ib) V(a-ib)

M3 ⊗M3 (M33) 0 0 π
4 0 0 π

4 0 Ha Hb Va Vb

SM4: RESULTS

We prepared and characterized 13 states belonging to
the states given by |Ψ (θ, φ)〉 in the main text, includ-
ing the GHZ and Cluster state. For all states, we car-
ried out full quantum state tomography. Fig. 3 shows
the experimental density matrices of the GHZ state, the
cluster state, and for another GHZ-type state |GHZ′〉 =

(|0011〉 − |1100〉) /
√

2. From the density matrices, the fi-
delity with the theoretically expected states could be in-
ferred, see Tab. IV. The fidelities of the prepared states
compared with the respective target state were above
95.8% in all cases. The correlation values used for the
witnesses are listed in Tab. III for the GHZ and Cluster
state.

TABLE III. Experimentally determined correlation values for the GHZ and Cluster state, which are used to calculate the values
of the two measurement witnesses. For the GHZ state, the measurement settings M1221 and M3333 were used and for the
Cluster state M1133 and M3311.

GHZ Cluster

T3333 0.982± 0.003 T3300 0.987± 0.002

T3300 0.993± 0.002 T3011 0.986± 0.003

T0033 0.988± 0.002 T0311 0.974± 0.003

T3003 0.963± 0.004 T1130 −0.945± 0.006

T0330 0.969± 0.004 T1103 −0.934± 0.006

T3030 0.972± 0.004 T0033 0.989± 0.002

T0303 0.960± 0.005

T1221 −0.925± 0.006

For all prepared states, at least one of the two com-
bined witnessesWGHZ andWC4 , which both could be de-
termined from two measurement settings only, lies above
the respective threshold (7/11 for the GHZ criterion or

2/3 for the cluster criterion). Therefore, genuine four-
partite entanglement could be proven for all considered
states.
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TABLE IV. Characterization of 13 states given by |Ψ (θ, φ)〉 in the main text with φ = π. The fidelities with the respective
target states were determined from the experimental density matrices as obtained via quantum state tomography. The values
for the entanglement criteria WGHZ and WC4 as presented in the main text, however, were inferred from two measurement
settings only. For all prepared states, genuine four-partite entanglement can be proved by at least one of the two criteria.
Successful entanglement detection of the respective criterion is indicated by bold letters.

Name θ Fidelity F WGHZ ≤BISEP
7
11 WC4 ≤BISEP

2
3

GHZ 0 0.958± 0.004 0.916 ± 0.005 0.333± 0.002
π
48 0.959± 0.004 0.894 ± 0.006 0.387± 0.005
π
24 0.958± 0.004 0.828 ± 0.007 0.509± 0.007
π
16 0.965± 0.003 0.740 ± 0.007 0.685 ± 0.007
π
12 0.963± 0.003 0.644 ± 0.006 0.835 ± 0.006
5π
48 0.963± 0.003 0.603± 0.004 0.918 ± 0.005

Cluster π
8 0.962± 0.003 0.590± 0.004 0.940 ± 0.004

7π
48 0.959± 0.004 0.608± 0.006 0.886 ± 0.007
π
6 0.959± 0.004 0.679 ± 0.008 0.761 ± 0.008

3π
16 0.958± 0.003 0.746 ± 0.007 0.640± 0.008
5π
24 0.960± 0.004 0.820 ± 0.007 0.497± 0.007

11π
48 0.963± 0.004 0.890 ± 0.006 0.375± 0.004

GHZ′ π
4 0.967± 0.004 0.927 ± 0.005 0.330± 0.002

FIG. 3. Real parts of the experimental density matrices of (a) the GHZ state (θ = 0, φ = π), (b) the cluster state (θ = π/8,
φ = π), and (c) the GHZ′ state (θ = π/4, φ = π).

[19] P. Trojek, Ph.D. thesis, Ludwig-Maximilians-Universität München (2007); D. F. V. James, P. G. Kwiat, W. J. Munro,
and A. G. White, Phys. Rev. A 64, 052312 (2001).

[20] N. Kiesel, Ph.D. thesis, Ludwig-Maximilians-Universität München (2007).
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4.2.6 Application for Higher Dimensional Systems

For systems with n qubits, the correlation tensor formulation as given in Eq. (2.16) has
proven to be a powerful description. Unfortunately, however, this description can not be
used for multiqudit systems. Here, a nonlinear entanglement witness similar to the one
presented in [P3], reprinted in Sec. 4.2.5, is derived for the general class of multiqutrit graph
states, i.e., systems with n three-dimensional subsystems, which interacted via generalized
controlled-phase gates.

The entanglement criterion for multiqubit systems as described in Eq. (4.10), and more
generally in Eq. (4.11), serves as inspiration for the multiqutrit case. Motivated by these
inequalities, entanglement is most easily detected for states, which have several correlation
values large in modulus, ideally of modulus 1. Hence, graph states are an ideal testbed for
these entanglement certifiers.

Qubit measurements using Pauli matrices σ0, σx, σy, and σz have several neat proper-
ties. One of those is the fact that the expectation value, say, 〈σx〉, can be used to deduce
the probability distribution of both possible outcomes [P4].Furthermore, their eigenbases
are mutually unbiased, leading to independent elements of the correlation tensor, which
cannot be directly generalized for higher dimensional systems. Instead of using the Pauli
matrices for parametrization of the quantum state %, one can now use a set of 8 Heisenberg-
Weyl matrices {hi} as they provide mutually unbiased bases [P4]. Subsequently, instead of
complementarity relations between expectation values of Pauli matrices [189], one obtains
complementarity relations between the expectation values of Heisenberg-Weyl matrices.
For example, the four qutrit GHZ state defined as

|GHZ3,4〉 =
1√
3

2∑

j=0

|jjjj〉 (4.16)

exhibits a correlation when all four parties perform measurements in basis

h2 =




0 1 0
0 0 1
1 0 0


 (4.17)

as well as if two observers measure in h1 and two in h5 = h†1 with

h1 =




1 0 0
0 exp

(
i2π

3

)
0

0 0 exp
(
i4π

3

)


 . (4.18)

Separability along a specific cut, for example for the bipartition AB|CD can be excluded
by the criterion

|〈h1h5h1h5〉|2 + |〈h2h2h2h2〉|2 ≤ SEP
AB|CD

1, (4.19)

for which the four qutrit GHZ state obtains a value of 2.
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In the following section, which is a reprint of [P4], entanglement criteria are derived
and explained for the examples of the above mentioned four qutrit GHZ state as well as the
four qutrit cluster state.Furthermore, the correlation tensor parametrization of multiqutrit
states based upon above mentioned Heisenberg-Weyl matrices is introduced, allowing to
construct complementarity relations. An open question for further research is still the
generalization for multiqudit systems with qudits of dimensions d > 3.

This work is based on the same initial idea from Marcin Wieśniak as [P3]. Due to
my refinement of the method in aforementioned publication, he could extend our method
together with Krzysztof Roso lek to the case of multiqutrit systems. The first manuscript
was written by Marcin Wieśniak and Krzysztof Roso lek, and later edited also by myself.
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The problem of detecting non-classical correlations of states of many qudits is incomparably more
involved than in a case of qubits. The reason is that for qubits we have a convenient description of
the system by the means of the well-studied correlation tensor. Simply, the complete information
about the state can be encoded in mean values of dichotomic measurements. We demonstrate that
for three-dimensional quantum subsystems we are able to formulate nonlinear entanglement criteria
of the state with existing formalisms. We also point out where the idea for constructing these criteria
fails for higher-dimensional systems, which poses well-defined open questions.

I. INTRODUCTION

Quantum correlations are known to be capable of out-
performing classical ones. While separable states can be
perfectly correlated in one way at a time, entangled ones
may reveal perfect correlations, say, whenever the same
quantity is measured by two observers. This observa-
tion has lead to a serious debate about the most funda-
mental aspects of nature. First, Einstein, Podolsky, and
Rosen [1] have asked if quantum mechanics can be sup-
plemented with additional, hidden parameters, and later
it was answered that if it was indeed so, these parame-
ters would need to go beyond certain reasonable require-
ments, such as locality [2], or noncontextuality [3].

The Bell theorem [2] has consequences of not only
philosophical nature, but has also found applications in
certain communication tasks. In particular, having a Bell
inequality violated by a quantum state is equivalent to an
advantage in a distributed computing [4]. Specifically, if
protocol users share an entangled state, they can achieve
a higher probability of locally getting the correct value
of a certain function than when they are allowed only
to communicate classically. The role of the Bell theorem
has been also pointed out in the context of, e.g., cryp-
tography [5].

Therefore, schemes of entanglement detection have
gathered a lot of attention for both fundamental and
practical reasons. The task is very simple for pure states,
which practically never occur in a real life. However, for
mixed states it is still an open question. One method is
to apply a positive, but not a completely positive map
to one of subsystems [6, 7]. This should drive an en-
tangled state out of the set of physically admissible den-
sity operators. By the Jamio lkowski-Choi isomorphism
[8], we can equivalently use an entanglement witness, a
composite observable taking negative mean values only
for entangled states. In this manner, we can certify all
forms of entanglement, but we do not know all the non-
completely positive maps. In order to make entanglement
detection schemes more efficient, nonlinear criteria were

introduced. They appeared also in particular context of
necessary conditions on states to violate Bell inequali-
ties [9–11]. A state can violate Werner-Wolf-Weinfurter-

Żukowski-Brukner inequalities only if (but not necessar-
ily if) certain of its squared elements of the correlation
tensor add up to more than 1. A similar condition ap-
peared in the context of so-called geometrical inequalities
[12], which treat correlations of the system as multidi-
mensional vector not belonging to a convex set of local
realistic models. This approach resulted in geometrical
entanglement criteria [13], which are highly versatile, and
quadratic ones, particularly easy to construct [14–16].

Up to date, these methods turn out to be successful
mainly for collections of qubits, as their states are con-
veniently described by the means of the correlation ten-
sor. The deficit of Bell inequalities and entanglement
criteria for higher-dimensional constituents of quantum
systems follow also from our inability to generalize this
tool. Pauli matrices, the foundation of this achievement,
have many interesting properties, each contributing to
the success. They are Hermitian, unitary, traceless, for
individual subsystems their measurements are complete
(except for the unit matrix), meaning that the individ-
ual mean values contain the full information about the
statistics of outcomes, and they have unbiased bases as
their eigenbases. In contrast, one of the straight-forward
generalizations, the Gell-Mann matrices, do not satisfy
any commutativity relations. If we used them to create a
correlation tensor, its elements would not be independent
from one another.

In this contribution we show that the notions known
for the formalism of the tensor product for multiqubit
states can be straight-forwardly stretched to qutrits,
when we associate complex root of infinity to local mea-
surement outcomes. In particular, this generalized ten-
sor product is a subject to linear and quadratic bounds.
Basing on these bounds, we can derive quadratic (and ge-
ometrical) entanglement criteria. For higher-dimensional
systems, this is still an open challenge.
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II. FORMALISM OF MANY-QUBIT STATES

As we have already mentioned, the success of describ-
ing and analyzing the states of many qubits is due to the
particularly convenient representation through a correla-
tion tensor. Its elements are mean values of tensor prod-

ucts of Pauli matrices, Tī = 〈oī〉, oī = σ
[1]
i1
⊗ σ[2]

i2
⊗ ...,

ī = i1, i2, ..., iN , and

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
,

σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (1)

(2)

Operators oī form an orthonormal basis, (oī, oj̄) =

troīoj̄ = 2Nδī,j̄ . This orthogonality can have three differ-
ent reasons. When either oī or oj̄ is the unit matrix, the
other operator is traceless. When oī and oj̄ commute,
but differ from each other and neither of them is the unit
matrix, their eigenvalues are distributed in such a way
that their product adds up to zero. Finally, when they
do not commute, they anticommute and their eigenbases
can be chosen to be unbiased, i.e., the scalar product be-
tween any vector from one basis and any one from the
other is constant in modulo. For a given state ρ, let the
correlation tensor be a set of averages {Tī} = {trρoī}.
Naturally, T00...0 ≡ 1, but also for a single qubit we have
the pronounced complementarity relation [17],

3∑

i=1

〈σi〉2 ≤ 1. (3)

This relation can be straight-forwardly generalized to any
set of mutually anticommuting operators (where Z is
some set of multiindex values),

{oī, oj̄}ī,j̄∈Z ∝ δī,j̄ ⇒∑
ī∈Z T

2
ī
≤ 1. (4)

Notice that operators oī and oj̄ anticommute iff su-
perindices differ on odd number of positions, exclud-
ing those, where one superindex has “0”. In Ref.
[14] this property was further generalized to cut-
anticommutativity. Namely, consider two operators,

o1 = o
[A]
1 ⊗o

[B]
1 and o2 = o

[A]
2 ⊗o

[B]
2 . We say that they an-

ticommute with respect to cut A|B if they anticommute
on either of the subsystem. Consequently,

{o1, o2}A|B = 0⇒
〈o1〉2 + 〈o2〉2 ≤ 1 (5)

for states, which are factorizable (and, by convexity, thus
separable) with respect to the cut. This lead in Ref. [14]
to constructing quadratic entanglement criteria based
solely on anticommutativity properties of operators. The
main goal of this contribution is to show that the formal-
ism for qutrits can also be used for this purpose.

III. CORRELATION TENSOR FORMALISM
FOR MANY QUTRITS

We are now looking for a description of a qutrit, in
which each measurement gives us a complete information
about the probability distribution of three outcomes. To
remove any dependencies, we expect the measurements
on individual qutrits used for establishing the correlation
tensor to be have mutually unbiased bases (MUBs) as
their eigenbases. Lastly, since we want to formulate the
complementarity relation similar to Eq. (5), so we expect
the eigenvalues to be of modulo 1. A family satisfying
these requirements for three-dimensional subsystems are
the Heisenberg-Weyl matrices. They are given as

h0 =




1 0 0
0 1 0
0 0 1


 ,

h1 =




1 0 0
0 ω 0
0 0 ω2


 , h2 =




0 1 0
0 0 1
1 0 0


 ,

h3 =




0 1 0
0 0 ω
ω2 0 0


 , h4 =




0 1 0
0 0 ω2

ω 0 0


 ,

h5 = h†1, h6 = h†2,

h7 = h†3, h8 = h†4 (6)

(ω = exp(2πi/3)).
First, let us show that this representation of a state

is complete, that is, the data can be used for state to-
mography. As given in Ref. [18], a state can be given
as

ρ = −1 +
4∑

m=1

2∑

k=0

p(m, k)|mk〉〈mk|, (7)

where m enumerates the mutually unbiased basis, the
eigenbasis of hm, |mk〉 is the kth state of this basis and
p(m, k) = 〈mk|ρ|mk〉. Now, consider the following quan-
tity:

Tm = trρh†m. (8)

For simplicity, let us represent complex numbers and
operators as vectors, i.e., ~a = (Rea, Ima) and ~o =
1/2(o+o†,−i(o−o†)). Furthermore, let us denote 1,ω, ω2

as ~v0 = (1, 0), ~v1 =
(
− 1

2 ,
√

3
2

)
, ~v2 =

(
− 1

2 ,−
√

3
2

)
. Notice

that this defines a new scalar product, which leads to

~Tm · ~om

=

(
2∑

k=0

p(m, k)~vk

)
·
(

2∑

l=0

~vl|ml〉〈ml|
)

=−1

2
+

3

2
p(m, k)|mk〉〈mk|,

2∑

k=0

p(m, k)|mk〉〈mk|
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=
2~Tm~om + 1

3
,

ρ =
∑

m

2

3
~Tm~om −

1

3
. (9)

The last equation can be plugged in to Eq. (7). When
the usual tensor product is used, this formula is ex-
tended by replacing products of probabilities with joint
probabilities, p(k,m)p(l, n) → p(k,m, l, n) = 〈k,m| ⊗
〈l, n|ρ|k,m〉 ⊗ |l, n〉.

Let us now consider the complementarity relations be-
tween tensor products of Heisenberg-Weyl operators. For
certain noncommuting groups of operators, {oj̄}j̄ , we
shall have

∑

j

|〈oj̄〉|2 ≤ 1, (10)

the equivalent of which was one of the key ingredients
of Ref. [14] for qubits. Therein, this complementarity
directly follows from the anticommutativity relations be-
tween the various Pauli matrix tensor products. Here,
the situation is not as simple. The argument cannot go
through directly as Heisenberg-Weyl tensor product op-
erators do not anticommute. Still, we find some forms of
complementarity between these operators. For an indi-
vidual qutrit we shall have

1 ≤trρ2

=
3∑

i,j=1

|ρij |2

=
1

9

2∑

i,j=0

∣∣∣∣∣

〈
2∑

k=0

ωihj2h
jk
1

〉∣∣∣∣∣

2

=
1

3

2∑

i,j=0

|〈hi1hj2〉|2,

3 ≤1 + 2
∑

(i,j)∈{(1,0),(0,1),(1,1),(1,2)}
|〈hi1hj2〉|2, (11)

where the transition between the third and the fourth
line comes from the Parseval’s theorem for the Fourier
transform.

Now, we are ready to consider the complementarity for
many-qutrit operators. Here our possibilities are quite
limited. One would expect that as long as tensor prod-
ucts do not commute, the sum of squared moduli of their
averages for any state would not exceed 1. This is false,
however. We have found 792 distinguished sets of seven
mutually non-commuting two-qutrit operators, {oi}7i=1,
and found that for all of them there exist states, for which∑7
i=1 |〈oi〉|2 = 5

4 . For the complete set of two-tensor
products of Heisenberg-Weyl operators, from the semi-
positivity of the state one can show that

8∑

i,j=0

|〈hi ⊗ hj〉|2 ≤ 9. (12)

Nevertheless, we can easily argue for the complementar-
ity of a smaller set. In particular consider a pair of oper-
ators, o1 and o2, which do not commute with each other.
By diagonalization one of them and a proper choice of
phases of the new basis states we can bring to the 3× 3
block-diagonal form, where each of the blocks takes form

[o1]block = h1,

[o2]block ∝ h2 (13)

and the complementarity follows directly from Eqs. (11).
In addition, one may have two more operators, the blocks
of which correspond to h3 (h7) and h4 (h8), up to global
phases, extending the complementarity principle from
two general to four specific operators. Notice that the
operation diagonalizing o1 does not need to be local, so
this complementarity is not of a strictly local nature.

We can now transplant the rest of ingridients from Ref.
[14] to this consideration. Obviously, if we have mutu-
ally commuting operators, it suffices to choose a common
eigenstate of all of them, to have all the mean values equal
to 1. Also, we can use the proof from the reference that
in quadratic entanglement criteria, mixing states cannot
improve the situation.

Another fact we need for the construction is that for
product states ρ = ρ

[A]
1 ⊗ ρ

[B]
2 and a multiqutrit operator

in form ~O = o
[A]
1 ⊗o

[B]
2 , where [A] and [B] are subsystems,

we have

|〈 ~O〉|2 = |〈~o[A]
1 〉|2|〈~o

[B]
2 〉|2, (14)

which, again follows directly from the correspondence
between the two-dimensional vector eigenvalues and the
complex root-of-unity eigenvectors. However, this rela-
tion fails for d > 3, when we replace the complex roots
of unity as eigenvalues with (d−1)-vectors ~vd,i satisfying
relation

~vd,i · ~vd,j =
dδi,j − 1

d− 1
. (15)

Thus our method is applicable only for a collection of
qutrits.

IV. EXAMPLES

Consider the four-qutrit GHZ state, which in the com-
putational basis (h1|i〉 = ωi|i〉) has form

|GHZ3,4〉 =
1√
3

2∑

j=0

|iiii〉. (16)

Prefect correlations of this state include (hereafter, we
omit the tensor product signs)

〈h2h2h2h2〉 = 〈Π(h1h5h1h5)〉= 1, (17)

where Π(abcd) denotes an arbitrary permutation of
a, b, c, d in terms of the tensor product. Hence we can
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use the criterion

|〈h1h5h1h5〉|2 + |〈h2h2h2h2〉|2 ≤SEP 1 ≤ 2(for |GHZ3,4〉)
(18)

to exclude separability with respect to bipartitions
AB|CD and AD|BC, while the criterion

|〈h1h1h5h5〉|2 + |〈h1h5h1h5〉|2 ≤SEP 1 ≤ 2(for |GHZ3,4〉)
(19)

can used to exclude separability between subsystems AC
and BD. Additionally, both of these criteria are sensi-
tive to all one-versus-three cuts. Thus, a simultaneous
violation of both of these inequalities certifies true mul-
tipartite entanglement of the tested state (in principle,
different from the GHZ state).

The next example is the four-qutrit cluster state,

|C3,4〉 =
1

3

2∑

i,j=0

ωij |ijij〉, (20)

for which we can utilize correlations

〈h0h2h5h2〉 = 〈h2h0h2h5〉
=〈h5h2h0h2〉 = 〈h2h5h2h0〉= 1, (21)

Which gives us the following criterion for true four-qutrit
entanglement:

1
2

(
|〈h0h2h5h2〉|2 + |〈h2h0h2h5〉|2

)
+

1
2

(
|〈h5h2h0h2〉|2 + |〈h2h5h2h0〉|2

)
> 1. (22)

Again, these four correlations can be, in principle estab-
lished together, and while measuring in local MUBs, it
again takes only two series of measurements to establish
all four of them.

To demonstrate the usefulness and convenience of our
method, let us consider four-qutrit graph states in gen-
eral. Imagine a collection of four qutrits, each initialized
in state 1√

3
(|0〉+ |1〉+ |2〉). Now we take a graph, which

connects four vertices. There are two such graphs with
three edges (a path and a three-arm star), two with four
(a loop and a triangle with a leg), one with five (a loop
with one diagonal) and the complete graph has six edges.
The graphs are presented in Fig. 1. If two qutrits are
connected by an edge on the graph, we entangle them by
applying a generalization of the control-Z operation,

Ch1 = Diag(1, 1, 1, 1, ω, ω2, 1, ω2, ω). (23)

Each four-qutrit graph state has a total of 80 perfect
correlations for nontrivial tensor products of the h oper-
ators. Lists of these correlations have been made, and
from them we choose triples of operators, which satisfy
the following conditions: (i) their mean value for the ref-
erence state has the absolute value equal to 1, (ii) for ev-
ery bipartite cut, at least one pair does not cut-commute,
(iii) they can be established in two measurement series.

1)

1

2

3

4

2)

1

2

3

4

3)

1

2

3

4

4)

1

2

3

4

5)

1

2

3

4

6)

1

2

3

4

FIG. 1. Layouts of all four qutrit graph states. Qutrits are
represented by vertices, while edges symbolize the application
of the generalized control-Z operation of Eq. (23).

We came to the conclusion that the true four-partite en-
tanglement is certified if

for Graph 1:

|〈h3h8h4h7〉|2 + |〈h6h0h2h5〉|2 > 1

∧|〈h3h8h4h7〉|2 + |〈h0h5h2h5〉|2 > 1,

for Graph 2:

|〈h2h5h5h5〉|2 + |〈h1h6h6h4〉|2 > 1

∧|〈h2h5h5h5〉|2 + |〈h5h6h6h0〉|2 > 1,

for Graph 3:

|〈h3h3h3h3〉|2 + |〈h1h2h1h2〉|2 > 1

∧|〈h3h3h3h3〉|2 + |〈h1h0h1h6〉|2 > 1,

for Graph 4:

|〈h2h5h5h5〉|2 + |〈h4h3h3h7〉|2 > 1

∧|〈h2h5h5h5〉|2 + |〈h8h3h0h3〉|2 > 1,

for Graph 5:

|〈h4h2h6h2〉|2 + |〈h0h3h7h1〉|2 > 1

∧|〈h4h2h6h2〉|2 + |〈h3h7h0h5〉|2 > 1,

for Graph 6:

|〈h2h8h8h8〉|2 + |〈h0h3h3h3〉|2 > 1

∧|〈h2h8h8h8〉|2 + |〈h3h3h3h0〉|2 > 1.

(24)

Notice that not all of these correlations are equal to 1,
but since the criteria are quadratic, this is no concern.

V. CONCLUSIONS

We have shown a generalization of a derivation of
graph-based quadratic entanglement criteria, known al-
ready for qubits, to qutrits. It was achieved by using
Heisenberg-Weyl operators, which can be seen vector-
valued observables. While the obtained criteria can be
applied to a relatively small set of states, namely those
with very strong correlations, they are easy to derive,
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compared to most other methods. One does not need to
optimize over the whole set of product states, but simply
find some pairs of correlations, that we expect to be si-
multaneously high. This was well demonstrated in case
of four-qutrit graph states.

There are some differences between the derivation pre-
sented in Ref. [14] and the above. Therein, we enjoyed
the complementarity relation for an arbitrarily large set
of cut-anticomming operators. For qutrits, we have found
counterexamples. The complementarity principle holds
in general for pairs of (cut-)noncommuting observables,
and for more only in special cases. One still can, how-
ever, construct criteria such as those in Ref. [15], involv-
ing only two terms each. For a given term, we take as
many pairs as necessary to exclude separability of the
state along all cuts.

Interestingly, we were not able to push the reasoning
even further, to dimensions of subsystems higher than 3.
There are few obstacles in generalizing the proofs. One

is that the proof of the complementarity relation (Eq.
(10)) explicitly refers to the Heisenberg-Weyl formalism,
which consists of the shift operators. The other difficulty
is that for vector eigenvalues, we were unable to derive
a dependence between the length of the mean value of a
joint observable and the lengths for local operators.
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4.3 Entanglement and Random Measurements

While the previously introduced schemes provide versatile tools to detect entanglement,
there are some circumstances where they cannot be applied at all. Those criteria as well
as the more basic approaches described in Sec. 2.2.2 require fixed and known local ref-
erence frames. If instead, in a bipartite scenario, Alice and Bob are allowed to perform
several measurements, but do not have control of or either knowledge about the current
measurement setting, usual criteria fail.

UB(t)

UA(t)

Preparation

correlation value EA,B

relative 
frequency

entangled

separable

Measurement

Coincidence detectionSource

UA

UB

Processing

}
many randomly 
chosen UA and UB

Figure 4.3: Scheme for random measurements, shown here for two-qubit states. An unknown
quantum state is produced by a source and affected by (in general fluctuating) local unitary
transformations. By performing local measurements in a large set of randomly chosen bases, one
can eventually obtain information about the quantum state. Most obvious, the distribution of
correlation values for a highly entangled two-qubit state (schematically shown in green) strongly

deviates from the distribution of a product state (blue).

This scenario is schematically shown in Fig. 4.3. A source produces a bipartite quantum
state, e.g., pairs of photons, which might exhibit entanglement between the two photons.
Due to noisy quantum channels - or even a noisy source in the first place -, local unitary
transformations ŨA (t) and ŨB (t) can (locally) change the reference frame. Afterwards,
the two photons are distributed to the observers Alice and Bob, allowing each of them
to apply a (known) local unitary rotation, perform measurements and record coincidence
clicks between their outcomes. It is important to note that the timescale of the noise in
the channels, i.e., of ŨA (t) and ŨB (t), is slow enough that the expectation value in the
(unknown) basis can be measured, but possibly too fast for conducting measurements in
several bases. Thus, it is impossible to find the current local reference frames and perform
measurements therein.

In general, the uncontrollable and unknown unitaries ŨA (t) and ŨB (t) of the noisy
channels will be biased, i.e., they might lead to more frequent measurements along some
specific directions than others. However, if additionally Alice and Bob apply well defined
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unitary transformations UA and UB, respectively, which are drawn from a set of random
unitary matrices distributed uniformly according to the Haar measure, also the products of
the local unitaries, UA · ŨA (t) as well as UB · ŨB (t), are Haar randomly distributed. When
expectation values measured in many Haar randomly distributed measurement bases, one
will observe that states which cannot be transformed into each other using local uni-
tary transformations lead to different distributions of expectation values. As sketched in
Fig. 4.3, the distribution of expectation values will be rather flat for a bipartite entangled
state, while a pure product state shows a concentration to small expectation values [192],
as the product state shows a large correlation only along a very particular measurement
direction, whereas most measurement results are uncorrelated. In short, it is more likely
to find a large correlation in an entangled state than in a product state.

In this section, the technique of genuine multipartite entanglement detection based on
distributions of expectation values will be discussed. First, a general criterion based on the
knowledge of the full distribution together with all marginal distributions will be derived.
Afterwards, this criterion will be applied to experimental data.

Although some criteria for detecting genuine multipartite entanglement in a similar
scenario exist [193, 194], those methods require some additional knowledge. For example,
the method proposed in Ref. [194] requires measurements in two bases with a known
relation to each other, which does not apply in the aforementioned scenario, where each
measurement basis is unknown and chosen independently of previous measurements. Other
approaches such as [190, 195] are limited to, e.g., the detection of entanglement and do
not reveal genuine multipartite entanglement.

4.3.1 Distribution of Expectation Values

In a scenario without fixed or with even unknown references frames, still meaningful mea-
surements can be conducted. Although one does not obtain meaningful information by a
single measurement, the distribution of measurement outcomes contains a surprising large
extent of information. By considering the distribution of correlation measurement out-
comes between all different combinations of observers, the structure of entanglement may
be revealed in detail.

In the two qubit scenario, the measurement scheme can be described as following. An
unknown, but fixed state described by a density matrix % is prepared. Two observers, Alice
and Bob, perform local measurements of the locally randomly rotated state in some fixed
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bases, e.g., σz, to obtain

E
(i)
A,B = tr

[
(σz ⊗ σz)

(
U

(i)
A ⊗ U

(i)
B

)
%
(
U

(i)
A ⊗ U

(i)
B

)†]
, (4.20a)

E
(i)
A = tr

[
(σz ⊗ σ0)

(
U

(i)
A ⊗ U

(i)
B

)
%
(
U

(i)
A ⊗ U

(i)
B

)†]
, (4.20b)

E
(i)
B = tr

[
(σ0 ⊗ σz)

(
U

(i)
A ⊗ U

(i)
B

)
%
(
U

(i)
A ⊗ U

(i)
B

)†]
, (4.20c)

E
(i)
0 = tr

[
(σ0 ⊗ σ0)

(
U

(i)
A ⊗ U

(i)
B

)
%
(
U

(i)
A ⊗ U

(i)
B

)†]
, (4.20d)

where, due to normalization, E
(i)
0 ≡ 1 holds. For each randomly rotated state, indexed

by (i), Alice and Bob can record this set of expectation values. After having measured
in several locally randomly rotated bases, where the local unitary matrices are uniformly
distributed according to the Haar measure [196], the observers can perform a statistical
analysis of the obtained expectation values. The probability distribution g(EA,B) for ob-
servation of a specific correlation value EA,B is then described by

g(EA,B) =

∫
dUAdUB δ

[
EA,B − tr

(
(σz ⊗ σz) (UA ⊗ UB) % (UA ⊗ UB)†

)]

∫
dUAdUB

, (4.21)

where δ(x) denotes Dirac’s delta distribution with
∫

dxg(x)δ(x− x0) = g(x0). The proba-
bility distributions of the marginal correlations EA and EB are obtained accordingly.

For example, the maximally entangled two qubit Bell states, e.g., %Bell = |φ(+)〉〈φ(+)|,
will result in a flat distribution for EA,B, i.e., the probability for observation is identical
for all possible values,

gBell(EA,B) =

{
1
2

EA,B ∈ [−1, 1] ,

0 otherwise.
(4.22)

Intuitively, Alice can freely choose any measurement direction. If Bob chooses to measure
parallel to Alice’s direction, they will observe a strong correlation or anticorrelation, i.e., a
result large in modulus. Hence, the measured correlation depends solely on the projection
of Bob’s measurement direction onto Alice’s direction. For uniform sampling of vectors
on the surface of a unit sphere, the distribution of the projection of those samples onto a
fixed axis is uniform, leading to Eq. (4.22). In contrast, a two qubit product state, e.g.,
%product = |00〉〈00|, results in a probability distribution for EA,B described by

gproduct(EA,B) = −1

2
log (|EA,B|) . (4.23)

Compared to above’s scenario, not only the projection of Bob’s measurement direction
onto Alice’s one is relevant, but a large correlation is only observed if also Alice measured



134 4. Characterizing Entanglement

along the direction of state preparation. The maximally mixed two qubit state %1 = 1/2
leads to

g1(EA,B) = δ (EA,B) , (4.24)

as the outcomes of Alice and Bob are uncorrelated in all directions. Some example distri-
butions are shown in Fig. 4.4.
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Figure 4.4: The probability density for correlation values in the random measurement scenario.
For measuring a Bell state (blue) in random bases, all correlation values are equally likely, see
Eq. (4.22). For a product state (red), e.g., |00〉, it is much more likely to measure a correlation
with smaller modulus than with a larger modulus. The probability density follows a logarithmic
distribution, see Eq. (4.23). Equally mixing those two states (green) results in a distribution

which is flat within some bounds and subsequently decaying logarithmically.

To obtain these distributions in the general n-qubit setting, 2n different expectation
values have to be recorded instead of only the 4 (one of which is trivial) given in Eqs. (4.20).

4.3.1.1 Obtaining the Purity

The probability distribution of Eq. (4.21) and the probability distributions of the marginal
correlations allow to obtain quantities invariant under local unitary transformations. One
of the most essential quantities is the purity, which will also be needed to certify genuine
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multipartite entanglement. The purity of the n-qubit state % is given by

P (%) = tr
(
%2
)

=
1

2n

∑

µ1,...,µn

T 2
µ1,...,µn

, (4.25)

with µi ∈ {0, 1, 2, 3}, i ∈ {1, . . . , n}. When separating the summation index 0, which
indicates that the result of the respective observer is not taken into account, from the rest,
the summation becomes

P (%) =
1

2n

[
T 2

0,...,0 +
∑

j1

T 2
j1,0,...,0

+ · · ·+
∑

j2,...,jn

T 2
0,j2,...,jn

+ · · ·+
∑

j1,j2,...,jn

T 2
j1,j2,...,jn

]
(4.26)

with ji ∈ {1, 2, 3}, i ∈ {1, . . . , n}. T 2
0,...,0 ≡ 1 is given by normalization. The second

contribution
∑

j1,0,...,0
T 2
j1,0,...,0

can be obtained from the probability distribution g(EO1,0,...,0)
of correlation values EO1 involving only the first party,

1

3

∑

j1

T 2
j1,0,...,0

︸ ︷︷ ︸
E[T 2

j1,0,...,0
]

=

∫ 1

−1

dEO1g(EO1)E2
O1

︸ ︷︷ ︸
E[E2

O1
]

. (4.27)

P (%) =
1

2n

[
1 + 3

(
E
[
E2
O1,0,...,0

]
+ · · ·+ E

[
E2

0,0,...,On

])

+32
(
E
[
E2
O1,O2,0,...,0

]
+ · · ·+ E

[
E2

0,...,0,On−1,On

])

+ · · ·+ 3nE
[
E2
O1,...,On

] ]
, (4.28)

which is the mean value of the sum of all k-point correlation functions weighted with
3k. This expression solely depends on the measured distributions of correlations and the
number of qubits.

4.3.2 Certifying Genuine Multipartite Entanglement

Following the idea of [195], entanglement can be directly detected. If the second moment
of the n-partite correlation function with

mS ≡
∫ 1

−1

dESg(ES)E2
S , (4.29)

where S ≡ {1, 2, . . . , n} denotes the set of observers, exceeds the threshold of a product
state, mprod

S ≤ 1
3n

, entanglement is detected, i.e.,

mS >
1

3n
⇒ % is entangled. (4.30)
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All pure two qubit states cos θ
2
|00〉+ eiϕ sin θ

2
|11〉 (for properly chosen basis states |00〉 and

|11〉) with θ ∈ (0, π) are entangled. For those states, one obtains

mA,B =
1

32
[1 + 2 sin (θ)] , (4.31)

which indeed reveals entanglement for θ ∈ (0, π). In other words, the state cannot be
separable along the bipartition between the first and the second qubit as soon as the joint
measurement results of both observers cannot be explained by the product of the respective
local measurement results. Hence, the state is entangled.

More generally, entanglement across a specific partition A|B where A and B denote
(possibly) multiple indices given by disjoint proper subsets of A ∪ B = S ≡ {1, 2, . . . , n}
can be checked equally well. A state which is product across the partition A|B, %

A|B
AB =

%
A|B
A ⊗ %A|BB , fulfills

m
A|B
AB = m

A|B
A m

A|B
B . (4.32)

A violation of Eq. (4.32) hence indicates entanglement spanned across the A|B-partition.
However, if the state contains n qubits with n > 2, this separability test cannot directly
be used to certify genuine n-partite entanglement as will be shown by a counterexample.

Detection of genuine multipartite entanglement for n > 2 parties, where the notion
of genuine multipartite entanglement becomes meaningful, is more difficult. Consider the
state

%bisep =
1

2

(
|0〉〈0| ⊗ |ψ−〉〈ψ−|+ |ψ−〉〈ψ−| ⊗ |0〉〈0|

)
, (4.33)

which is the mixture of a state carrying entanglement between A and B, separable from C
with a state entangled between B and C, separable from A. By construction, this state is
biseparable as it is the incoherent mixture of two biseparable states, see Sec. 2.2.2.1. Yet,
for all possible biseparations, A|BC, B|AC, and C|AB, the measurement results will differ
from the results of a joint measurement involving all three observers since at least one of
the mixed pure states is entangled along the respective partition. Hence, the state %bisep is
a counterexample to the naive approach to certify genuine multipartite entanglement by
ruling out separability along every bipartition.

Nevertheless, we have found a means to detect detect genuine multipartite entanglement
in the scenario of noisy channels. In order to detect genuine multipartite entanglement
(GME), consider the function

f(%) = mS −
1

2

1∑

{i1,...,in}=0
0<i1+···+in<n

mi1,i2,...,inm1−i1,1−i2,...,1−in , (4.34)

which can be understood as a measure by how much the state cannot be written as a
bi-product. The labels i1, i2, . . . , in in the notation mi1,i2,...,in are used to indicate if the
outcome of the corresponding qubit is considered (ij = 1) in the measurement or not (ij =
0). Hence, m1,1,...,1 denotes the second moment of a measurement involving all observers
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and is therefore identical to mS , whereas, e.g., m1,1,0,...,0 denotes the second moment of
a measurement involving only the first two observers. As an example, the product state
|ψ1〉 = |0〉 ⊗ |ψ−〉 factorizes, leading to m1,2,3 = m1m2,3 and hence to f(|ψ1〉〈ψ1|) = 0. The
state |ψ2〉 = |0〉 ⊗ |0〉 ⊗ |0〉 factorizes even long multiple bipartitions, m1,2,3 = m1m2,3 =
m2m1,3 = m3m1,2, therefore f(|ψ2〉〈ψ2|) even becomes negative.

If the experimentally observed state %exp results in a larger value of this function than
all biseparable states with the same purity, i.e.,

f(%exp) > fP(%bs)
max ≡ max

%bs
with

P(%bs)=P(%exp)

f(%bs) ⇒ % is gen. mult. entangled. (4.35)

Though, obtaining the maximum over all biseparable states is difficult. However, by sim-
ulating a large set of random biseparable states for n = 2, 3, 4 and examine the purity
dependent values for f(%bs), the maximization can be carried out numerically. For the
cases of n = 3 and n = 4 qubits, the results of the simulation of biseparable states are
shown in Fig. 4.5 and Fig. 4.6, respectively. All biseparable states are found below some
parabola, which can be used as the critical threshold.

genuine 3-partite entanglement
simulated 
biseparable states

Figure 4.5: The function f(%) for about 3.3 × 106 randomly obtained biseparable tripartite
states is shown. Those states are found below the parabola f(%) = 8

27(1−P)P, where P denotes
the purity. The parabola gives a tight bound for P ≥ 1

2 . As the simulation was focused on states
with rather high purity, it is an open question if the parabola is tight for states with lower purity
or if a tighter bound can be found. The straight vertical line at P = 1 is due to (pure) product

states, which are additionally simulated.

For four qubits, the function f(%) in dependence of the purity P(%) is shown in Fig. 4.6.
Due to the increasing complexity of four-qubit simulations, the method to obtain bisepa-
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rable states is tuned such that the borders of the area can be assessed, leading to areas of
lower density.

noisy GHZ

genuine 4-partite entanglement

simulated 
biseparable states

Figure 4.6: All about 5.5×106 randomly obtained biseparable four-partite states are found be-
low the parabola f(%) = 8

81(1−P2). This bound allows to prove genuine four-partite entanglement
for a four-partite Greenberger-Horne-Zeilinger state mixed with white noise, see Eq. (4.38), for
purities above approximate 0.7. This is indicated by the green line, which is derived in Eq. (4.41).

Together with an analogous simulation for n = 2, one eventually finds bounds for
biseparable states,

f(%bs) < fP(%bs)
max,n ≤





4
9
(1− P)P for n = 2,

8
27

(1− P)P for n = 3,
8
81

(1− P2) for n = 4

(4.36)

with P ≡ P (%bs). Note that both f(%exp) and P only depend on the (second) moments of
the correlation values, allowing to test for

f(%exp)− fP(%exp)
max > 0 (4.37)

solely by using the distributions of correlation values. Finding bounds - and ideally proving
their optimality - for n > 4 remains unsolved.

Finding a state outside the given bound, i.e., above the parabola, indicates genuine
n-partite entanglement. The tolerance against white noise can easily be assessed. For the
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four-qubit Greenberger-Horne-Zeilinger state, assume a noise model of

%GHZ,p = p|GHZ4〉〈GHZ4|+ (1− p) %mms, (4.38)

where %mms denotes the maximally mixed state. Then, the purity is given by

P(p) =
1

16
+

15p2

16
, (4.39)

from which one can obtain p =
√

(16P − 1) /15. With the function detecting entanglement

f(%) = p2

(
1

9
− 3 · 1

9
· 1

9

)
=

2

27
p2, (4.40)

one finally obtains

f(%) =
2

27

16P − 1

15
. (4.41)

This function, which is shown as a straight green line in Fig. 4.6, intersects the parabola
of Eq. (4.36) at around Pcrit ≈ 0.7. Hence, in order to still reveal genuine four-partite
entanglement for a noisy GHZ state, white noise can be tolerated as long as p > pcrit ≈ 0.82.
With this robustness against white noise, the criterion is applicable for practical purposes.
In the next section, this method will be applied to a set of experimentally prepared states
including the Greenberger-Horne-Zeilinger state, the cluster state as well as some separable
states.

In the following preprint of the manuscript “Multipartite Entanglement Analysis From
Random Correlations” [P5], the scenario of performing measurements with noisy channels
is introduced and discussed in detail. Four-qubit GHZ and cluster states are prepared
as well as a tri-separable state and a bi-separable state with partial entanglement and
analyzed in this scenario. Using the numerical simulations which had been introduced
above, entanglement identifier are used to deduce the entanglement structures of those
states. It is remarkable how much information can still be obtained even when lacking any
knowledge about the conducted measurements.

This manuscript is based on initial ideas both of Jasmin Meinecke and former co-workers
and of Wies law Laskowski and Tomasz Paterek who already published related work for de-
tecting entanglement, albeit not genuine multipartite entanglement, with a single random
measurement. After discussing with Jasmin Meinecke, Jan Dziewior and Harald Wein-
furter, I developed means to experimentally realize the random measurements, which were
later refined by Jasmin Meinecke, Jan Dziewior and myself. Jan Dziewior, Jasmin Mei-
necke and me conducted the experimental measurements based on the experimental setup
constructed for aforementioned publication [P3]. I performed the numerical simulations
for biseparable states and conceived, based on discussions with all co-authors, a means
to detect genuine multipartite entanglement based on random measurements. My simula-
tions have been verified by Waldemar K lobus. Together with Jan Dziewior, I derived some
correction for finite sample sizes. The data evaluation has been shared between Jasmin
Meinecke and myself. The manuscript, which is still in preparation, was written and edited
by all authors.
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Quantum entanglement is usually revealed via a well aligned, carefully chosen set of measurements.
Yet, under a number of experimental conditions, for example in communication within multiparty
quantum networks, noise along the channels or fluctuating orientations of reference frames may
ruin the quality of the distributed states. Here we show that even for strong fluctuations one can
still gain detailed information about the state and its entanglement using random measurements.
Correlations between all or subsets of the measurement outcomes and especially their distributions
provide information about the entanglement structure of a state and also enable to witness genuine
multipartite entanglement. As long as the rate of entanglement generation is sufficiently high, this
method overcomes any type and strength of localized unitary noise.

I. INTRODUCTION

One of the most striking features of quantum entan-
glement is the existence of correlated measurement out-
comes between spatially separated particles, which ex-
ceed expectations based on classical physics. These corre-
lations are typically observed with carefully aligned local
measurements. They get distorted if a common reference
frame is lacking and especially in the presence of noise
along the channels distributing the entangled particles.
In practice, for many channels the instabilities are often
irremovable: optical fibers rotate polarization, changing
phases affect a path degree of freedom, atmospheric tur-
bulence acts on the modes of orbital angular momen-
tum, magnetic field fluctuations influence trapped ions,
etc. Common sense tells that this renders the distributed
quantum state useless and unrecognizable.

Here we provide a method for entanglement detection
and analysis that is insensitive to local rotations and
thus overcomes these difficulties. It requires neither ref-
erence frames nor alignment nor calibration of measur-
ing devices. Still, it can both witness as well as clas-
sify multipartite entanglement in the presence of local
unitary noise. The key to overcome the lack of control
and knowledge regarding each single measurement is to
harness uniform sampling of the entirety of all measure-
ments. Especially without any prior knowledge about the
state, the conceptually simple method of random sam-
pling proves highly beneficial for entanglement detection
and state analysis.

Previous work on entanglement detection relaxing the
requirement of fully aligned reference frames first con-
sidered the absence of a shared reference frame, but still

required the ability to choose or at least to repeat local
measurement settings from a given set in order to detect,
for example, the violation of a Bell inequality [1–6], or
for tomographic reconstruction [7]. Under the same con-
straints, also adaptive methods for entanglement detec-
tion have been developed [8, 9]. In the absence of any ref-
erence frames Bell violations can be measured with some
probability [10, 11] and entanglement can be detected by
evaluating the second moment of the distribution of cor-
relations obtained by measuring random observables on
each subsystem [12–17]. Furthermore, it has been shown
recently that higher-order moments of this distribution
allow discrimination of very specific types of multipar-
tite entanglement [18]. While these methods analyze full
correlations, a recent experiment used second moments
of subsets to deduce entanglement in systems of more
than ten particles [19].

Our analysis method considers not only a specific mo-
ment of the distributions of full correlations, but all prob-
ability distributions of full as well as of marginal correla-
tions taking into account their interdependencies. We
show for specific pure states that this provides a de-
tailed picture of the type of state and its entanglement
structure. Furthermore, we derive general witnesses of
genuine multipartite entanglement for pure and mixed
states. We experimentally measure such distributions of
various multiqubit states using reference frame free ran-
dom measurements and show the applicability of the ex-
tended analysis methods. These methods are robust as
they do not depend on the local unitary noise as long
as the rate of generated entangled states is high enough
to estimate the correlations for a momentarily constant
noise.
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II. SCENARIO

Consider a source producing copies of an unknown
n-qubit state %, which is transmitted through unstable
quantum channels to n local observers (Fig. 1). Dur-
ing the j-th transmission the state % is transformed by n

random local unitary operators U
(j)
i with i = 1, 2, . . . , n

according to

%→ %(j) = U
(j)
1 ⊗ . . .⊗ U (j)

n % U
(j)†
1 ⊗ . . .⊗ U (j)†

n . (1)

Additionally, each of the n observers is free to choose

an arbitrary measurement setting σ
(j)
i to measure her

qubit. If for each transmitted copy of % the transforma-

tions U
(j)
i change significantly, all information about the

state is lost. However, in a very common scenario encoun-
tered by experimenters the unitary noise has a timescale
which is sufficiently slow to obtain at least a few copies
of % which have been affected by essentially the same

noise, i.e., by the same set of local transformations U
(j)
i .

In this case the transformations are still much too fast
to apply standard techniques of state analysis [20], yet,
it becomes possible to use the few equally transformed
states to reliably record correlations

E
(j)
1...n = tr

(
σ
(j)
1 ⊗ σ

(j)
2 ⊗ . . .⊗ σ(j)

n %(j)
)

= tr
(
σ̃
(j)
1 ⊗ σ̃

(j)
2 ⊗ . . .⊗ σ̃(j)

n %
)
, (2)

where each observer is keeping her local observable σ
(j)
i

constant in the timescale of constant noise, which results

in the effective random observable σ̃
(j)
i ≡ U

(j)†
i σi U

(j)
i .

Note that here and below the index j refers to a set of
transmitted states which have all been affected by the
same noise transformations and measured using the same
settings.

We refer to E
(j)
1...n as “full correlation” or n-partite cor-

relation because it involves measurement outcomes of all
n observers. Besides full correlations, also “marginal cor-
relations” can be measured, which are computed from

FIG. 1. Quantum communication over noisy channels. A
source produces an entangled state of, say, four qubits. Each
of them propagates through a noisy channel resulting in an
unknown unitary transformation. When choosing local ob-
servables σi uniformly at random, the statistics of correlations
reveal detailed information on multipartite entanglement, in-
dependently of the noise in the channels or of the lack of
shared reference frames.

the outcomes of a subset of observers. For example, the
marginal correlation of all observers but the first one is

E
(j)
2...n = tr

(
1⊗ σ̃(j)

2 ⊗ · · · ⊗ σ̃(j)
n %

)
. (3)

The essential ingredient in our approach is to sample

all local measurement directions σ̃
(j)
i , for each observer

randomly according to a Haar uniform distribution. This
removes any dependence of the obtained information on
the actual structure or time dependence of the various

U
(j)
i and thus overcomes any bias in the random noise.
In our experiment we prepare four different four-qubit

states using entangled photon pairs, where we encode
two qubits in the polarization degree of freedom and two
qubits in the path degree of freedom. To comprehensively
demonstrate the informational content of distributions
of random correlations, we consider four quantum states
belonging to different entanglement classes, in particular
a tri-separable, a bi-separable and two genuinely multi-
partite entangled states, namely a Greenberger-Horne-
Zeilinger (GHZ) state and a cluster state,

|ψtrisep〉 ∝ (|00〉+ |11〉)⊗ |0〉 ⊗ |0〉 , (4a)

|ψbisep〉 ∝ (|00〉+ |11〉)⊗ (sinϕ |00〉+ cosϕ |11〉) , (4b)

|GHZ〉 ∝ (|0000〉+ |1111〉) , (4c)

|C4〉 ∝ (|0000〉+ |0011〉 − |1100〉+ |1111〉) . (4d)

We utilize the full experimental control over the choice of
measurement settings to emulate the local unitary trans-
formations due to noisy channels and the Haar random
choices of measurement settings. Details of the setup can
be found in [21]. It should be noted that while we clearly
can deduce how characteristics of the state are reflected
in the form of the distribution the other direction of de-
duction is in general much more difficult.

III. ANALYZING ENTANGLEMENT
STRUCTURES

In the following we study distributions of random cor-
relations for these four states, see Fig. 2. It is help-
ful to recall that for some particular states the distri-
butions are known analytically. A pure product state
of n qubits results in a distribution proportional to
−(ln|E|)n−1 [16, 17], which becomes uniform for n = 1,
and a maximally entangled state of two qubits gives rise
to a flat distribution [22, 23]. In addition to this estab-
lished knowledge, we use new criteria to show that the
experimental data not only provide information about
the amount of entanglement in the full state, but also
give insight into how the entanglement is shared among
the parties, allowing to reconstruct the whole multipar-
tite entanglement structure. An important finding arises
from the fact that for arbitrary product states of the sub-
systems A and B any full correlation value EAB is the
product of the corresponding marginal values with

%AB = %A ⊗ %B ⇒ EAB = EAEB . (5)
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FIG. 2. Experimental distributions of correlations for four typical states. For each state we plot the distribution of the modulus
of the measured full correlation E1234 together with two of the six two-qubit marginal distributions and all four single-qubit
marginals. For this visualization, we measured each state along 104 different settings (in panel b only 6000 settings; we
choose ϕ ≈ 0.2). The histograms are derived from raw measured data corrected for detection efficiencies. Solid lines represent
theoretical curves for ideal states. Deviations of the measured data from the ideal distributions are due to finite statistics and
finite fidelity of the state preparation.

This relation between single expectation values implies
that the correlation distribution of parties AB is a so-
called product distribution of measurement results ob-
tained on A and B. Whenever this is not the case we
can infer that, if the state is pure, it is entangled across
the partition AB. Here, we first apply this criterion to
product states, but later we will also generalize it for
arbitrary mixed states.

Consider first the triseparable state in Fig. 2a. The
bipartite distribution E34, i.e., the distribution of the
multiplication of outcomes for qubits 3 and 4, shows a
logarithmic decay, which indicates a pure product state
over these two parties. The bipartite distribution E12

is uniform as it is characteristic for maximally entangled
two-qubit states. The single qubit marginals confirm this
observation. E3 and E4 are almost uniform (pure states),
whereas E1 and E2 correspond to the maximally mixed
state. Ideally, the correlation function for the maximally
mixed state is equal to zero and results in a delta peak
around 0. Finite statistics causes a broadening of this

theoretical distribution and leads to the observed Gaus-
sian shape. Several of the distributions are product dis-
tributions. For example we can verify that the full dis-
tribution E1234 is the product distribution of multiplied
results obtained on qubits 12 and on qubits 34, and that
E34 is the product distribution of the results on qubit 3
and on qubit 4. This is compatible with the state be-
ing separable across these partitions. On the other hand,
clearly the distribution E12 is not a product one for the
outcomes on qubit 1 and on qubit 2, which indicates the
presence of entanglement.

The distributions for the biseparable state (4b) are
shown in Fig. 2b. As expected, the bipartite marginal
E12 is the same as for the triseparable state. The same
also holds for the respective single qubit marginals of E1

and E2. In the bipartite distribution of E34, however,
one can nicely observe the signature of a pure state in-
termediate between a maximally entangled and a prod-
uct state, as tuned by the parameter ϕ. For ϕ ≈ 0.2,
the bipartite distribution of E34 is almost uniform until
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approximately 0.5 and decays logarithmically for larger
values. Equally, the respective single qubit marginals also
show an intermediate behavior between a uniform distri-
bution (pure state) until approximately 0.8 and vanishing
(white noise) for values above. Both the distributions E12

and E34 do not correspond to the product distributions
from the constituent systems which implies entanglement
across these partitions of the pure state.

The maximally entangled GHZ state (Fig. 2c) and the
cluster state (Fig. 2d) are not distinguishable on the level
of the four respective single qubit marginals. Also cer-
tain bipartite marginals are the same, e.g., when tracing
out qubits 3 and 4. However, while for the permutation-
ally invariant GHZ state all marginal distributions for
the same number of qubits must be the same, a signifi-
cantly different distribution (corresponding to the maxi-
mally mixed state) can be obtained for the cluster state,
when tracing out for example qubits 1 and 4, i.e., for E23.
Finally, the cluster and GHZ state can be distinguished
also via their distributions of the full correlations. From
the plotted distributions for these two states only the dis-
tribution E23 of the cluster state is (trivially) the product
distribution for the results on qubits 2 and 3 (the same
holds also for E13, E14, and E24). All other distribu-
tions are not the product distributions and thus reveal
entanglement.

While our data reflect the theoretical predictions based
on Eqs. (4a-d) well, there are systematic differences which
can be traced back chiefly to a broadening of the distri-
butions due to finite statistics [24]. We used approxi-
mately 475 counts per estimated expectation value for
the GHZ state, giving rise to the broadening of a nor-
mal distribution with standard deviation on the order of
1/
√

475 ≈ 0.046. Accounting for these systematics is vi-
tal for the application of our quantitative analysis below
and is explained in Appendix A.

IV. WITNESSING ENTANGLEMENT

To quantitatively analyze the experimentally obtained
distributions, we focus on their statistical moments. The
k-th moment of the distribution of the full correlation is
defined as

m
(k)
1...n ≡

∫

SU(2)n
dU1 . . . dUn tr

(
U†σ⊗nz U%

)k
, (6)

with U ≡ U1⊗ . . .⊗Un and where integration over SU(2)
is equivalent to sampling measurement directions uni-
formly from the single qubit Bloch spheres. We will show
in the following how to deduce the amount of purity and
the presence of genuine multipartite entanglement using
only the second moments of our measured correlation
distributions. We denote the second moment simply by

m1...n ≡ m(2)
1...n.

One of the most elementary properties of a quantum

state is its purity. For n qubits it is defined by

P (%) ≡ tr
(
%2
)

=
1

2n

∑

A∈P(S)
3|A|mA (7)

where P(S) is the set of all subsets of S = {1, . . . , n} and
|A| denotes the cardinality of the set A. Clearly, purity is
accessible in the experiment with random measurements
and forms the basis of our methods for detecting multi-
partite entanglement. Note that in the case of a single
qubit, the purity parameterizes the spectrum of the den-
sity matrix and hence any function of the quantum state
which is invariant under local unitary transformations.

Let us consider the simplest case of pure two-qubit
states. The second moments of any product state satisfy
m12 = m1m2. In consequence, the observation of m12 >
m1m2 indicates entanglement for pure states. This rea-
soning cannot be easily extended to general states, since
this inequality can also be satisfied for incoherent mix-
tures of product states. However, we have found a purity
dependent tightening of the inequality such that any m12

above a certain purity dependent threshold must be due
to quantum entanglement. In Appendix B we derive the
following entanglement witness condition:

M2 ≡ m12 −m1m2 ≤
{

4(1− P)P/9 for P ≥ 1
2 ,

(4P − 1)/9 for P < 1
2 .

(8)

It holds for all separable states of two qubits with pu-
rity P ≡ P (%). The bound is tight and achieved, e.g.,
by the state p|00〉〈00| + (1 − p)|11〉〈11|. This powerful
criterion can be generalized to the detection of genuine
multipartite entanglement.

A state is genuinely multipartite entangled if it cannot
be represented as a mixture of product states across any
bipartition (such a mixture is called a bi-separable state).
The left-hand side of Eq. (8) generalizes for an n-qubit
state to

Mn ≡ mS −
1

2

∑

A∈{P(S)\(S∪∅)}
mAmS\A, (9)

where the factor of 1/2 resolves the issue of the double
counting in the sum.

By numerical simulations, we find that the following
condition holds for three-qubit bi-separable states

M3 = m123 −m1m23 −m2m13 −m3m12 ≤ 8
27 (1−P)P.

(10)
We have verified this inequality by extensive numerical
search described in Appendix C. The bound is tight for
P ≥ 1

2 and is achieved by, e.g., the state p|φ+〉〈φ+| ⊗
|0〉〈0|+(1−p)|φ−〉〈φ−|⊗|1〉〈1| with the Bell states |φ±〉 =
1√
2
(|00〉 ± |11〉).

The bounds of the last two inequalities give hope for
a simple dependence on the number of qubits. Unfortu-
nately, already for four qubits we found by a numerical
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study that the inequality satisfied by bi-separable states
has a different functional dependence on the purity [25],

M4 ≤ 8
81 (1− P2). (11)

This bound is also tight for P ≥ 5
8 and achieved by, e.g.,

the state p|φ+〉12〈φ+|⊗ |φ+〉34〈φ+|+ (1−p)|φ+〉13〈φ+|⊗
|φ+〉24〈φ+|.

Any violation of inequality (10) or (11) indicates gen-
uine multipartite entanglement between three or four
qubits respectively. We emphasize that these criteria re-
quire only the second moments of the observed distribu-
tions.

Application of the conditions of Eqs. (8), (10) and (11)
to experimental data (Fig. 3) indeed enables detection
of genuine n-partite entanglement for various subsets of
particles. For the cluster and the GHZ state, genuine
4-partite entanglement is revealed with Eq. (11) using
M4 ≈ 0.0330 > 0.0076 and M4 ≈ 0.0311 > 0.0099,
respectively. The bi- and triseparable states do not vi-
olate their respective bound. Investigating the entan-
glement properties for their marginal states, one can
now prove the entanglement for the 12-marginal and the
34-marginal of the biseparable state as well as the 12-
marginal of the triseparable state. It is therefore possible
to conclude that the biseparable state contains contribu-
tions of at least %12 ⊗ %34, with entanglement between 1
and 2 and between 3 and 4, and the triseparable state
contains %12 ⊗ %3 ⊗ %4. Note that the state could also
contain genuine 4-partite entanglement, which was not
revealed by M4.

V. CONCLUSION

This work introduces a scheme to detect genuine multi-
partite entanglement and reveal its detailed structure in
the absence of any reference frames and even for strongly
fluctuating channels. Key to this method is to subject a
multipartite quantum system to randomly chosen local
measurements and to analyze full and marginal correla-
tions between all local results using second moments of
respective correlation distributions. Haar random sam-
pling removes any bias of the noise and, provided that
the generation rate of multiqubit states is higher than
the rate of fluctuations along the channel, neither the
strength nor any characteristics of the noise matter. The
power of our procedure is demonstrated here by recon-
structing the entanglement structure of various, experi-
mentally prepared photonic four-qubit states. From this,
many more interesting questions arise, e.g., whether it
is possible to - up to suitable transformations - tomo-
graphically reconstruct quantum states or characterize
quantum processes in our scenario of fully randomized
local measurement directions.
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FIG. 3. Analyzing the entanglement structure using Mi: (a)
M4 of the GHZ state (4c) (red plus) and the cluster state (4d)
(blue square) are violating the bound for biseparable states
(11), clearly indicating genuine 4-partite entanglement. The
negative values for M4 of the tri- and the biseparable states
are not shown. (b) Evaluation ofM3 for tripartite marginals
for these states does not indicate any genuine tripartite entan-
glement as expected, as no point is found above the threshold
given in Eq. (10). The filled and non-filled circles indicate the
type of marginals giving rise to different values ofM3. (c)M2

is shown for all bipartite marginals. The four-qubit bisepara-
ble state (4b) (green diamond) and the four-qubit triseparable
state (4a) (purple cross) have two and one marginals, respec-
tively, which themselves are shown to be two-qubit entangled.
The shaded regions contain all types of quantum states, irre-
spective of their entanglement properties. All error bars are
smaller than the markers.
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Appendix A: Finite sample size correction

In our experiment, two different types of statistical ef-
fects have to be taken into account. On one hand, for
obtaining the distributions as in Fig. 2, a finite number
Ns of measurement settings (Ns = 10 000 in our case)
is used. This leads to an uncertainty in estimating the

second moments mA ≡ m
(2)
A . This statistical error can

be approximated by

(
∆m

(2)
A

)2
=

1

Ns

[
m

(4)
A −

Ns − 3

Ns − 1

(
m

(2)
A

)2]
, (A1)

which describes the variance of the sample variance.

On the other hand, each correlation E
(j)
A ≡ E is ob-

tained by performing Nc measurements in the same set-
ting. Due to this finite sample size, for each expectation
value in general we do not obtain the ideal result ER,
but measure a value EM at random from a conditional
probability distribution p(EM |ER), approximately given
by the Gaussian

p (EM |ER) =
1√
2πσ

exp

(
− (EM − ER)

2

2σ2

)
(A2)

centered around ER with σ =
√

1− E2
R/
√
Nc, see, e.g.,

[24].
This statistical deviation leads to an overestimation

of mA. We mitigate this systematic inaccuracy by tak-
ing into account the well known statistical effect from
Eq. (A2). Employing Bayesian methods, we are able to
obtain p (ER|EM ) from p (EM |ER) allowing to calculate
mA with reduced bias as

mA =

∫ 1

−1
dER p(ER)E2

R

=

∫ 1

−1
dER

∫ 1

−1
dEM p(ER|EM ) p(EM ) E2

R. (A3)

Bayes’ theorem provides p(ER|EM ) as

p(ER|EM ) =
p(EM |ER)p̃(ER)

p(EM )

=
p(EM |ER)p̃(ER)∫ 1

−1 dE′R p(EM |E′R) p̃(E′R)
, (A4)

where p̃(ER) represents the prior assumption about the
unknown distribution p(ER). For our evaluation we use
the measured distribution p(EM ) as the prior guess about
p(ER) and obtain an updated distribution according to
the statistical analysis above. This distribution is used
to evaluate the moments.

Appendix B: Two-qubit condition

Here we prove Eq. (8) of the main text. The problem
is to maximize the value of M2 = m12 − m1m2 over
separable states of two qubits with fixed purity P. Any
two-qubit state admits a decomposition

% =
1

4

3∑

µ,ν=0

Tµνσµ ⊗ σν , (B1)

where Tµν = tr (%σµ ⊗ σν). In order to simplify nu-
merical factors, we note that the second moments sat-
isfy [16, 17]:

m12 =
1

9

3∑

j,k=1

T 2
jk ≡

1

9
m12, (B2)

m1 =
1

3

3∑

j=1

T 2
j0 ≡

1

3
m1, (B3)

m2 =
1

3

3∑

k=1

T 2
0k ≡

1

3
m2. (B4)

The problem is therefore to maximize m12 −m1m2 (and
then multiply the result by 1

9 ). Using the definition of
the purity results in

m12 = 4P − 1−m1 −m2. (B5)

For the figure of merit we obtain

9M2 = 4P − 1− (m1 +m2 +m1m2). (B6)

Since the purity is fixed we solve the following optimiza-
tion

minimize: m1 +m2 +m1m2, (B7)

under condition: m1 +m2 = 4P − 1−m12. (B8)

By the Lagrange multiplier method one finds that the
minimum is achieved for m1 = m2 ≡ m. Since the func-
tion to be minimized, 2m+m2, is increasing with m, the
minimum is achieved for the smallest m compatible with
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FIG. 4. Numerical evidence supports our witnesses of genuine tripartite and four-partite entanglement. We sampled more that
106 biseparable states from various (also random) families. The numerical boundary for biseparable states is plotted with a solid
line, whereas the numerical boundary that holds for all quantum states (boundary of physicality) is plotted as a dashed line.
(a) The biseparable states of 3 qubits are confined to the region below the boundary given by Eq. (C1). (b) The biseparable
states of 4 qubits are confined to the region below the boundary given by 8

81
(1− P2).

the condition 2m = 4P − 1−m12. All two-qubit separa-
ble states satisfy m12 ≤ 1 [16], and hence the minimum
is for m = max(0, 2P−1). There are therefore two cases.
For P ≤ 1

2 , the figure of merit equals (4P−1)/9 obtained

by putting m1 = m2 = 0 in Eq. (B6). For P > 1
2 the

figure of merit reads 4P(1 − P)/9 obtained by putting
m1 = m2 = 2P − 1 in Eq. (B6). Fig. 3c presents both of
these bounds.

Appendix C: Numerical simulations

Here we give numerical evidence for the bounds of
Eqs. (10) and (11) of the main text.

We performed sampling of more than 106 biseparable

states and always found the bounds satisfied. Fig. 4 il-
lustrates the results of numerical simulation.

For the case of three qubits we find the following im-
proved boundary for small values of P:

M3 ≤





(8P − 1)/27 for P ∈ [ 18 ,
1
4 ],

4P/27 for P ∈ ( 1
4 ,

1
2 ],

8(1− P)P/27 for P > 1
2 ,

(C1)

while the improved boundary for four qubits reads

M4 ≤





(16P − 1)/81 for P ∈ [ 1
16 ,

1
4 ],

2(−8P2 + 16P + 1)/243 for P ∈ ( 1
4 ,P0],

8(1− P2)/81 for P > P0,

(C2)

where P0 = −4+3
√
3

2 ≈ 0.60.
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and H. Weinfurter, How long does it take to obtain
a physical density matrix?, ArXiv e-prints (2015),
arXiv:1512.06866 [quant-ph].

[25] A straightforward generalization from the previous
bounds gives (2/3)4(1 − P)P. However, there exist bi-
separable four-qubit states that violate this hypothetical
bound.

4.3 [P5] Multipartite Entanglement Analysis From Random Correlations 147



148 4. Characterizing Entanglement

4.4 Entanglement without Correlations

Although the connection between entanglement and correlations seems to be at the very
heart of quantum mechanics, the usual definition of (quantum) correlations can lead to un-
expected situations. In the following sections, the example of the so-called no-correlation
state, a genuinely n-partite entangled state without any n-partite correlations [197] ac-
cording to the definition of Eq. (2.17), will be introduced. Using this example, the concept
of predictability of outcomes will be discussed, indicating that, although the n-partite cor-
relations might vanish, the knowledge of the measurement outcomes of all but one party
can increase the knowledge about the measurement outcome for the measurement of the
last party. Subsequently, the role of classical and quantum correlations will be addressed
including a discussion of reasonable postulates for a proper definition of quantum correla-
tions. Finally, in Sec. 4.4.6, which is a reprint of [P6], a construction scheme for states
with odd number of particles is given, which allows to obtain rank-2 states without cor-
relations.A more comprehensive discussion including the role of the number of qubits and
the rank of the state is given in [P7], which is reprinted in Sec. 4.4.7.

4.4.1 Entanglement and Correlations

Consider the tripartite |W3〉 state with

|W3〉 =
1√
3

(|001〉+ |010〉+ |100〉) . (4.42)

This state exhibits nonvanishing correlations in 19 basis combinations when all three ob-
servers or a subset of them jointly measure. These correlations are given in Tab. 4.2.

Table 4.2: Correlations of the state |W3〉 = 1√
3

(|001〉+ |010〉+ |100〉). Π denotes permutations,

e.g., Π (〈σ0 ⊗ σ0 ⊗ σz〉) = {〈σ0 ⊗ σ0 ⊗ σz〉, 〈σ0 ⊗ σz ⊗ σ0〉, 〈σz ⊗ σ0 ⊗ σ0〉}. Except of the trivial
correlation 〈σ0 ⊗ σ0 ⊗ σ0〉 = 1, all correlations which are not shown vanish.

Π (〈σ0 ⊗ σ0 ⊗ σz〉) Π (〈σ0 ⊗ σx ⊗ σx〉) Π (〈σz ⊗ σx ⊗ σx〉)
1
3

2
3

2
3

Π (〈σ0 ⊗ σz ⊗ σz〉) Π (〈σ0 ⊗ σy ⊗ σy〉) Π (〈σz ⊗ σy ⊗ σy〉)
−1

3
2
3

2
3

〈σz ⊗ σz ⊗ σz〉
−1

If one compares these correlations with the correlations of the state

|W 3〉 =
1√
3

(|110〉+ |101〉+ |011〉) , (4.43)
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which are given in Tab. 4.3, one realizes that the full correlations, which include all three
observers, as well as local correlations including only a single observer are exactly opposite,
while bipartite correlations are identical.

Table 4.3: Nontrivial correlations of the state |W 3〉 = 1√
3

(|110〉+ |101〉+ |011〉).

Π (〈σ0 ⊗ σ0 ⊗ σz〉) Π (〈σ0 ⊗ σx ⊗ σx〉) Π (〈σz ⊗ σx ⊗ σx〉)
−1

3
2
3

2
3

Π (〈σ0 ⊗ σz ⊗ σz〉) Π (〈σ0 ⊗ σy ⊗ σy〉) Π (〈σz ⊗ σy ⊗ σy〉)
−1

3
2
3

2
3

〈σz ⊗ σz ⊗ σz〉
1

As the correlation tensor of a mixed state is given by the convex combination of the
correlation tensors of the states which are mixed, Tmixed = p1T1 + p2T2 for %mixed = p1%1 +
p2%2, the equally weighted mixture of |W3〉 and |W 3〉 results in a state with bipartite
correlations identical to those of |W3〉 and of |W 3〉, while local and tripartite correlations
vanish, see Tab. 4.4. This state will be called the no-correlation state

%nc =
1

2

(
|W3〉〈W3|+ |W 3〉〈W 3|

)
. (4.44)

Table 4.4: Nontrivial correlations of the state %nc ≡ 1
2

(
|W3〉〈W3|+ |W 3〉〈W 3|

)
. Local and

tripartite correlation measurements are indistinguishable from the respective white noise, 1

2 and
1

8 , as all correlations which include one or three observers vanish. Obviously, this state is of rank
2.

Π (〈σ0 ⊗ σ0 ⊗ σz〉) Π (〈σ0 ⊗ σx ⊗ σx〉) Π (〈σz ⊗ σx ⊗ σx〉)
0 2

3
0

Π (〈σ0 ⊗ σz ⊗ σz〉) Π (〈σ0 ⊗ σy ⊗ σy〉) Π (〈σz ⊗ σy ⊗ σy〉)
−1

3
2
3

0

〈σz ⊗ σz ⊗ σz〉
0

Interestingly, as all tripartite correlations vanish, the correlations of this state are in-
distinguishable from white noise, when only considering measurements involving all three
parties. However, as one can show, this state is still genuinely tripartite entangled [P6].
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4.4.2 Correlations and Predictability

G
guesser

A
Alice

B
Bob

C
Charlie

result
(+1 or -1)

result
(+1 or -1)

guesses result
(+1 or -1)

(a) Alice and Bob inform the
guesser about their respective
measurement result. Based on
this knowledge, the guesser may

guess Charlie’s outcome.

G
guesser

A
Alice

B
Bob

C
Charlie

result
(+1 or -1)

result
(+1 or -1)

guesses result
(+1 or -1)

product
of results
(+1 or -1)

(b) The guesser does not know the
individual measurement results of
A and B, but only the product
of them. This corresponds to the

definition of correlations.

Figure 4.7: Correlations and predictability in a tripartite scenario. The guesser wants to predict
the measurement outcome of Charlie’s measurement based on information he or she obtains from
the results of Alice’s and Bob’s measurement given the knowledge of the experimentally prepared

quantum state.

Consider the scenario that some external party, which may be called the guesser, wants
to predict the measurement outcome of the third observer (Charlie) given some information
about the respective measurement outcomes of the first two observers (Alice and Bob) and
the experimentally prepared quantum state, see Fig. 4.7. For example, assume that the
state is %nc = 1

2

(
|W3〉〈W3|+ |W 3〉〈W 3|

)
with the correlations given in Tab. 4.4 as first

proposed in [197].
In the first scenario, Alice and Bob tell the guesser their respective measurement result

+1 or −1, see Fig. 4.7a. %nc written in the basis of eigenstates of σ⊗3
z reads

%nc =
1

6

[
(|001〉+ |010〉+ |100〉) (〈001|+ 〈010|+ 〈100|) + (4.45)

(|110〉+ |101〉+ |011〉) (〈110|+ 〈101|+ 〈011|)
]
. (4.46)

If the state is also measured in the basis of the eigenstates of σ⊗3
z , only the populations,

i.e., the diagonal terms, are relevant, while cross terms such as |001〉〈010| can be neglected.
For measurements along the respective σz direction, there are 4 different combinations of
results for Alice and Bob (−1 ∧−1, −1 ∧ 1, 1 ∧−1, and 1 ∧ 1) in the notation σz|0〉 = |0〉
(outcome 1) and σz|1〉 = −|1〉 (outcome −1). If Alice and Bob obtain different results, the
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guesser cannot infer anything about the results of Charlie’s measurement since the terms
|010〉〈010| and |011〉〈011| (as well as |100〉〈100| and |101〉〈101|) appear with the same
probability. However, if Alice and Bob both observe −1 (+1), the guesser can conclude
with certainty that Charlie’s result will be +1 (−1). Thus, in two of six cases, Charlie’s
measurement outcome can be predicted with certainty, while in the remaining four cases,
the prediction of Charlie’s outcome corresponds to a coin flip. Hence, the probability for
successfully predicting his outcome is 1

6

(
1 + 1 + 1

2
+ 1

2
+ 1

2
+ 1

2

)
= 2

3
.

In contrast, the usual definition of a correlation does not account for single observer’s
outcomes, but only for the parity of the product of all outcomes. This is resembled in the
scenario shown in 4.7b. The guesser cannot access the individual outcomes, but only their
product. Then, the two cases −1 ∧ −1 and 1 ∧ 1 are equivalent for the guesser (product
1) and no information about Charlie’s result is obtained. Therefore, for the state %nc,
no inference (guessing better than tossing coins) is possible. Charlie’s result can still be
+1 or −1 and can hence not be predicted. Thus, the usual definition of a correlation
does not incorporate all information which might be accessible due to the single observers’
measurements.

4.4.3 Postulates for Correlations

In [198] and a series of subsequent papers, the distinction between classical, quantum and
total correlations has been discussed [199]. For bipartite systems, the quantum mutual
information [200] provides a quantification for the total correlations between the subsystems
%A = trB (%AB) and %B = trA (%AB) in a total state %AB. It is defined as

I (%) = S (%AB)− S (%A)− S (%B) (4.47)

with the von Neumann entropy S (%) = − tr (% log2 %) [201] as the quantum analog of the
Shannon entropy [202]. The classical correlation can be obtained by a generalization of
the classical mutual information based on the entropy maximizing over POVM [198].

In order to find a good criterion for genuine multipartite correlation, the authors of
Ref. [199] phrased three postulates:

1. Adding a party to a state without n-partite correlations may not result in n+1-partite
correlations.

2. Application of trace non-increasing local operators, which includes local unitary
transformation, but also postselection, may not generate n-partite correlation from
a state without n-partite correlations.

3. Splitting a subsystem of a state without n-partite correlations into two and creating
a n+ 1-st subsystem may not create n+ 1-partite correlations.

The cumulants [203] and the correlations as defined in Eq. (2.17) do not satisfy those
requirements [199], see also [P6]. This manifest discrepancy is best illustrated by the fact
that for the no-correlation state all full correlations defined this way vanish, while genuine
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tripartite entanglement persists. It is still an open question how to define multipartite
quantum correlations in a consistent, operationally meaningful way [P6] and [P7].

4.4.4 Even and Odd Number of Qubits

One possibility to generally obtain an n-qubit state without full correlations according to
the standard definition of, e.g., Eq. (2.17), is by creating an equal mixture between a first
initial state |ψ〉 (or in general a mixed state %) and the corresponding antistate |ψ〉 (or
%). The antistate is a state which has opposite n-partite correlations, which thus leads
for equal mixture of the two states to a state with vanishing n-partite correlations. One
possibility to obtain such an antistate is by applying the universal-not gate N = σzσxK on
every qubit, where K denotes conjugation in the computational basis, see [P6] and [P7]
as well as the reprints thereof in Secs. 4.4.6 and 4.4.7.

However, this procedure does not work in general for pure states with an even number
of qubits as can be shown by a counterexample. Nevertheless, also for an even number of
qubits such no-correlation states exist, as is shown in [P7], see Sec. 4.4.7. These states are
more difficult to find and need to have a rank larger than two. In the aforementioned publi-
cation, a constructive example of a four-qubit state of rank four with vanishing correlation
functions is given as well as the result of a numerical procedure resulting in a four-qubit
state with rank three. The constructive procedure can be generalized to any even number
of qubits strictly larger than two. All two-qubit states with vanishing bipartite correlation
functions cannot be entangled, thus, no entangled bipartite no-correlation state exists. All
of the states given in [P6] and [P7] do not show full correlations in any basis combination
and still exhibit genuine n-partite entanglement. As shown in [204], similar states do also
exist for higher dimensions.

4.4.5 Obtaining a State without Correlations

For the experimental implementation of the rank-2 no-correlation state %nc, the states |W3〉
and |W 3〉 have to be mixed equally. In general, the experimental production of mixed states
is rather difficult in a coherent way (of course, there could be the possibility to randomly
create either one or the other state). However, for this specific state, one can first produce a

pure Dicke state |D(2)
4 〉 = 1√

6
(|0011〉+ |0101〉+ · · ·+ |1100〉). Projecting one of the qubits

onto |1〉 (and tracing over this qubit) results in the state |W3〉,

tr4

[
1⊗ 1⊗ 1⊗ |1〉〈1| |D(2)

4 〉〈D(2)
4 |
]

= |W3〉〈W3|. (4.48)

Analogously, one can obtain |W 3〉,

tr4

[
1⊗ 1⊗ 1⊗ |0〉〈0| |D(2)

4 〉〈D(2)
4 |
]

= |W 3〉〈W 3|. (4.49)

Thus, in order to obtain %nc, it is sufficient to trace out one qubit,

tr4

[
|D(2)

4 〉〈D(2)
4 |
]

= %nc. (4.50)
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The experimental preparation of the Dicke state is described in the following section, which
is a reprint of [P6]. For more details on the state preparation, see also [132, 205].

These publications are based on ideas of Tomasz Paterek and Wies law Laskowski to-
gether with Harald Weinfurter. Harald Weinfurter, Christian Schwemmer and me discussed
and decided for experimental measurements of the three-qubit no-correlation state. Chris-
tian Schwemmer and me performed the experimental measurements and evaluated the
obtained data. I theoretically analyzed a class of states in regards of its correlation content
and derived some error model together with Christian Schwemmer in close collaboration
with the other authors. Furthermore, I performed statistical analysis of the experimental
results. I also conducted a numerical search for other no-correlation states, including some
with higher rank and an even number of qubits. A similar simulation was central to the
second publication, [P7]. The manuscript of [P6] was prepared by Christian Schwem-
mer, Wies law Laskowski, Tomasz Paterek, Harald Weinfurter and myself, and edited by
all authors. I co-edited the manuscript of [P7].
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Nonclassical correlations between measurement results make entanglement the essence of quantum
physics and the main resource for quantum information applications. Surprisingly, there are n-particle
states which do not exhibit n-partite correlations at all but still are genuinely n-partite entangled. We
introduce a general construction principle for such states, implement them in a multiphoton experiment and
analyze their properties in detail. Remarkably, even without multipartite correlations, these states do violate
Bell inequalities showing that there is no classical, i.e., local realistic model describing their properties.
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Correlations between measurement results are the most
prominent feature of entanglement. They made Einstein,
Podolski, and Rosen [1] question the completeness of
quantum mechanics and are nowadays the main ingredient
for the many applications of quantum information like
entanglement based quantum key distribution [2] or
quantum teleportation [3].
Correlations enable us, e.g., when observing two max-

imally entangled qubits, to use a measurement result
observed on the first system to infer exactly the measure-
ment result on the second system. In this scenario, the two
particle correlations are formally given by the expectation
value of the product of the measurement results obtained by
the two observers. Note, the single particle correlation, i.e.,
the expectation value of the results for one or the other
particle are zero in this case. Consequently, we cannot
predict anything about the individual results. When study-
ing the entanglement between n particles, a natural exten-
sion is to consider n-partite correlations, i.e., the
expectation value of the product of n measurement results.
Such correlation functions are frequently used in classical
statistics and signal analysis [4], moreover, in quantum
information, almost all standard tools for analyzing multi-
partite systems like multiparty entanglement witnesses
[5,6] and Bell inequalities [7,8] are based on the n-partite
correlation functions.
Recently, Kaszlikowski et al. [9] pointed at a particular

quantum state with vanishing multiparty correlations
which, however, is genuinely multipartite entangled.
This discovery, of course, prompted vivid discussions on
a viable definition of classical and quantum correlations
[10,11]. Still, the question remains what makes up such
states with no full n-partite correlations and how non-
classical they can be, i.e., whether they are not only
entangled but whether they also violate a Bell inequality.

Here, we generalize, highlight, and experimentally test
such remarkable quantum states. We introduce a simple
principle how to construct states without n-partite cor-
relations for odd n and show that there are infinitely many
such states which are genuinely n-partite entangled. We
implement three and five qubit no-correlation states in a
multiphoton experiment and demonstrate that these states
do not exhibit n-partite correlations. Yet, due to the
existence of correlations between a smaller number of
particles, we observe genuine n-partite entanglement.
Using our recently developed method to design n-partite
Bell inequalities from lower order correlation functions
only [12,13], we show that these states, despite not having
full correlations, can violate Bell inequalities.
Correlations.—The quantum mechanical correlation

function Tj1…jn is defined as the expectation value of the
product of the results of n observers

Tj1…jn ¼ hr1…rni ¼ Trðρσj1 ⊗ … ⊗ σjnÞ; ð1Þ

where rk is the outcome of the local measurement of the kth
observer, parametrized by the Pauli operator σjk with
jk ∈ fx; y; zg. Evidently, besides the n-partite correlations,
for an n-partite state, one can also define l < n fold
correlations Tμ1…μn ¼ Trðρσμ1 ⊗ … ⊗ σμnÞ with μi ∈
f0; x; y; zg and jfμi ¼ 0gj ¼ n − l. Nonvanishing l-fold
correlations indicate that we can infer (with higher proba-
bility of success than pure guessing) an lth measurement
result from the product of the other ðl − 1Þ results [see
Supplemental Material [14]]. Only in the two particle
scenario can we directly use the result from one measure-
ment to infer the other result. For an n-qubit no-correlation
state, the vanishing n-partite correlations do not imply
vanishing correlations between a smaller number of observ-
ers, thus not necessarily destroying predictability. We will
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see also in the experimentally implemented example that the
various individual results still enable some possibility for
inference, which is then largely due to bipartite correlations.
Constructing no-correlation states.—For any state jψi

with an odd number n of qubits, we can construct an
“antistate” jψ̄i, i.e., the state whose n-partite correlations
are inverted with respect to the initial one. By evenly
mixing these states

ρncψ ¼ 1

2
jψihψ j þ 1

2
jψ̄ihψ̄ j; ð2Þ

we obtain a state ρncψ without n-partite correlations.
The antistate jψ̄i of a state jψi described in the computa-

tional basis by

jψi ¼
X1

k1;…;kn¼0

αk1;…;kn jk1…kni; ð3Þ

with normalized coefficients αk1;…;kn ∈ C, is given by

jψ̄i≡ X1
k1;…;kn¼0

ð−1Þk1þ���þknα�1−k1;…;1−kn jk1…kni; ð4Þ

where the asterisk denotes complex conjugation. This state
has inverted correlations with respect to those in jψi for
every odd number of observers, whereas all the correlation
function values for an even number of observers remain
unchanged.
jψ̄i is mathematically obtained from jψi by applying

local universal-not gates [24]. These gates introduce a
minus sign to all local Pauli operators. Therefore, for odd n,
the correlations of jψ̄i have opposite sign to those of jψi.
Representing the universal-not gate by N ¼ σzσxK,
where K is the complex conjugation operating in the com-
putational basis, i.e., Kðαj0i þ βj1iÞ ¼ α�j0i þ β�j1i,
indeed, we obtain NσxN† ¼ −σx, NσyN† ¼ −σy, and
NσzN† ¼ −σz. Applying N to all the n subsystems, we
find the anticipated result N ⊗ � � � ⊗ Njψi ¼ jψ̄i.
Although N is antiunitary, jψ̄i is always a proper

physical state and can be obtained by some global trans-
formation of jψi. In general, N can be approximated [25],
but if all the coefficients αk1…kn are real, complex con-
jugation can be omitted and no-correlation states can be
generated by local operations.
This construction principle can be generalized to mixed

states using ρ̄ ¼ N⊗nρðN⊗nÞ†, which changes every pure
state in the spectral form to the respective antistate. Evenly
mixing ρ and ρ̄ therefore produces a state with no l-party
correlations for all odd l.
One may then wonder whether the principle of Eq. (2)

can also be applied to construct a no-correlation state for
every state with an even number of qubits. The answer is
negative as shown by the following counterexample.
Consider the Greenberger-Horne-Zeilinger state of an even
number of qubits jψi ¼ ð1= ffiffiffi

2
p Þðj0…0i þ j1…1iÞ. It has

nonvanishing Tz…z, 2n−1 multipartite correlations in the xy
plane, and also, 2n−1 − 1 correlations between a smaller
number of subsystems, all equal to �1. However, for a state
with inverted correlations between all n parties (making no
assumptions about the correlations between smaller numbers
of observers), the fidelity relative to the GHZ state, given by
1
2n

P
3
μ1;…;μn¼0 T

GHZ
μ1…μnT

anti
μ1…μn , is negative because more than

half of the correlations are opposite. Hence, this state is
unphysical and there is no such “antistate”. In fact, so far we
were unable to find an antistate to any genuinely multiqubit
entangled state of even n.
Entanglement without correlations: infinite family.—

Consider a three-qubit system in the pure state

jϕi¼ sinβcosαj001iþsinβsinαj010iþcosβj100i; ð5Þ
where α; β ∈ ð0; π=2Þ (which includes the state jWi with
α ¼ π=3 and β ¼ cos−1ð1= ffiffiffi

3
p Þ). Together with any local

unitary transformation thereof, this defines a three dimen-
sional subspace of genuinely tripartite entangled states
within the eight dimensional space of three qubit states. To
show that all the respective no-correlation states ρncϕ are
genuinely entangled, we use a criterion similar to the one
in [6], i.e.,

max
Tbi-prod

ðT;Tbi-prodÞ< ðT;TexpÞ⇒ρexp is not biseparable; ð6Þ

where maximization is over all biproduct pure states and
ðU;VÞ≡P

3
μ;ν;η¼0UμνηVμνη denotes the inner product in

the vector space of correlation tensors. Condition
[Eq. (6)] can be interpreted as an entanglement
witness W ¼ α1 − ρncϕ , where α ¼ L=8 and L ¼
maxTbi-prodðT; TbiproductÞ is the left-hand side of Eq. (6). In
the ideal case of preparing ρexp perfectly, Texp ¼ T, the
right-hand side of our criterion equals four for all the states
of the family, and thus, the expectation value of the witness
is given by TrðWρncϕ Þ ¼ ðL − 4Þ=8.
A simple argument for ρncϕ being genuinely tripartite

entangled can be obtained from the observation that jϕi and
jϕ̄i span a two-dimensional subspace of the three qubit
Hilbert space [9]. As none of the states jΦi ¼ ajϕi þ bjϕ̄i
is a biproduct (for the proof see Supplemental Material
[14]), states in their convex hull do not intersect with the
subspace of biseparable states and thus all its states,
including ρncϕ are genuinely tripartite entangled. To evaluate
the entanglement in the experiment, we calculated L for all
states of Eq. (5). We obtain Ljϕi < 4 in general, with
LjWi ¼ 10=3. Similar techniques were used to analyze
five-qubit systems.
Quantum correlations without classical correlations?—

The cumulants and correlations were initially proposed
as a measure of genuinely multiparty nonclassicality in
Ref. [26]. Kaszlikowski et al. [9], however, showed that
such a quantification is not sufficient as the state ρncW has
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vanishing cumulants, yet contains genuinely multiparty
entanglement. They suggested that the vanishing cumulants
or standard correlation functions [Eq. (1)] indicate the lack
of genuine multiparty “classical” correlations. This initi-
ated a vivid discussion on a proper definition and measure
of genuine multipartite “classical” and quantum correla-
tions. Bennett et al. proposed a set of axioms for measures
of genuine multipartite correlations [11]. They showed that
the correlation function [Eq. (1)] does not fulfill all the
requirements, but also still strive for computable measures
that satisfy these axioms [15,27]. An information-theoretic
definition of multipartite correlations was given by Giorgi
et al. [15]. Their measure combines the entropy of all sizes
of subsystems. Applying their definitions to ρncW , we obtain
genuine classical tripartite correlations of 0.813 bit and
genuine quantum tripartite correlations of 0.439 bit result-
ing in total genuine tripartite correlations of 1.252 bit (see
Supplemental Material [14] for calculations for all ρncϕ ).
While this approach does assign classical correlations in the
context of Giorgi et al. [15] to ρncW , it does not fulfill all
requirements of [11] either.
Experiment.—The three photon state jWi can be

observed either using a multiphoton interferometer setup
[28] or by suitably projecting the fourth photon of a
4-photon symmetric Dicke state [29]. The latter scheme
has the advantage that it also offers the option to prepare the
states jW̄i and ρncW . The states jWi and jW̄i are particular
representatives of the symmetric Dicke states, which are
defined as

jDðeÞ
n i ¼

�
n
e

�
−1=2X

i

PiðjH⊗ðn−eÞi ⊗ jV⊗eiÞ; ð7Þ

where jH=Vi denotes horizontal (vertical) polarization and
Pi all distinct permutations, and with the three photon
states jWi ¼ jDð1Þ

3 i and jW̄i ¼ jDð2Þ
3 i. We observed four-

and six-photon Dicke states using a pulsed collinear type II
spontaneous parametric down conversion source together
with a linear optical setup (see Fig. 1) [30,31]. The jDðeÞ

n i
states were observed upon detection of one photon in each
of the four or six spatial modes, respectively. We charac-
terized the state jDð2Þ

4 i by means of quantum state tomog-
raphy, i.e., a polarization analysis in each mode, collecting
for each setting 26 minutes of data at a rate of 70 events per
minute. The fidelity of the experimental state jDð2Þ

4 iexp was
directly determined from the observed frequencies together
with Gaussian error propagation as 0.920� 0.005, which
due to the high number of detected events [16] is com-
patible with the value 0.917� 0.002 as obtained from a
maximum likelihood (ML) reconstruction and nonpara-
metric bootstrapping [14,20]. The high quality achieved
here allowed a precise study of the respective states. The
fidelities of the observed three qubit states with respect
to their target states are 0.939� 0.011 for jWiexp,
0.919� 0.010 for jW̄iexp, and 0.961� 0.003 for ρnc;expW .

Analogously, starting with a six-photon Dicke state jDð3Þ
6 i

[32], we could also analyze the properties of the five photon
state ρnc

Dð2Þ
5

. The five-qubit fidelity of ρnc;exp
Dð2Þ

5

is determined

via a ML reconstruction from fivefold coincidences to
be 0.911� 0.004 (for the detailed characterization see
Supplemental Material [14]).
For the experimental analysis of the states, we start by

determining Tzzz for the three states jWiexp, jW̄iexp, and
ρnc;expW . As the first two have complementary structure of
detection probabilities (with Tzzz ¼ −0.914� 0.034 and
Tzzz ¼ 0.904� 0.034, respectively), weighted mixing of
these states leads to ρnc;expW with Tzzz ¼ 0.022� 0.023, i.e.,
a correlation value compatible with 0 (see Supplemental
Material [14]). Figure 2 presents experimental data for all
possible tripartite correlations of the observed states.
Assuming a normal distribution centered at zero with a
standard deviation given by our experimental errors, the
observed correlations have a p value of 0.44 for the
Anderson-Darling test, which shows that indeed one can
adhere to the hypothesis of vanishing full correlations.
Similarly, the five qubit state ρnc;exp

Dð2Þ
5

exhibits strongly

suppressed, almost vanishing correlations. For details on
the five qubit state, please see Supplemental Material [14].
We want to emphasize that the vanishing tripartite

correlations of ρnc;expW are no artifact of measuring in the
Pauli bases. In fact, all states obtained via local unitary
transformations do not exhibit any n-partite correlations.
To illustrate this property, we considered correlation
measurements in non-standard bases. As an example, we
chose measurements in the zy plane σθ ¼ cos θσz þ sin θσy
with θ ∈ ½0; 2π� (σϕ ¼ cosϕσy þ sinϕσz with ϕ ∈ ½0; 2π�)
for the first (second) qubit resulting in the correlations
Tθj2j3 ¼ Trðρσθ ⊗ σj2 ⊗ σj3Þ (Tj1ϕj3). Indeed, as shown in

SM

IF

BS1

QWP

HWP PBS
PAj

APD
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aPA

cPA

dPA

fPA

3BS
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3S
bPA

ePA

BS4 BS5

FIG. 1 (color online). Schematic of the linear optical setup used
to observe symmetric Dicke states from which states with
vanishing 3- and 5-partite correlations can be obtained. The
photons are created by means of a cavity enhanced pulsed
collinear type II spontaneous parametric down conversion source
pumped at 390 nm [31]. Distributing the photons symmetrically
into six modes by five beam splitters (BS) enables the observation
of the state jDð3Þ

6 i. Removing beam splitters BS2 and BS4 reduces

the number of modes to four and thus the state jDð2Þ
4 i is obtained.

State analysis is enabled by sets of half wave (HWP) and quarter-
wave plates (QWP) together with polarizing beam splitters (PBS)
in each mode. The photons are measured by fiber-coupled single
photon counting modules connected to a coincidence logic [30].
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Fig. 3, Tθj2j3 (Tj1ϕj3) vanishes independently of the choice
of θ (ϕ). In contrast, the bipartite correlations Tθz0 (Tyϕ0)
between qubit 1 and 2 do not vanish at all and clearly
depend on θ (ϕ). By means of those even number
correlations, one is still able to infer the result of another
party from ones own result with probability 2=3 > 1=2. For
example, the values of Tzz0 ¼ −1=3 (Tz0z ¼ −1=3) indi-
cate that knowing, e.g., result “0” for the first qubit, we can
infer that the result will be “1” with p ¼ 2=3 on the second
(third) qubit, etc.

Although the three qubits are not tripartite correlated, the
bipartite correlations shown above give rise to genuine
tripartite entanglement. This can be tested for the exper-
imental states employing Eq. (6). We observe

ðT; Tnc;exp
W Þ ¼ 3.858� 0.079 > 3.333̄;

ðT; Tnc;exp

Dð2Þ
5

Þ ¼ 13.663� 0.340 > 12.8;

both above the respective biseparable bound of 10=3 ¼
3.333̄ (12.8) by more than 6.6 (2.4) standard deviations,
proving that in spite of vanishing full correlations the states
are genuinely tripartite (five-partite) entangled [14].
The observed five-photon state has one more remarkable

property [13]. For this state, every correlation between a
fixed number of observers, i.e., bipartite correlations,
tripartite correlations, etc. admits description with an
explicit local hidden-variable model [8]. However, some
of the models are different and thus cannot be combined in
a single one. Using linear programming to find joint
probability distributions reproducing quantum predictions
[12], we obtain an optimal Bell inequality using only two-
and four-partite correlations [13]. From the observed data,
we evaluate the Bell parameter to be B ¼ 6.358� 0.149
which violates the local realistic bound of 6 by 2.4 standard
deviations [33]. This violation confirms the nonclassicality
[14] of this no-correlation state and also offers its appli-
cability for quantum communication complexity tasks.
Contrary to previous schemes, here, the communication
problem can be solved in every instance already by only a
subset of the communicating parties [35].
Conclusions.—We introduced a systematic way to

define and to experimentally observe mixed multipartite
states with no n-partite correlations for odd n, as
measured by standard correlation functions. For the first
time, we experimentally observed a state which allowed the
violation of a Bell inequality without full correlations,
thereby proving both the nonclassicality of no-correlation
states as well as their applicability for quantum commu-
nication protocols. The remarkable properties of these
states prompt intriguing questions. For example, what
might be the dimensionality of these states or their
respective subspaces, or whether we can even extend the
subspace of states and antistates which give genuinely
entangled no-correlation states? Moreover, can no-
correlation states be used for quantum protocols beyond
communication complexity, and, of course, whether these
remarkable features can be cast into rigorous and easily
calculable measures of genuine correlations satisfying
natural postulates [11]?

We thank the EU-BMBF Project No. QUASAR and the
EU Project No. QWAD and No. QOLAPS for supporting
this work. T. P. acknowledges support by the National
Research Foundation, the Ministry of Education of
Singapore Grant No. RG98/13, Start-up Grant of the

XX
X

XX
Y

XX
Z

XY
X

XY
Y

XY
Z

ZZ
X

ZZ
Y

ZZ
Z

0

0.4

0.8

-0.4

-0.8

0

0.4

0.8

-0.4

-0.8

0

0.04

-0.04

0.08

-0.08

noitalerro
C

W
nc,exp

W exp

W exp

FIG. 2 (color online). Experimental tripartite correlations (red)
for jWiexp, jW̄iexp, and (green) ρnc;expW in comparison to the
theoretically expected values (gray). Note that the correlations of
the state ρnc;expW are magnified by a factor of 10. The plot presents
measured values of Tj1j2j3 for the observables listed below the
plot. Obviously, the states jWiexp and jW̄iexp have opposite
tripartite correlations canceling each other when they are mixed.

Phase Phase

Tr( )z

Tr( )zz

Tr( )z

Tr( )y

Tr( )yy

Tr( )y

0

0.2

0.6

0.4

-0.2

-0.6

-0.4

noitalerro
C

FIG. 3 (color online). Vanishing tripartite correlations for
arbitrary measurements and non-vanishing bipartite correlations.
Observable σθ (σϕ) was measured on the first (second) qubit and
σz (σy) measurements were performed on both other qubits (green
curves) or one of them (red and black curves). The solid lines
show the theoretically expected curves.
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I. PHYSICAL MEANING OF CORRELATION FUNCTIONS

Correlations for two particles are often seen as a measure of predictability of local results when knowing the other
result. Yet, this simple statement has to be used carefully. A non-vanishing n-partite correlation function indicates
that we can make an educated guess of the nth result from the product of the other n − 1 results. The converse
statement does not hold and we provide an example of a state with vanishing correlation functions where the inference
is still possible.

Let us denote by rj = ±1 the result of the jth observer. We assume that n−1 parties cannot infer from the product
of their outcomes, r1 . . . rn−1, the result of the last observer, rn, i.e., the following conditional probabilities hold:

P (rn|r1 . . . rn−1) =
1

2
. (1)

We show that this implies that the corresponding correlation function, Tj1...jn , vanishes. The correlation function is
defined as expectation value of the product of all local outcomes

Tj1...jn = 〈r1 . . . rn〉 = P (r1 . . . rn = 1)− P (r1 . . . rn = −1). (2)

Using Bayes’ rule

P (r1 . . . rn = ±1) =
∑

r=±1
P (rn = ±r|r1 . . . rn−1 = r)P (r1 . . . rn−1 = r). (3)

According to assumption (1) we have P (rn = ±r|r1 . . . rn−1 = r) = 1
2 , giving P (r1 . . . rn = ±1) = 1

2 and Tj1...jn = 0.
As an example of a state with vanishing correlation functions yet allowing to make an educated guess of the result,

let us consider the two-qubit mixed state

1

2
|00〉 〈00|+ 1

4
|01〉 〈01|+ 1

4
|10〉 〈10| , (4)

where |0〉 and |1〉 are the eigenstates of the Pauli operator σz with eigenvalues +1 and −1, respectively. All correlation
functions Tkl, with k, l = x, y, z, of this state vanish. Yet, whenever Alice (Bob) observes outcome −1 in the σz
measurement, she (he) is sure the distant outcome is +1, i.e., P (r2 = +1|r1 = −1) = 1. Similar examples exist for
multiple qubits, but we note that the states ρncφ of the main text are an equal mixture of a state and its anti-state.
In this case, the vanishing n-party correlations lead to the impossibility of inferring the n-th result.

II. CRITERION FOR GENUINE MULTIPARTITE ENTANGLEMENT

To evaluate entanglement we use the following criterion (see main text) where, T exp = T , i.e., assuming the ideal
experiment producing the required state described by the correlation tensor T :

max
T bi−prod

(T, T bi−prod) < (T, T ). (5)

∗ tomasz.paterek@ntu.edu.sg
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The maximization is performed over all bi-product states keeping in mind also all possible bipartitions. The inner
product between two correlation tensors of three qubit states is defined as

(V,W ) ≡
3∑

µ,ν,η=0

VµνηWµνη. (6)

A. Tripartite entanglement

To keep the statement as general as possible, we prove that all states ρncφ = 1
2 |φ〉 〈φ|+ 1

2

∣∣φ
〉 〈
φ
∣∣ with

|φ〉 = sinβ cosα |001〉+ sinβ sinα |010〉+ cosβ |100〉 , (7)∣∣φ
〉

= sinβ cosα |110〉+ sinβ sinα |101〉+ cosβ |011〉 , (8)

are genuinely tripartite entangled as soon as |φ〉 is genuinely tripartite entangled.
First, note that |φ〉 is a bi-product state if at least one amplitude vanishes, i.e., if either

1. β = 0 (full product state),

2. β = π
2 and α = 0 (full product state),

3. β = π
2 and α = π

2 (full product state),

4. β = π
2 and α ∈ (0, π2 ) (bi-product A|BC),

5. α = 0 and β ∈ (0, π2 ) (bi-product B|AC),

6. α = π
2 and β ∈ (0, π2 ) (bi-product C|AB).

The correlation tensor of the state ρncφ contains only bipartite correlations:

Txx0 = Tyy0 = sin(2β) sin(α),

Tx0x = Ty0y = sin(2β) cos(α),

T0xx = T0yy = sin2(β) sin(2α),

Tzz0 = cos(2α) sin2(β)− cos2(β),

Tz0z = − cos(2α) sin2(β)− cos2(β),

T0zz = cos(2β), (9)

and T000 = 1. Using these expressions, the right-hand side of the entanglement criterion is

R = (T, T ) = 4. (10)

To find the maximum of the left-hand side, we shall follow a few estimations. Consider first the bi-product state in
a fixed bipartition, say AB|C, i.e., of the form |χ〉AB ⊗ |c〉, where |χ〉AB = cos(θ) |00〉 + sin(θ) |11〉, when written in

the Schmidt basis. Let us denote the correlation tensor of |χ〉AB with P and its local Bloch vectors by ~a and ~b. We
therefore have:

L = 1 + Txx0(Pxx + Pyy) + Tzz0Pzz + Tx0x(axcx + aycy) + Tz0zazcz + T0xx(bxcx + bycy) + T0zzbzcz. (11)

By optimizing over the states of |c〉 we get the following upper bounds:

Tx0x(axcx + aycy) + Tz0zazcz ≤
√
T 2
x0x(a2x + a2y) + T 2

z0za
2
z, (12)

and

T0xx(bxcx + bycy) + T0zzbzcz ≤
√
T 2
0xx(b2x + b2y) + T 2

0zzb
2
z. (13)

The Schmidt decomposition implies for local Bloch vectors:

a2x + a2y + a2z = b2x + b2y + b2z = cos2(2θ), (14)
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and therefore

~a = cos(2θ)~n, ~b = cos(2θ)~m, (15)

where ~n and ~m are normalized vectors with directions along the local Bloch vectors. This gives the bound
√
T 2
x0x(a2x + a2y) + T 2

z0za
2
z +

√
T 2
0xx(b2x + b2y) + T 2

0zzb
2
z

= cos(2θ)
(√

T 2
x0x(n2x + n2y) + T 2

z0zn
2
z +

√
T 2
0xx(m2

x +m2
y) + T 2

0zzm
2
z

)

≤ cos(2θ) (max(|Tx0x|, |Tz0z|) + max(|T0xx|, |T0zz|)) , (16)

where the maxima follow from convexity of squared components of a normalized vector.
Now let us focus on the terms depending on the correlations of |χ〉AB . In order to maximize (11), the Schmidt

basis of |χ〉AB has to be either x, y, or z as otherwise off-diagonal elements of P emerge leading to smaller values
entering (11). For the diagonal correlation tensor we have |Pxx| = sin(2θ), |Pyy| = sin(2θ), and Pzz = 1, and with
indices permuted. Therefore, there are three cases to be considered in order to optimize Txx0(Pxx + Pyy) + Tzz0Pzz:

(i) |Pxx| = 1 and |Pyy| = |Pzz| = sin(2θ) with their signs matching those of Txx0 and Tzz0 respectively,

(ii) |Pzz| = 1 and Pxx = Pyy = sin(2θ),

(iii) |Pzz| = 1 and Pxx = −Pyy = sin(2θ).

Each of these cases leads to an upper bound on L. For example, for the first case we find

L(i) = 1 + |Txx0|+ sin(2θ)(|Txx0|+ |Tzz0|) + cos(2θ)(max(|Tx0x|, |Tz0z|) + max(|T0xx|, |T0zz|))
≤ 1 + |Txx0|+

√
(|Txx0|+ |Tzz0|)2 + (max(|Tx0x|, |Tz0z|) + max(|T0xx|, |T0zz|))2, (17)

where in the last step we optimized over θ. The same procedure applied to the other two cases gives:

L(ii) ≤ 1 + |Tzz0|+
√

4T 2
xx0 + (max(|Tx0x|, |Tz0z|) + max(|T0xx|, |T0zz|))2, (18)

L(iii) ≤ 1 + |Tzz0|+ max(|Tx0x|, |Tz0z|) + max(|T0xx|, |T0zz|). (19)

If instead of the bipartition AB|C another one was chosen, the bounds obtained are given by those above with the
indices correspondingly permuted. Since there are three possible bipartitions, altogether we have nine bounds out of
which we should finally choose the maximum as the actual upper bound on the left-hand side.

Numerical derivation of bounds

A first approach is to numerically evaluate Eqs. (17)-(19). Fig. 1 shows that only for states |φ〉 that are bi-product
the left-hand side reaches L = 4.

For theW state we thus obtain maxL = 10/3 which is achieved by the bi-product state (cos θ |++〉−sin θ |−−〉)⊗|+〉,
where |±〉 = 1√

2
(|0〉 ± |1〉) and tan(2θ) = 3/4 in order to optimize case (i) which is the best for the W state. This

bound is used in the main text.

Analytic argument

The last step of the proof, showing that only bi-separable states can achieve the bound of 4 in our criterion, involved
numerical optimization (Fig. 1). One may complain that due to finite numerical precision there might be genuinely
tripartite entangled states for values of α or β close to 0 and π/2 that already achieve the bound of 4. Here, we give
a simple analytical argument showing that ρncφ is genuinely tripartite entangled if and only if |φ〉 is so.

We first follow the idea of Ref. [9] and note that a mixed state ρncφ can only be bi-separable if there are bi-product

pure states in its support. The support of ρncφ is spanned by |φ〉 and |φ〉, i.e., ρncφ does not have any overlap with the

orthogonal subspace 11 − |φ〉 〈φ| − |φ〉〈φ|. Accordingly any decomposition of ρncφ into pure states can only use pure
states of the form

|Φ〉 = a |φ〉+ b|φ〉. (20)
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FIG. 1. Contour plot showing the maximal value of the left-hand side of our entanglement criterion for the states ρncφ defined
above (7). Whenever the value is below 4, i.e., the right-hand side value as given in (10), the criterion detects genuine tripartite
entanglement. This shows that all the states ρncφ are genuinely tripartite entangled except for those arising from bi-product
states |φ〉, i.e., for α, β = 0 or π/2. Numerical optimizations over all bi-separable states yield the same plot.

We now give a simple argument that |Φ〉 is bi-product, and hence ρncφ is bi-separable, if and only if |φ〉 is bi-product.

In all other infinitely many cases, the no-correlation state is genuinely tripartite entangled. Assume that |Φ〉 is bi-
product in the partition AB|C. Accordingly, all its correlation tensor components factor across this partition. In
particular,

T0xx = W0xVx, T0yy = W0yVy, T0xy = W0xVy, T0yx = W0yVx (21)

where W is the correlation tensor of the state of AB and V is the correlation tensor corresponding to the state of C.
One directly verifies that for such a bi-product state we have

T0xxT0yy = T0xyT0yx. (22)

Evaluating condition (22) for the states |Φ〉 gives the following condition on the amplitudes of |φ〉:

sin2(2α) sin4(β) = 0, (23)

and indicates that at least one amplitude must be zero. Similar reasoning applies to other partitions and we conclude
that |Φ〉 is bi-product if and only if |φ〉 is bi-product.

Alternative entanglement criterion

Alternativly we can apply a witness of genuine tripartite entanglement based on angular momentum operators [17],

W3 = J2
x + J2

y , (24)

where e.g. Jx = 1
2 (σx ⊗ 11 ⊗ 11 + 11 ⊗ σx ⊗ 11 + 11 ⊗ 11 ⊗ σx). Maximization of this quantity over bi-separable states

gives [17]:

max
ρbi−sep

〈W3〉 = 2 +
√

5/2 ≈ 3.12. (25)

This criterion detects entanglement of the states |φ〉 and
∣∣φ
〉
, and, consequently, since it uses two-party correlations

only, also of the state ρncφ . However, entanglement is detected only for a range of roughly α ∈ [0.590, 1.31] and

β ∈ [0.333, 1.24].
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B. Five-partite entanglement

In order to obtain the five-partite bound given in the main text, i.e., maxT bi−prod(T, T bi−prod) = 12.8, we have
numerically optimized over all bi-product states keeping T as the correlation tensor of an equal mixture of Dicke

states |D(2)
5 〉 and |D(3)

5 〉, where

|D(e)
n 〉 =

1√(
n
e

)
∑

i

|Pi(1, . . . , 1, 0 . . . , 0)〉, (26)

with Pi denoting all distinct permutations of e ones and n− e zeros.
Below, we generalize the analytical argument given above to prove genuine multipartite entanglement of arbitrary

mixtures of Dicke and anti-Dicke states. The anti-Dicke state has exchanged roles of zeros and ones as compared
with the Dicke state, i.e., it has n − e ones (excitations). One easily verifies that the Dicke state of n qubits with e
excitations has the following bipartite correlations:

T0...0xx = T0...0yy =
2
(
n−2
e−1
)

(
n
e

) =
2e(n− e)
n(n− 1)

,

T0...0xy = T0...0yx = 0. (27)

The correlations of an anti-Dicke state, with n− e excitations, are the same due to the symmetry e↔ n− e of these
correlations. Assume that n is odd so that (i) the Dicke and anti-Dicke states are orthogonal and (ii) the parity of the
number of excitations, i.e., whether there is an even or odd number of them, is opposite in the Dicke and anti-Dicke

states. For arbitrary superposition α|D(e)
n 〉+ β|D(n−e)

n 〉 the correlations read:

T0...0jk = |α|2TD0...0jk+ |β|2TD0...0jk+α∗β〈D(e)
n |11⊗ . . . 11⊗σj⊗σk|D(n−e)

n 〉+αβ∗〈D(n−e)
n |11⊗ . . . 11⊗σj⊗σk|D(e)

n 〉. (28)

Since applying σj ⊗σk with j, k = x, y to the Dicke states does not change the parity of their excitations, the last two

terms vanish, and for the first two terms we have TD0...0jk = TD0...0jk. Therefore, an arbitrary superposition of Dicke

and anti-Dicke states has the same correlations as in (27) and therefore none of such superposed states is bi-product.
Since the Dicke states are invariant under exchange of parties (and so are their superpositions), the same holds for
other partitions. Finally, the lack of bi-product states in a subspace spanned by Dicke and anti-Dicke states implies
that their mixtures are also genuinely multipartite entangled.

III. GENUINE TRIPARTITE CORRELATIONS

While the conventional full correlation function vanishes for ρncφ , this is not necessarily so for other types of
correlation functions introduced recently. For a comparison we analyze the correlation content of the states of our
family also according to the three measures given in Ref. [15], namely: (a) genuine tripartite correlations T (3)(ρncφ ),

(b) genuine tripartite classical correlations J (3)(ρncφ ), and (c) genuine tripartite quantum correlations D(3)(ρncφ ). The
results are presented and discussed in Fig. 2.
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FIG. 2. Correlation content [15] of the states ρncφ = 1
2
|φ〉 〈φ|+ 1

2

∣∣φ
〉 〈
φ
∣∣ with the pure states given in Eq. (7). (a) Total genuine

tripartite correlations. The genuine tripartite correlations vanish only for mixtures of bi-product states. The highest value
(1.2516) is obtained for the state (|W 〉〈W | + |W 〉〈W |)/2. (b) Genuine tripartite classical correlations. The genuine classical
correlations also vanish only for mixtures of bi-product states. The highest value (1.0) is observed for fully separable states.
The local maximum (0.8127) is achieved by the state (|W 〉〈W | + |W 〉〈W |)/2. (c) Genuine tripartite quantum correlations.
The genuine quantum correlations vanish for mixtures of bi-product states and for fully separable states. The highest values
(0.6631) correspond to the mixture of the state

√
1/6|001〉 +

√
1/6|010〉 +

√
2/3|100〉 with its antistate (and permutations).

The state (|W 〉〈W |+ |W 〉〈W |)/2 achieves the local maximum (0.4389).

IV. EXPERIMENTAL THREE AND FIVE QUBIT STATES

The experimentally prepared states |W 〉exp,
∣∣W
〉exp

, ρnc,expW , and ρnc,exp
D

(2)
5

were characterized by means of quantum

state tomography. Their corresponding density matrices can be seen in Fig. 3 and Fig. 4. The fidelities of the
observed three qubit states with respect to their target states are 0.939±0.011 for |W 〉exp, 0.919±0.010 for

∣∣W
〉exp

, and
0.961±0.003 for ρnc,expW . Note that the value of the fidelity for the state ρnc,expW was obtained from a maximum likelihood
(ML) reconstruction together with non-parametric bootstrapping. This value thus might be slightly incorrect due to
the bias of the maximum likelihood data evaluation [16].

Fig. 4 shows the real part of the tomographically determined no-correlation state from which all further five qubit
results are deduced. The five-qubit fidelity of ρnc,exp

D
(2)
5

is determined via a ML reconstruction from five-fold coincidences

to be 0.911± 0.004.

To obtain a correlation function value, e.g., Tzzz = Tr(ρ σz ⊗ σz ⊗ σz), we analyze the three photons in the
respective set of bases (here all ẑ). Fig. 5 shows the relative frequencies for observing all the possible results for such
a polarization analysis. Clearly one recognizes the complementary structure of the the detection frequencies for the
states |W 〉exp and

∣∣W
〉exp

which results in approximately the same magnitude of the correlations, yet with different
sign. Mixing the two states, one thus obtains a vanishingly small correlation. Fig. [2] of the main text then shows the
full set of correlations.

For the analysis of the five qubit no correlation state, we see from an eigen decomposition that this state indeed

comprises of a mixture of two states (|Θ(2)〉exp and |Θ(3)〉exp), which are in very good agreement with |D(2)
5 〉 and

|D(3)
5 〉. Fig. 6 (a) and (b) show all symmetrized correlations for the five-qubit states |Θ(2)〉 and |Θ(3)〉 and ρnc,exp

D
(2)
5

with

good agreement with the ideal states. Also the respective fidelity of the eigenvectors of the experimentally determined
state are quite high (F|D(2)

5 〉
(|Θ(2)〉) = 0.978±0.012 and F|D(3)

5 〉
(|Θ(3)〉exp) = 0.979±0.012). Equally mixing the states
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|Θ(2)〉exp and |Θ(3)〉exp indeed would result in a state with vanishingly small correlations as seen in Fig. 6 (c). However,
due to asymmetry in the coupling of signal and idler states from the down conversion source [19] the correlations are

still present, albeit smaller by a factor of 10 compared with |D(2)
5 〉 and |D(3)

5 〉. In the main text we show that the very
same state is genuinely five-party entangled.

FIG. 3. Experimental three qubit states as obtained from the state |D(2)
4 〉exp. (a) The state |W 〉exp is obtained by projection

of the fourth qubit of |D(2)
4 〉exp on V . (b) The state

∣∣W
〉exp

is prepared by projecting the fourth qubit of |D(2)
4 〉exp on H.

(c) When the fourth qubit of |D(2)
4 〉exp is traced out, a mixture of |W 〉exp and

∣∣W
〉exp

is obtained, i.e., the state ρnc,expW .

The corresponding fidelities with respect to their target states are 0.939 ± 0.011 for |W 〉exp, 0.919 ± 0.010 for
∣∣W
〉exp

, and
0.961± 0.003 for ρnc,expW .

FIG. 4. Experimental state ρnc,exp
D

(2)
5

determined from five-fold coincidences together with permutational invariant tomogra-

phy [18]. The fidelity with respect to the target state is 0.911± 0.004.
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FIG. 5. (color online). Detection frequencies when observing the states |W 〉exp (red) and
∣∣W
〉exp

(blue) and ρnc,expW (red and
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z basis. From these data Tzzz values can be calculated showing how the correlations of |W 〉exp and

∣∣W
〉exp

average to approximately 0. For comparison, the theoretically expected values are shown in gray. The correlation value Tzzz of
the state ρnc,expW was determined as the weighted sum of the correlation values Tzzz of the states |W 〉exp and

∣∣W
〉exp

. The state

|W 〉exp was observed with a slightly lower probability (0.485) than the state
∣∣W
〉exp

(0.515) leading to a value of Tzzz = 0.022

for the state ρnc,expW . In contrast, in Fig. 2 of the main text the states |W 〉exp and
∣∣W
〉exp

were obtained from the state |D(2)
4 〉exp

by projection of the fourth qubit onto horizontal/vertical polarization, i.e., from measuring σz on the fourth qubit. There,

ρnc,expW was obtained by tracing out the fourth qubit and hence measurements of σx, σy, σz on the fourth qubit of |D(2)
4 〉exp

contribute, leading to approximately three times better statistics for the state ρnc,expW .
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FIG. 6. Experimental five-partite symmetric correlations for the two most prominent states (a) |Θ(2)〉exp and (b) |Θ(3)〉exp
in the eigen decomposition of the experimental density matrix ρnc,exp

D
(2)
5

shown in Fig. 4. The correlations of these states are

compared with the ones of the states (a) |D(2)
5 〉 and (b) |D(3)

5 〉, respectively, shown in gray. The agreement between the actual

and expected correlations is evident and also the fidelities of |Θ(2)〉exp and |Θ(3)〉exp with the respective target states are

high: F|D(2)
5 〉

(|Θ(2)〉exp) = 0.978 ± 0.012 and F|D(3)
5 〉

(|Θ(3)〉exp) = 0.979 ± 0.012. (c) When both states are evenly mixed, the

resultant state has practically vanishing correlations. (d) Since the collection efficiencies for signal and idler photons generated

via spontaneous parametric down-conversion differ slightly [19], the states |Θ(2)〉exp and |Θ(3)〉exp are observed with relative
weights of 0.54 and 0.46 leading to largely suppressed but not entirely vanishing full correlations. Hence, the experimentally
prepared state ρnc,exp

D
(2)
5

is a very good approximation to a no-correlation state. Please note that the correlations shown in (c)

and (d) are magnified by a factor of 10 compared with the scale of (a) and (b). The errors given in subfigures (a)-(c) were
obtained by non-parametric bootstrapping [20] whereas for (d) Gaussian error propagation was used.
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V. STATISTICAL ANALYSIS

A. Error analysis

In order to carry out n-qubit quantum state tomography, we measured in the eigenbases of all 3n combinations
of local Pauli settings si with s1 = x...xx, s2 = x...xy, ..., s3n = z...zz. In each setting si we performed projection
measurements on all the 2n eigenvectors of the corresponding operators. The single measurement results are enu-
merated by rj representing the binary numbers from 0 to 2n − 1 in increasing order, i.e., r1 = 0...00, r2 = 0...01, ...,
r2n = 1...11. The observed counts for the outcome rj when measuring si are labeled as csirj and the total number of

counts Nsi for setting si is given by Nsi =
2n∑
j=1

csirj . From these data the density matrix can be obtained as

ρ =

3n∑

i=1

2n∑

j=1

csirj
Nsi

Msi
rj (29)

where the elements of the generating set of operators Msi
rj are defined as Msi

rj = 1
2n

n⊗
k=1

(
11
3 + (−1)rj(k)σsi(k)

)
[21, 22],

where 11 denotes the 2 × 2 identity matrix and rj(k) is the k-th entry in the string rj . Then, the fidelity F|ψ〉 with
respect to a pure target state |ψ〉 can be calculated as

F|ψ〉 = 〈ψ| ρ |ψ〉 =
3n∑

i=1

2n∑

j=1

csirj
Nsi
〈ψ|Msi

rj |ψ〉 . (30)

For Poissonian measurement statistics, i.e., ∆csirj =
√
csirj , the error to the fidelity ∆F|ψ〉 =

√
∆2F|ψ〉 can be deduced

via Gaussian error propagation as ∆2F|ψ〉 =
3n∑
i=1

2n∑
j=1

( 1
Nsi
− 1

N2
si

)2 〈ψ|Msi
rj |ψ〉

2
csirj which is approximately

∆2F|ψ〉 =
3n∑

i=1

∆2F si|ψ〉 =
3n∑

i=1

2n∑

j=1

csirj
N2
si

〈ψ|Msi
rj |ψ〉

2
(31)

for large number of counts per setting as in our experiment. As an example, in table I we give the corresponding
values for csirj and |〈ψ|Msi

rj |ψ〉| for the 23 = 8 possible results of the zzz measurement of the three qubit |W 〉 state to

get an impression of the size of the 33 = 27 terms in Eq. (31).

TABLE I. The values of csirj and |〈ψ|Msi
rj |ψ〉| for the measurement of the setting zzz of the experimentally observed state |W 〉exp.

The first row shows all possible results rj associated with the eigenvectors on which projection measurements are performed,
labeled in binary representation. Please note that the observed counts csirj are not integers since the slightly differing relative
detection efficiencies of the single photon counters were included. From these data we obtain for si = zzz a contribution for
Eq. (31) of ∆2F zzz|W 〉 = 2.46e-05.

rj 000 001 001 011 100 101 110 111

zzz |〈ψ|Mzzz
rj |ψ〉| 1.48e-01 1.48e-01 1.48e-01 1.11e-01 1.48e-01 1.11e-01 1.11e-01 7.41e-02

counts czzzrj 14 309 250 8.71 283 8 7.07 0

Similarly, also the error of the 43 = 64 correlations of the given state are evaluated. For example, we obtain for
the correlation value Tzzz = −0.914 ± 0.034. The error for the maximum likelihood estimate was determined by
non-parametric bootstrapping, for details see [20].

B. Hypothesis testing

Vanishing correlations

After having calculated the experimental error of the zzz correlation, we find that the measurements of the remaining
26 full correlations have similar errors. We test our hypothesis of vanishing full correlations by comparing our measured
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correlation values with a normal distribution with mean µ = 0 and standard deviation σ = 0.0135, which corresponds
to the average experimental standard deviation. If our data are in agreement with this distribution, we can retain
the hypothesis of vanishing full correlations.

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06

correlation

0.2

0.4

0.6

0.8

1.0

cumulative distribution

Reject H95%L

Data

Theory

FIG. 7. The cumulative distribution of the experimentally determined correlations is compared to the cumulative distribution
of the expected correlations (µ = 0, σ = 0.0135). The shaded blue region contains points that would be sampled from the
normal distribution with probability smaller than 5%. Since the empirical function lies in between the shaded regions, our
hypothesis of vanishing correlations can be retained with significance level of 0.05.

To test the hypothesis

H
(nc,3)
0 : all full correlations of the state ρnc,expW vanish,

according to the Kolmogorov-Smirnov method, the cumulative distribution of the 27 measured full correlations is
compared with the cumulative probability distribution of the assumed normal distribution, see Fig. 7, quantifying
the hypothesis of vanishing full correlations. We can directly see that the data do not enter the region of rejection
given by a significance level of 0.05. This clearly indicates that the hypothesis of normal distribution with mean
µ = 0 and σ = 0.135 cannot be rejected. While this test (Kolmogorov-Smirnov hypothesis test) is demonstrative, the
Anderson-Darling test is considered to be more powerful, i.e., to decrease the probability of errors of second kind.
Since the Anderson-Darling test gives a p-value of 0.44 far above a 0.05 significance level, we can retain the claim that
our measured data indeed correspond to vanishing full correlations, while their scatter can be fully explained by the
experimental error.

Testing for genuine multipartite entanglement

Furthermore, we also check our hypotheses of the main text that the tripartite and five-partite states are genuinely
multipartite entangled. For that purpose, we calculate the probability that a state without genuine multipartite
entanglement achieves values comparable to the measured value based on the assumption that the measurement
errors are normally distributed. Let us formulate for the tripartite state the null hypothesis

H
(3)
0 : state ρnc,expW is not genuinely tripartite entangled.

To show the genuine tripartite entanglement of that state, we want to reject the null hypothesis H
(3)
0 . In order

to estimate the error of first kind, i.e., the probability that H
(3)
0 is true, we calculate the probability that a state

without tripartite entanglement achieves the measured value of (T, Tnc,expW ) = 3.858. The calculation is based on the
assumption of a normal distributed result of the indicator with mean µ = 10

3 , i.e., the bi-separable bound, and with
standard deviation given by our experimental error of σ = 0.079. The probability of the error of first kind is then at
most

p = Pr
[
(T, Tnc,expW ) ≥ 3.858

∣∣∣H(3)
0

]
<

1√
2πσ

∫ ∞

3.858

dx exp

(
− (x− µ)

2

2σ2

)
= 1.55× 10−11 � 0.05. (32)

Since p is far below the significance level of 0.05, our experimentally implemented state ρncW is genuine tripartite
entangled.
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Analogously, we test if the state ρnc,exp
D

(2)
5

is indeed genuinely five-partite entangled. For that purpose, we formulate

the null hypothesis

H
(5)
0 : state ρnc,exp

D
(2)
5

is not genuinely five-partite entangled.

In order to test the probability that a bi-separable state can achieve

(
T, Tnc,exp

D
(2)
5

)
= 13.663, we now use a normal

distribution centered around the bi-separable bound of µ = 12.8. The standard deviation is chosen according to the

experimental error of σ = 0.340, such that the probability for a false rejection of the null hypothesis H
(5)
0 is estimated

to be at most

p = Pr

[(
T, Tnc,exp

D
(2)
5

)
≥ 13.663

∣∣∣H(5)
0

]
<

1√
2πσ

∫ ∞

13.663

dx exp

(
− (x− µ)

2

2σ2

)
= 5.6× 10−3 � 0.05, (33)

clearly indicating the five-partite entanglement of our state with high significance.

Bell inequality

Finally, we test whether we can retain our claim that the five-partite state is non-classical due to its violation of
the Bell inequality. In order to show the violation, we formulate the null hypothesis

HB
0 : violation of the Bell inequality can be explained by LHV model (finite statistics loophole).

For the considered Bell inequality [13]

B = EP(11110) + EP(22220) + EP(12220) − EP(21110) − EP(11000) − EP(22000) ≤ 6 (34)

with P denoting the summation over all permutations, e.g. EP(11110) = E11110 +E11101 +E11011 +E10111 +E01111, we
calculate the probability that an LHV model can achieve the measured value of B = 6.358, which was estimated with
a standard deviation of ∆B = 0.149. Following Ref. [23] we assume that the LHV model gives the maximal allowed
expectation value of our Bell parameter, equal to µ = 6, and that the standard deviation of a normal distribution
about this mean value is equal to our experimental standard deviation ∆B. Therefore, the probability that the LHV
model gives values at least as high as observed is found to be

p = Pr
[
B ≥ 6.358

∣∣∣HB
0

]
<

1√
2πσ

∫ ∞

6.358

dx exp

(
− (x− µ)

2

2σ2

)
= 0.0083� 0.05. (35)

This small p-value clearly indicates that the null hypothesis HB
0 is to be rejected and thus the non-classicality of the

no-correlation state is confirmed.

C. Vanishing full correlations with arbitrary measurement directions

The measurements presented in the main text show not only vanishing full correlations for measurements in x, y, z
directions, but also for measurements of one qubit rotated in the yz-plane. Here, we show that full correlations have
to vanish for arbitrary measurement directions. Since the 2-norm of the correlation tensor is invariant under local
rotations, its entries vanish in all local coordinate systems if they do in one. Moreover, l-fold correlations in one set
of local coordinate system only depend on l-fold correlations of another set. As an example, we explicitly show this
for the case of three qubits.

T(θ1,φ1) (θ2,φ2) (θ3,φ3) = Tr(ρ σ(θ1,φ1) ⊗ σ(θ2,φ2) ⊗ σ(θ3,φ3)) (36)

with

σ(θi,φi) = sin(θi) cos(φi)σx + sin(θi) sin(φi)σy + cos(θi)σz. (37)
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Consequently,

T(θ1,φ1) (θ2,φ2) (θ3,φ3) = sin(θ1) cos(φ1) sin(θ2) cos(φ2) sin(θ3) cos(φ3)Txxx

+ sin(θ1) cos(φ1) sin(θ2) cos(φ2) sin(θ3) sin(φ3)Txxy

+ . . .

+ cos(θ1) cos(θ2) cos(θ3)Tzzz, (38)

which has to vanish since all full correlations along Pauli directions vanish.
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A genuinely N -partite entangled state may display vanishing N -partite correlations measured for arbitrary
local observables. In such states the genuine entanglement is noticeable solely in correlations between subsets
of particles. A straightforward way to obtain such states for odd N is to design an “antistate” in which all
correlations between an odd number of observers are exactly opposite. Evenly mixing a state with its antistate
then produces a mixed state with no N -partite correlations, with many of them genuinely multiparty entangled.
Intriguingly, all known examples of “entanglement without correlations” involve an odd number of particles.
Here we further develop the idea of antistates, thereby shedding light on the different properties of even and
odd particle systems. We conjecture that there is no antistate to any pure even-N -party entangled state making
the simple construction scheme unfeasible. However, as we prove by construction, higher-rank examples of
entanglement without correlations for arbitrary even N indeed exist. These classes of states exhibit genuine
entanglement and even violate an N -partite Bell inequality, clearly demonstrating the nonclassical features of
these states as well as showing their applicability for quantum information processing.

DOI: 10.1103/PhysRevA.95.062331

I. INTRODUCTION

Quantum entanglement is present in quantum states that
cannot be obtained from uncorrelated states by local operations
and classical communication [1,2]. It turns out that for pure
states the existence of entanglement is fully captured by
N -partite correlation functions only: A pure state is entangled
if and only if the sum of squared N -partite correlation functions
exceeds certain bounds [3–7]. One may then wonder if similar
detection methods could exist for mixed states, i.e., whether
appropriate processing of only N -partite correlation functions
detects entanglement in all mixed states. The states we consider
here demonstrate vividly that such a universal entanglement
criterion does not exist. Despite vanishing N -partite correla-
tion functions in all possible local measurements, these states
can be even genuinely N -partite entangled. As a matter of fact
the genuine N -partite entanglement is due to nonvanishing
correlations between less than N particles, the so-called
lower-order correlations.

The first example of such a state was given in Ref. [8]
and consists of an even mixture of two W states between an
odd number of qubits. The two states have exactly opposite
N -partite correlations such that they average out in the
even mixture. More recently it was shown that any pure
quantum state has an “antistate” where all correlation functions
have opposite signs, but only between an odd number of
observers [9,10]. Then, the equal mixture of a pure state of
odd number of qubits and its antistate produces a mixed state
with vanishing N -partite correlation functions. Many of such

“no-correlation” states are genuinely N -partite entangled and
even an infinite family of such states with two continuous
parameters could be constructed [10].

Here we generalize the notion of antistates and study their
relations to entanglement without correlations. A number of
problems were raised in Refs. [8–10] which have now been
solved. In particular, we provide an analytical plausibility
argument (Sec. V) and strong numerical evidence (Conjec-
ture 1) that there is no antistate to any genuinely multiparty
entangled pure state of an even number of qubits. This explains
why previous relatively simple examples of entanglement
without correlations could be constructed for only an odd
number of qubits. Therefore, in the case of an even number of
particles, this phenomenon requires mixing of at least three
pure quantum states. We provide here analytical examples of
rank-4 mixed states that are both genuinely N -partite entangled
and have vanishing all N -partite correlation functions, for
arbitrary even N (Sec. III A). Up to numerical precision also
rank-3 mixed states with this property exist. Remarkably, they
violate a suitably designed Bell-type inequality (Sec. III B).
In order to further emphasize that entanglement without
correlations is not very unusual, we extend the previous
example of the infinite family with two continuous parameters
to exponentially many in N continuous parameters (Sec. IV).
This is achieved with the help of a simple identifier of
genuine multipartite entanglement that also illustrates limits
to entanglement detection with only bipartite correlation
functions [11–16].
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II. BASIC NOTIONS

A. Genuine multipartite entanglement

A mixed quantum state of N particles is genuinely N -partite
entangled if it cannot be written as

ρ �=
∑

j

pjρ
j

Aj
⊗ ρ

j

Bj
, (1)

where Aj : Bj is a partition of the N particles and pj

are probabilities. Note that different terms in this convex
decomposition may involve different partitions. The states
ρ

j

Aj
⊗ ρ

j

Bj
can always be chosen pure, in which case they

are called biproduct states. All our examples will exploit the
fact that if the support of ρ does not contain a single biproduct
state, then ρ must be genuinely N -partite entangled.

B. Correlation functions

The correlation function is a standard statistical quantifier
defined as the expectation value of a product of measurement
results. Consider dichotomic observables, i.e., the measure-
ment results are ±1, conducted on multiple qubits. Such
observables are parametrized by unit vectors on a sphere.
We denote by �mn the vector encoding the observable of the
nth party. If such observables are measured on every particle
from an N -partite quantum system in state ρ, one obtains the
N -partite (quantum) correlation function:

E( �m1, . . . , �mN ) = Tr(ρ �m1 · �σ ⊗ · · · ⊗ �mN · �σ ), (2)

where �σ = (σx,σy,σz) is the vector of Pauli operators. We shall
also write σx,σy,σz as σ1,σ2,σ3, respectively. It is customary to
introduce correlation tensor T or, respectively, its coefficients

Tj1...jN
(ρ) = Tr(ρ σj1 ⊗ · · · ⊗ σjN

), (3)

for the N -partite correlation functions measured explicitly
along the �x,�y,�z axes. Here jn = 1,2,3. By writing ρ in the
basis of tensor products of Pauli operators, one easily verifies
the tensor transformation law:

E( �m1, . . . , �mN ) =
3∑

j1,...,jN =1

Tj1...jN
( �m1)j1 . . . ( �mN )jN

, (4)

where ( �mn)jn
is the component of the vector �mn along the jnth

axis. In the present context this implies that it is sufficient to
ensure that Tj1...jN

= 0 for all j1, . . . ,jN = 1,2,3 to guarantee
that N -partite correlation functions vanish for arbitrary local
measurements.

One could of course also measure subsets of all N particles,
in which case the resulting correlation functions are called
lower-order correlations. We will be only interested in these
correlations along the �x,�y,�z axes, in which case they can be
calculated as follows:

Tμ1...μN
(ρ) = Tr

(
ρ σμ1 ⊗ · · · ⊗ σμN

)
, (5)

where index μn = 0,1,2,3, i.e., additionally to Pauli operators
it also includes σ0, the identity operator, for those parties
who do not conduct measurements. For example, bipartite
correlation functions between the first two observers are
denoted by Tj1j20...0.

C. Antistates

Given a pure or mixed state ρ, with the N -partite correlation
functions Tj1...jN

, we define its antistate ρ̄ by the requirement
that all its N -partite correlation functions have opposite
sign, i.e., Tj1...jN

(ρ̄) = −Tj1...jN
(ρ) for all indices jn = 1,2,3.

No assumptions are made about the lower-order correlation
functions.

Reference [10] presented a method to build an antistate to an
arbitrary pure state with an odd number N of qubits. However,
this method does not apply to cases where N is even. We
therefore need to use different approaches depending on the
parity of N , as we will discuss in the next sections.

III. N EVEN

Let us begin with the problem of existence of antistates
for an even number of qubits. We argue that most likely
all genuinely N -partite entangled pure states of even N

do not admit antistates. Nevertheless, this does not imply
impossibility of entanglement without correlations. It just says
that more than two pure states have to be present in the mixture.
Indeed, we will provide such examples for every even N � 4.

We start with bipartite systems where one can easily exclude
existence of an antistate to arbitrary pure entangled state.

Theorem 1. There is no antistate to an arbitrary, entangled
pure state of two qubits.

Proof. Any pure state can be written in the Schmidt form
|ψ〉 = a|00〉 + b|11〉, with real coefficients. In this basis, the
only nonzero elements of the correlation tensor are

Tzz(ψ) = 1, (6)

Txx(ψ) = −Tyy(ψ) = 2ab. (7)

Therefore, the hypothetical antistate (mixed states allowed) has
to have Tzz = −1, and hence it lies in the subspace spanned by
|01〉 and |10〉. Since all such states have Txx = Tyy , only the
product state with ab = 0 has an antistate. �

There is strong numerical evidence that a pure genuinely
N -partite entangled state of N = 4 and N = 6 qubits does
not admit an antistate. We are therefore conjecturing this in
general.

Conjecture 1.There is no antistate to an arbitrary genuinely
N -partite entangled pure state of even-N qubits.

Evidence. Our aim is to verify to a high precision whether
an antistate exists to a preselected state |ψ〉. In our numerical
approach we parametrize a candidate state |φ〉 and use
simulated annealing [17] to globally minimize the length of
correlation [6] of the even mixture ρ = 1

2 |ψ〉〈ψ | + 1
2 |φ〉〈φ|.

The length of correlation is defined as

L(ρ) =
3∑

j1,...,jN =1

T 2
j1...jN

(ρ). (8)

If antistates to |ψ〉 exist, then L(ρ) will converge to 0 while
|φ〉 converges to an antistate.

We tested this algorithm on states of N = 3 and N = 5
qubits, using the genuinely N -partite entangled input state
|ψ〉. The candidate state |φ〉 converged to an approximate
antistate, in accordance with what is known about antistates of
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an odd number of qubits. For N = 4 and N = 6 we tested
both the states for which it is known that they have no
antistate, the Greenberger-Horne-Zeilinger states [10], the W
states, and the Dicke states as well as a thousand randomly
chosen states. We found that their length of correlation always
converged to a finite value larger than 0, which indicates that
there is no antistate.

On the other hand, in addition to |φ〉 we also varied the state
|ψ〉 as we minimized the length of correlation. In this case, for
all choices of initial states, the algorithm quickly converged
to a pair of state–antistate. However, all such states were not
genuinely N -partite entangled. Instead, each pair was of the
form {|ψN−1〉 ⊗ |φ1〉,|ψN−1〉 ⊗ |φ1〉}, i.e., a biproduct of a
state or antistate between (odd) N − 1 qubits and a common
single-qubit state. This strongly suggests that a genuinely
multipartite entangled state of N = 4 and N = 6 qubits does
not have an antistate. �

A. Entanglement without correlations

Although antistates to pure N -partite entangled states
most likely do not exist, one can find antistates to mixed
entangled states. These can subsequently be used to construct
examples of states with no N -partite correlation functions
yet containing genuine N -partite entanglement. The simplest
such example involves four qubits. For two qubits, while
antistates to mixed entangled states can easily be constructed,
all states with vanishing correlation functions are separable. A
simple antistate example can be seen as follows. Consider the
state ρ = 1

2 |ψ+〉〈ψ+| + 1
2 |11〉〈11|. Being a mixture of a pure

entangled state and a product state, ρ is entangled [18,19]. Its
antistate is given by ρ̄ = 1

2 |ψ−〉〈ψ−| + 1
2 |11〉〈11| as can be

directly verified. The antistate is also entangled by the same
argument, but the even mixture of the two states, 1

2 (ρ + ρ̄), is
separable.

The following theorem proves in general the absence of
entanglement in bipartite states without bipartite correlation
functions.

Theorem 2. Two-qubit states with vanishing bipartite
correlation functions are separable.

Proof. The most general bipartite state with vanishing
bipartite correlation functions is of the form

ρ = 1
4 (1 + �a · �σ ⊗ σ0 + σ0 ⊗ �b · �σ ), (9)

where 1 denotes the identity operator in the space of two
qubits, |�a| � 1, and similarly |�b| � 1. It has eigenvalues 1

4 (1 ±
||�a|2 ± |�b|2|) with all four sign combinations allowed. The
same eigenvalues are obtained after partially transposing ρ.
Hence all of such states are separable [20,21]. �

Theorem 2 does not generalize to N > 2. A similar code
to the one used in the evidence for Conjecture 1 returned
a rank-3 genuinely four-party entangled state of four qubits
with no four-partite correlation functions. Here we provide an
analytical example of the rank-4 state for arbitrary even N � 4,
giving rise to entanglement without correlations. Consider a
mixed state

ρ0 = 1
4 |ψ1〉〈ψ1| + · · · + 1

4 |ψ4〉〈ψ4|, (10)

which mixes the following pure states:

|ψ1〉 = 1√
2
(|0 . . . 0〉|ψ〉 + |ψ〉|0 . . . 0〉),

|ψ2〉 = 1√
2
(|1 . . . 1〉|ψ̄〉 − |ψ̄〉|1 . . . 1〉),

|ψ3〉 = |φ〉|ψ〉,
|ψ4〉 = |ψ〉|φ〉, (11)

where we take the |ψ〉 state and its antistate |ψ̄〉 as generalized
W states of N/2 qubits

|ψ〉 = α1|10 . . . 0〉 + α2|01 . . . 0〉 + · · · + αN/2|00 . . . 1〉,
|ψ̄〉 = α1|01 . . . 1〉 + α2|10 . . . 1〉 + · · · + αN/2|11 . . . 0〉.

It is assumed that all the coefficients are real and strictly
positive, i.e., αn > 0. The state |φ〉 is any product state
containing an odd number of excitations, i.e., ones. To show
that ρ0 is genuinely multipartite entangled, one may attempt to
seek suitable entanglement witnesses. Here we present a much
simpler approach. For that, we need the following theorem.

Theorem 3. If a state ρ lies in the subspace spanned by
{|ψ1〉,|ψ2〉,|ψ3〉,|ψ4〉} given in Eq. (11) and ρ is biseparable,
then ρ is orthogonal to |ψ1〉, i.e.,

Tr(ρ|ψ1〉〈ψ1|) = 0. (12)

Proof. We first prove that all biproduct pure states in this
subspace are orthogonal to |ψ1〉. Suppose there exists a
biproduct state |ξ 〉A|η〉B ∈ span{|ψ1〉, . . . ,|ψ4〉}, i.e.,

|ξ 〉A|η〉B = c1|ψ1〉 + c2|ψ2〉 + c3|ψ3〉 + c4|ψ4〉. (13)

Here A,B form an arbitrary bipartition of all N qubits.
We emphasize that, say, A contains any subset of qubits,
not even neighboring ones. Denote a0 = 〈00 . . . 0|ξ 〉A and
b0 = 〈00 . . . 0|η〉B . Since the discussed subspace is orthogonal
to the |0 . . . 0〉 state of all N qubits, by taking the inner product
with both sides of Eq. (13), we conclude that

a0b0 = 0. (14)

Now consider the vector 〈00 . . . 0|A〈10 . . . 0|B , where the
excitation 1 is in the first qubit of the subsystem B. Since
this vector has only one excitation, it is orthogonal to |ψ2〉
(which has N − 1 excitations) and both |ψ3〉 and |ψ4〉 (they
have an even number of excitations). The inner product with
both sides of Eq. (13) gives

a0b1 = c1 αk, (15)

where b1 = 〈10 . . . 0|η〉B and index k depends on which
bipartition is chosen. For example, if A contains first half of
the qubits, then comparison with Eq. (11) shows that k = 1, or
if A contains first N − 1 qubits, then the same analysis reveals
that k = N . Since we assume that all αn > 0, the state |ψ1〉
is a superposition of one excitation on every qubit and hence
for arbitrary bipartition there exists index k such that Eq. (15)
holds. Similarly, by taking the inner product with the vector
〈10 . . . 0|A〈00 . . . 0|B , we obtain

a1b0 = c1 αl, (16)

where a1 = 〈10 . . . 0|ξ 〉A and αl is the suitable coefficient of
|ψ1〉. Multiplying Eq. (15) by (16) shows that a0b0a1b1 =
c2

1αkαl . The left-hand side of this equation is zero, as we
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have shown in Eq. (14). Since both αk and αl are strictly
positive numbers, we conclude that c1 = 0. In other words, all
biproduct states in the discussed subspace are orthogonal to
|ψ1〉. Hence, arbitrary mixture of such states is also orthogonal
to |ψ1〉 and the theorem follows. �

According to this theorem, if a general state ρ has
nonzero overlap with |ψ1〉, then either ρ is genuinely N -qubit
entangled or it does not belong to the subspace spanned
by {|ψ1〉, . . . ,|ψ4〉} or both. Since the state ρ0 presented in
Eq. (10) clearly belongs to this subspace, it has to be genuinely
N -qubit entangled. Furthermore, we prove in the Appendix
that this state has no N -partite correlation functions. This
concludes construction of entanglement without correlations
for any even N � 4.

The construction just given also sheds light on the kind
of operations required to produce an antistate. In particular,
one could consider a mixed state ρ = 1

2 |ψ3〉〈ψ3| + 1
2 |ψ4〉〈ψ4|,

which is clearly biseparable. By our construction, its antistate
is ρ̄ = 1

2 |ψ1〉〈ψ1| + 1
2 |ψ2〉〈ψ2|, which is genuinely N -partite

entangled. Hence, at least some of the antistates cannot be
obtained by local operations and classical communication
because this class of maps is not capable of producing
entanglement.

B. Violation of local realism

Another remarkable property of states in Eq. (10) is their
ability to violate a Bell inequality. The lack of N -partite
correlation functions makes many standard tools inapplicable
to these states. This was first pointed out in [8] and only
recently suitable Bell inequalities were found [9,10] and
were experimentally implemented to test the no-correlation
states of an odd number of qubits [10]. We present now a
Bell-type inequality which is violated by appropriate quantum
measurements on states (10) for arbitrary even N .

Consider the following Bell-type inequality introduced in
Ref. [22]:

0 � P (+ · · · + |A1 . . . AN−2) CH+···+
N−1,N , (17)

where P (+ · · · + |A1 . . . AN−2) is the probability that the first
N − 2 parties all detect +1 outcomes when they measure
observables A1, . . . ,AN−2, respectively; CH+···+

N−1,N denotes the
Clauser-Horne expression [23] between the last two parties,
which is calculated in the subensemble of experiments in
which the first N − 2 observers all obtain +1.

For simplicity let us choose |ψ〉 as the symmetric W
state of N/2 qubits, i.e., all αn = 1/

√
N/2. In order to

demonstrate a violation of Eq. (17), each of the first N − 2 ob-
servers performs measurement An = σz. Therefore, P (+ · · · +
|A1 . . . AN−2) = 1

4
2
N

with the sole contribution from the state
|ψ1〉. In the subensemble where all these N − 2 results are +1
the state of the last two qubits collapses to 1√

2
(|01〉 + |10〉).

The last two observers perform measurements that lead to
the maximal violation of the CH inequality given by −

√
2−1
2 .

Finally, the right-hand side of Eq. (17) is equal to −
√

2−1
4N

,
which violates the lower bound 0. We also verified, using the
software described in Ref. [24], that the above inequality is
optimal is the sense that it is violated for the highest admixture
of white noise to the state ρ.

We note that additionally to fundamental interest this also
demonstrates practical applicability of states (10). It is well-
known that such states reduce communication complexity,
improve security of cryptographic key distribution, or enable
device-independent protocols [25].

IV. N ODD

Reference [10] demonstrated a continuous family of mixed
states which are genuinely tripartite entangled and give rise
to vanishing tripartite correlation functions. In this section
we will extend this example to a larger family of states
described by exponentially many, in N , parameters. This
example will then be shown to elucidate limits on entanglement
detection with bipartite correlation functions only, such as
those discussed in Refs. [11–16].

Consider the family of generalized Dicke states of N qubits:

|De
N 〉 =

∑
P

αP(1...10...0)|P(1 . . . 1︸ ︷︷ ︸
e

0 . . . 0︸ ︷︷ ︸
N−e

)〉, (18)

where the sum is over all permutations of e excitations, i.e., in
every term in superposition we have e ones and N − e zeros.
We assume that all the coefficients are strictly positive and we
shall collectively denote them by αP , i.e., we take αP > 0.
Note that the highest number of terms in the superposition
is obtained for e = (N ± 1)/2 (recall that N is odd) and
according to the Stirling approximation it scales as 2N/

√
N .

We show that for all these exponentially many continuous
parameters, the following even mixture

ρ = 1
2

∣∣De
N

〉〈
De

N

∣∣ + 1
2

∣∣DN−e
N

〉〈
DN−e

N

∣∣ (19)

has vanishing all N -partite correlation functions and simulta-
neously it is genuinely N -partite entangled.

The former statement follows immediately from the results
in Ref. [10]. Namely, one verifies that |DN−e

N 〉 is the antistate
to the generalized Dicke state |De

N 〉. Any state of odd number
of qubits equally mixed with its antistate has no N -partite
correlation functions. The following theorem proves genuine
multipartite entanglement.

Theorem 4. For all αP > 0 the state (19) is genuinely N -
partite entangled.

Proof. We shall prove that no biproduct state exists in
the subspace spanned by {|De

N 〉,|DN−e
N 〉} if all αP > 0. The

following simple observation will be utilized: correlation
functions of a biproduct state across the A : B partition satisfy

T0...0xx0...0T0...0yy0...0 = T0...0xy0...0T0...0yx0...0, (20)

where the first nonzero index is for the last particle in A, and
the second nonzero index is for the first particle in B. We now
prove that this condition is not satisfied by any pure state in
the considered subspace. Hence it contains no biproduct states
and it follows that also all the mixed states with this support
are genuinely N -partite entangled.

An arbitrary pure state in the considered subspace can be
written as

|φ〉 = a
∣∣De

N

〉 + b
∣∣DN−e

N

〉
, (21)

where a and b are normalized complex coefficients. Without
loss of generality we focus on the correlation functions
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between the last two particles:

T0...0jk = |a|2T0...0jk

(
De

N

) + |b|2T0...0jk

(
DN−e

N

)
+ a∗b

〈
De

N

∣∣σ0 ⊗ · · · ⊗ σ0 ⊗ σj ⊗ σk

∣∣DN−e
N

〉
+ ab∗〈DN−e

N

∣∣σ0 ⊗ · · · ⊗ σ0 ⊗ σj ⊗ σk

∣∣De
N

〉
, (22)

for j,k = x,y. Note that applying σj ⊗ σk to the states |De
N 〉

and |DN−e
N 〉 does not change their excitation parity. Since N

is odd, |De
N 〉 and |DN−e

N 〉 have opposite excitation parity. Thus
the last two terms in Eq. (22) vanish. Furthermore, the bipartite
correlation functions of the antistate to the generalized Dicke
state are the same as in the original state. We conclude that
the bipartite correlations of any state |φ〉 are the same as those
of the generalized Dicke state |De

N 〉. One now readily verifies
that for the generalized Dicke state we have

T0...0xy = T0...0yx = 0,

T0...0xx = T0...0yy =
∑
P

αP(1...10...0)01αP(1...10...0)10, (23)

where the sum is over all permutations of e − 1 excitations on
N − 2 positions. Since all αP > 0, Eq. (20) is never satisfied.
The same argument holds for arbitrary partitions A : B. �

A. Limits on entanglement witnesses based
on bipartite correlations

Note that the proof of genuine N -partite entanglement of the
state in Eq. (19) uses solely its bipartite correlation functions.
Furthermore, it relies on the fact that some of these correlations
vanish, as in Eq. (23). Naturally one would wonder if it is
possible to conclude the genuine multipartite entanglement
from only nonzero bipartite correlation functions. This is
important especially in view of entanglement witnesses which
are combinations of correlation functions and therefore are
insensitive to the vanishing correlation functions [11–16].

We now show that in general the vanishing bipartite
correlation functions are important for revealing genuine
N -partite entanglement. Without taking them into account
even entanglement of some manifestly genuinely N -partite
entangled Dicke states is not detectable. The Dicke state with e

excitations is defined by all the coefficients αP = 1/

√(
N

e

)
. It is

a permutation-invariant state with the following nonvanishing
bipartite correlation functions:

TP(xx0...0) = TP(yy0...0) = 2(
N

e

)
(

N − 2

e − 1

)
, (24)

TP(zz0...0) = 1(
N

e

)
{(

N − 2

e

)
+

(
N − 2

e − 2

)
− 2

(
N − 2

e − 1

)}
.

(25)

Using the property of the binomial coefficients
(

n − 1
k − 1

)
+(

n − 1
k

)
=

(
n

k

)
, one verifies that

Txx0...0 + Tyy0...0 + Tzz0...0 = 1. (26)

Therefore, as long as the correlation functions in Eq. (26)
are non-negative, we can always construct a pure single-qubit
state |φ〉, with Bloch vector (

√
Txx0...0,

√
Tyy0...0,

√
Tzz0...0), so

that the tensor product |φ〉 ⊗ · · · ⊗ |φ〉 mimics all the nonzero
bipartite correlations of the Dicke state. The non-negativity of
all the terms in Eq. (26) is satisfied for

N �
⌈

1
2 (1 + 4e + √

1 + 8e)
⌉
, (27)

where 
x� denotes the smallest integer greater than or equal to
x. For example, the nonzero bipartite correlation functions of
the |W 〉 state, i.e., Dicke state with e = 1, are compatible
with the correlation functions of the product state for all
N � 4, hence practically for all the |W 〉 states. For such states
the nonzero bipartite correlations alone are not able to reveal
genuine N -partite entanglement. However, when combined
with the vanishing bipartite correlations a suitable proof may
be found as we illustrated above.

V. GENERAL N

We would like to present here an observation which in a
simple way characterizes all known facts about the existence
of antistates for both N even and odd. It provides yet another
piece of evidence that arbitrary genuinely N -partite entangled
pure state of even number of qubits does not admit an antistate.

Consider a state |ψ〉 endowed with correlation tensor
Tj1...jN

. Recall that its antistate is defined by having correlation
tensor elements given by −Tj1...jN

, for all indices jn = x,y,z.
One way of obtaining an antistate would be to apply onto an
odd number of qubits a local operation which maps

�x → −�x, �y → −�y, �z → −�z. (28)

However, it is well known that such a local operation, called
a universal-NOT gate [26], is not present within quantum
formalism because it is antiunitary. On the level of multiple
qubits one can to some degree overcome this restriction.
Namely, note that mathematically one obtains Eq. (28) by
applying the σy operation and partial transposition. The effect
of σy is to invert �x → −�x and �z → −�z, and the effect of
partial transposition is to flip the remaining axis �y → −�y.
If partial transposition is applied on a subsystem A of a
pure state entangled across A : B it results in a matrix with
negative eigenvalues [20,21]. Hence, this method leads to a
physically meaningful antistate only for original states with
odd total number of qubits (as applying partial transposition
on every individual qubit results in a transposition, which is
a completely positive map) or having a subsystem A with
an odd number of qubits in a product state. For example, by
applying σy and partial transposition on every single qubit
or by taking A as the first qubit this procedure will produce
an antistate to the three-qubit |0〉|ψ−〉 state, but no antistate
to a four-qubit |ψ−〉|ψ−〉 state, and indeed any genuinely
multipartite entangled pure state of even number of qubits.
Of course global operations may exist that produce antistates
in a completely different way, but nevertheless it is appealing
that this simple procedure recovers all that is presently known
about antistates.

A. Impossibility of inverting all correlation functions
between even number of observers

We would like to finish with one more observation
contrasting even and odd lower-order correlation functions
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in an antistate for general N . The antistates constructed in
Ref. [10] have opposite correlation functions between arbitrary
odd number of observers, as compared to the original state.
The correlation functions between an arbitrary even number
of observers are the same as in the original state. In contrast,
there is no state in which all the correlation functions between
arbitrary even number of observers are opposite.

Theorem 5. Any pure state |ψ〉 of N qubits does not admit
state |ψ ′〉 in which all the k-partite correlation functions, for
all even k, are opposite.

Proof. By contradiction. Let us build an antistate to the
hypothetical state |ψ ′〉 according to prescription of Ref. [10].
Denote it |ψ̄ ′〉 and note that it has opposite all the correlation
functions between even and odd number of observers, as
compared to the original state |ψ〉. Therefore the even mixture

ρ = 1
2 |ψ〉〈ψ | + 1

2 |ψ̄ ′〉〈ψ̄ ′| (29)

has no correlations whatsoever, including expectation values
of local observables, i.e., ρ is a white noise I/2N . However,
this is not possible since the rank of ρ is 2, while the white
noise must have rank 2N . �

VI. CONCLUSIONS

We provided nontrivial examples of genuinely multiparty
entangled states of even number N of qubits that simulta-
neously have vanishing N -partite correlation functions. We
showed that they violate suitable Bell-type inequalities. The
states have rank 4 and rank 3, respectively, and we gave
compelling evidence supporting the conjecture that rank-2
examples do not exist. This is in contrast to multipartite
systems with odd number of qubits and explains why only
such cases were considered up to date. We also extended
previously known examples using techniques that show limits
to entanglement detection with bipartite correlation functions
only.

The states discussed here opened a debate on rigorous
quantification of genuine multipartite classical and quantum
correlations that led to the formulation of the natural postulates
such quantifiers should satisfy [27]. We hope that the examples
provided here will be a useful test bed for candidate identifiers
and will help to find computable measures that will enable a
deeper analysis of multipartite experiments.
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APPENDIX

Theorem 6. All N -partite correlation functions of the state
in Eq. (10) vanish.

Proof. To simplify notation we divide all N observers into
Alice and Bob, each in possession of N/2 qubits. The N -partite
quantum correlation functions are written as TAB(ρ), with A

and B being sequences, each of length N/2, of indices x,y,z.
For example,

2 TAB(ψ2) = 〈ψ2|σA ⊗ σB |ψ2〉 (A1)

= 〈1 . . . 1|σA|1 . . . 1〉〈ψ̄ |σB |ψ̄〉
+ 〈ψ̄ |σA|ψ̄〉〈1 . . . 1|σB |1 . . . 1〉
− 〈1 . . . 1|σA|ψ̄〉〈ψ̄ |σB |1 . . . 1〉
− 〈ψ̄ |σA|1 . . . 1〉〈1 . . . 1|σB |ψ̄〉. (A2)

Note that |ψ̄〉 = σX ⊗ σX|ψ〉, where each σX ≡ σx ⊗ · · · ⊗ σx

operates on all the qubits of Alice and Bob. Furthermore, for
Alice we have σXσAσX = (−1)aσA, where a is the number of
x indices appearing in the sequence A. Similarly, σXσBσX =
(−1)bσB , where b is the number of x indices appearing in
the sequence B. Therefore, if a + b is even the N -partite
correlation functions of ρ read

TAB(ρ) = 1

4

4∑
i=1

TAB(ψi) (A3)

= 〈00 . . . 0|σA|00 . . . 0〉〈ψ |σB |ψ〉
+ 〈ψ |σA|ψ〉〈00 . . . 0|σB |00 . . . 0〉
+ 〈φ|σA|φ〉〈ψ |σB |ψ〉+ 〈ψ |σA|ψ〉〈φ|σB |φ〉. (A4)

But due to an odd number of excitations in |φ〉 we have that
〈00 . . . 0|σA|00 . . . 0〉 and 〈φ|σA|φ〉 are either both zero or
have opposite sign (and the same for Bob). We thus arrive
at vanishing N -partite correlation functions of ρ.

If a + b is odd, we instead have

TAB(ψ1) + TAB(ψ2) = 〈0 . . . 0|σA|ψ〉〈ψ |σB |0 . . . 0〉
+ 〈ψ |σA|0 . . . 0〉〈0 . . . 0|σB |ψ〉. (A5)

Since by our assumption |ψ〉 is a superposition of states with
only one excitation, both terms above vanish unless A and B

each has only one x or y index. Hence together they must have
in total an even number of x and y indices. But the number of
x indices, i.e., a + b is assumed to be odd, so the number of
y indices must also be odd. Therefore both terms in Eq. (A5)
are imaginary and since they are complex adjoints of each
other the sum TAB(ψ1) + TAB(ψ2) vanishes. Meanwhile, the
contribution from |ψ3〉 is

TAB(ψ3) = 〈φ|σA|φ〉〈ψ |σB |ψ〉. (A6)

For this to be nonzero, σA must be σz ⊗ · · · ⊗ σz, and therefore
has no x in the sequence: a = 0. Since a + b is odd, b must
be odd. But 〈ψ |σB |ψ〉 is nonzero only if B contains an even
number of x and y indices in total. Thus the number of y

indices must be odd leading to an imaginary TAB (ψ3). Since the
correlation function is defined as the average of real numbers
it is always read valued. We conclude that TAB(ψ3) = 0. The
same argument applies to |ψ4〉. �
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4.5 Conclusion

Entanglement is a fascinating characteristic of quantum systems, which cannot be explained
using classical systems. While detection and characterization of entanglement between two
observers, usually implemented using a two-qubit quantum state, can be done fairly easily,
the task becomes far more difficult for larger systems.

In this chapter, different tools for detecting entanglement between multiple observers
have been proposed, which are optimized for specific purposes. The first method, derived,
explained, and discussed in [P3], which is reprinted in Sec. 4.2.5, is optimal with respect
to the number of experimentally required measurements and can, for suitable states, reveal
genuine multipartite entanglement after measurements in only two measurement settings,
even irrespective of the number of qubits. A similar approach can be generalized for higher
dimensional states and has been adopted to systems with multiple qutrits, see [P4], which
is reprinted in Sec. 4.2.7.

In Sec. 4.3, a scenario has been described in which all observers are unable to fix
or even estimate their local reference frames. This restriction renders usual schemes for
entanglement detection impossible as long as they are based on specific measurements
or require to repeat a previous measurement later on. Still, the distribution of possible
measurement outcomes contains valuable information and can be used to reveal not only
the purity of the quantum state, but also certify genuine multipartite entanglement. It is
an open question if this method allows to reconstruct the actual quantum state up to local
unitary transformations when additional assumptions are added.

Finally, in Sec. 4.4.6 and 4.4.7, which are reprints of [P6] and [P7], the connection
between entanglement and correlations has been discussed. Intuitively, a highly entangled
state will lead to several correlations between the outcomes of various observers. However,
in those publications, counterexamples to this perception are given. Substantiated by
experimental results, a multipartite quantum state has been provided, which is genuinely
multipartite entangled, while at the same time not containing any correlations between
those observers. This puts the usual notion of quantum correlations into question.
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5.1 Introduction

All physical experiments eventually produce classical information, which can be distributed
by spoken word, on paper or electronically. Yet, in order to retrieve this classical, clonable
information from a system governed by the rules of quantum mechanics, some interaction
between the classical measurement device and the quantum system has to take place.
In this chapter, different types of measurements will be discussed, which allow to gain
information about the current state of some quantum system, especially with respect to
the change of the state due to the measurement.

In 1935, Dirac described how a measurement disturbs a quantum system by forcing it
into one of its eigenstates [206]. He asserts that,

[w]hen we measure a real dynamical variable ξ, the disturbance involved in the
act of measurement causes a jump in the state of the dynamical system. From
physical continuity, if we make a second measurement of the same dynamical
variable ξ immediately after the first, the result of the second measurement
must be the same as that of the first. Thus after the first measurement has
been made, there is no indeterminacy in the result of the second. Hence, after
the first measurement has been made, the system is in an eigenstate of the
dynamical variable ξ, the eigenvalue it belongs to being equal to the result of the
first measurement. This conclusion must still hold if the second measurement
is not actually made. In this way we see that a measurement always causes
the system to jump into an eigenstate of the dynamical variable that is being
measured, the eigenvalue this eigenstate belongs to being equal to the result of
the measurement.

In this chapter, an introduction to the formalism of weak measurements and weak values
will be given. There, the interaction between the system and the measurement device, the
so-called pointer system, is kept weak or is restricted to a short duration. This way, in
the ideal case, the jump as described by Dirac and with it the distortion to the quantum
system are avoided. Additionally, weak measurements usually consider systems, which are
pre- and postselected, i.e., the pointer system is considered only conditioned on a specific
final state of the system itself.

In the second part of this chapter, the tradeoff relation between measurements and
the thereby induced disturbance to the quantum system will be investigated based on
the description of quantum instruments. This parametrization allows to derive the opti-
mal instruments in terms of the measurement-disturbance tradeoff, which have also been
analyzed experimentally in the course of this work.

Weak measurements consider pre- and postselected systems and an interaction strength
which is in the ideal case negligibly small. Due to the small interaction strength, one
does not gain much information from a single measurement. Additionally, depending on
the postselection, the probability to obtain a result may become vanishingly small. On
the other hand, every measurement that extracts information about a quantum system
necessarily entangles the measurement system with the quantum system, which leads to
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an unavoidable disturbance to the state of the quantum system when viewed on its own.
In our work, we have studied how optimal measurement instruments can optimize this
interaction, allowing to retrieve information, while minimizing the amount of disturbance.

5.2 Weak Measurements and Weak Values

Weak values have been introduced in 1988 by Aharanov, Albert, and Vaidman [207] in
order to describe the outcome of a weak measurement on a pre- and postselected quantum
system [208, 209]. In this situation, the usual measurement scenario, in which a quantum
system is in a well defined, albeit possibly unknown, initial state, is extended by adding
a postselection, i.e., a conditioning of the results on the outcome of a second (final) mea-
surement. In Fig. 5.1, the scenario of a standard measurement is illustrated. The quantum

Figure 5.1: Standard measurement situation with interaction between quantum system of in-
terest and pointer (or measurement) system, which is eventually read. The preselection and
initialization is indicated as a (strong projective) measurement process as this ensures a well

defined initial state. Adapted from [208].

system, which is to be measured, is brought to interaction with another quantum system,
usually referred to as the pointer system, the measurement device, or the meter. From the
measurement outcome of the pointer system measurement, one can deduce the value of the
observable of the system.

In the weak measurement scenario, however, two changes occur to the conventional
measurement scenario. Usually, the interaction between system and pointer is considered
to be weak or short in order to avoid the measurement induced disturbance on the quantum
system. This now becomes necessary as contrary to the scenario depicted in Fig. 5.1 also a
postselection on the quantum system is introduced, which therefore is supposed to remain
almost undisturbed. Only when the system is finally found in a specific state |φ〉, the
outcome of the measurement on the pointer is considered, see Fig. 5.2.

If the pointer is initially in state |Φi〉, if the system is pre- and postselected to the
states |ψ〉 and |φ〉, respectively, and if the interaction between system and pointer can be
described by the Hamiltonian H = gA ⊗ p (with some interaction parameter g), which
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Figure 5.2: Weak measurement situation with weak interaction between quantum system of in-
terest and pointer (or measurement) system, which is eventually read conditioned on the outcome

of the quantum system itself. Adapted from [208].

leads to some unitary transformation U = exp (−iγA⊗ p), one obtains for the final state
of the pointer [207–210]

|Φf〉 =〈φ|U [|ψ〉 ⊗ |Φi〉] (5.1)

=〈φ| exp (−iγA⊗ p) [|ψ〉 ⊗ |Φi〉] (5.2)

≈〈φ| (1− iγA⊗ p) [|ψ〉 ⊗ |Φi〉] (5.3)

=〈φ|ψ〉
(

1− iγ 〈φ|A|ψ〉〈φ|ψ〉 ⊗ p
)
|Φi〉 (5.4)

≈〈φ|ψ〉 exp

(
−iγ 〈φ|A|ψ〉〈φ|ψ〉 ⊗ p

)
|Φi〉, (5.5)

where the approximations are due to first order expansions and become identities in the
limit of infinitesimally small coupling between system and pointer. The expression

(A)w ≡
〈φ|A|ψ〉
〈φ|ψ〉 (5.6)

is called weak value of operator A for the pre- and postselection states |ψ〉 and |φ〉, respec-
tively.

As a direct consequence of its definition, the weak value is not restricted to real values
within the set or range of eigenvalues of A as opposed to expectation values 〈A〉. Rather,
weak values are in principle not limited at all and can also take complex values. Weak
values outside the range of eigenvalues are referred to as anomalous weak values .

It is illustrative to demonstrate this concept using a polarized Gaussian beam, where
the spatial degree of freedom provides the pointer system for the qubit system encoded
in polarization. Using polarizers, a birefringent crystal and considering the spatial dis-
tribution on some screen, the weak measurement procedure can be easily visualized, see
Fig. 5.3.
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Considering the position x conjugate to the generator of the shift p in the Hamiltonian
as given above, the shift of the pointer distribution is approximately given by

〈Φf |x|Φf〉 − 〈Φi|x|Φi〉 = γ< [(A)w] , (5.7)

while the momentum of the Gaussian pointer changes according to

〈Φf |p|Φf〉 − 〈Φi|p|Φi〉 = 2γ (∆p)2= [(A)w] , (5.8)

where < [(A)w] and = [(A)w] denote the real and imaginary parts of the weak value of the
operator A with the pre- and postselection states |ψ〉 and |φ〉, respectively, and ∆p is taken
with respect to the initial pointer state |Φi〉.

Preselection

Postselection

Weak coupling

Polarizer

Polarizer

Birefringent
crystal

Figure 5.3: The concept of weak measurements illustrated using optical beams. The system is
encoded in the polarization degree of freedom of the light with the preselection given by the first
polarizer. The pointer system, encoded in the spatial distribution, is initially in a Gaussian mode
with a given center. The waist corresponds to the initial uncertainty of the pointer. Using a
birefringent crystal, the spatial distribution is changed depending on the polarization of the light.
A second polarizer realizes the postselection and ensures that the pointer distribution on the
screen is only considered conditioned on successful postselection. In the regime of weak coupling,
the spatial distribution after postselection can still be described by a Gaussian distribution with
a shift depending on the weak value. For illustrative purposes, the coupling shown here is already

rather large.

Please note that, although weak values are introduced and usually considered to be the
outcome of weak measurements, weak values can also be considered using strong measure-
ments [211]. The authors of aforementioned reference disassociate the concepts of weak



186 5. Quantum Measurements

values and weak measurements and allow the experimental determination of first without
usage of latter.

5.2.1 Weak Amplification

The technique of weak amplification, sometimes called weak value amplification, makes
use of the fact that for properly chosen pre- and postselection states a small shift can
be significantly enhanced. According to δx = 〈Φf |x|Φf〉 − 〈Φi|x|Φi〉 = γ< [(A)w], see
Eq. (5.7), the pointer position obtains a shift proportional to the parameter γ, which is
given by the coupling strength and time, and to the real part of the weak value (A)w, which
depends on pre- and postselection [208, 209, 212–214]. Hence, if small effects leading to a
small coupling between two different systems are to be observed, the weak amplification
technique can be used.

This way, for example, the spin Hall effect of light can be measured as this leads,
similar to above mentioned birefringent crystal, to a polarization dependent pointer dis-
placement [215]. Even though γ is small in this case, choosing almost orthogonal pre-
and postselection states results in a significant amplification of the pointer deflection sig-
nal. Similarly, very small beam deflections and displacements of the order of hundreds of
femtorad and tens of femtometers have been detected [216].

5.2.2 Direct Tomography

Usually, for tomographically reconstructing a quantum state, a set of measurements are
conducted, which allow to reconstruct a density matrix. There exists a unique connection
between the true state and the probabilities for measurement outcomes, depending on the
choice of the measurement operators. Using and inverting this relation, the outcomes can
be used to reconstruct the state. For more details, please see Sec. 3.2.1.

One of the applications of weak values is the so-called direct (state) tomography [209,
217–222], as it does not involve the inversion of some reconstruction matrices. Instead, the
outcome distributions are directly used to retrieve the elements of the density matrix or
the amplitudes of the state vector, respectively.

5.2.3 Weak Value Controversies

Although weak measurements and weak values are of interest for some specific purposes
and applications, there is still an ongoing debate about their usefulness [223]. Some part
of the criticism questions the quantumness of weak values since a similar amplification
effect can be reproduced using classical probability distributions with some uncertainty
and a conditioning of results [224]. Thus, it is argued that instead of being a property of
a quantum system, weak values are a mere statistical effect. This, of course, caused some
controversial discussion [223–227].

Furthermore, the process of weak amplification is usually considered to be useful to
detect small signals which could not have been detected without amplification. However,
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as a fundamental property of the weak measurement process, a large portion of the original
signal has to be removed, resulting in only a largely shifted pointer, which, however, had al-
ready been contained in the original pointer distribution. This argument triggered another
discussion whether the weak amplification technique can be informationally useful [228].
Subsequently, several works discussed the role of different types of noise such as technical
noise during the measurement and argued in favor of the usefulness of weak amplification
in the presence of such noise [212, 229–231]. Yet, the authors of [232] argue that from a
strictly metrological point of view the performance even is reduced by the usage of weak
amplification.

5.2.4 Weak Value for Mixed Pre- and Postselection

The definition of the weak value of operator A in Eq. (5.6) is based on pure pre- and postse-
lection states. Nevertheless, the concept can be generalized to mixed pre- and postselection
states using the density matrices %pre and %post, respectively. A more general expression
for the weak value allowing for mixed pre- and postselection is given by [P8]

(A)w =
tr (%postA%pre)

tr (%post%pre)
. (5.9)

The validity of this expression is proven and discussed in [P8], see also [213].

5.2.5 Universal Description of Local Interactions

As weak values are not restricted to the spectrum of eigenvalues, large (anomalous) weak
values allow for the amplification of small effects as discussed in Sec. 5.2.1. This allows
to measure small displacements and deflections [215, 216] and has been used to amplify
some phase shifts by a factor of 8 [233]. However, by increasing the coupling strength
between the pointer and the system, the coherence between the original pointer state and
the pointer state after interaction decreases, limiting the achievable amplification.

To model the loss of coherence, consider a Mach-Zehnder interferometer with two arms,
|A〉 and |B〉. The initial superposition state (preselection) is given by

|ψ〉 = cosα|A〉+ sinαeiϕ|B〉, (5.10)

where α and ϕ can be tuned to vary the relative intensities of the arms and the relative
phase, respectively. By introducing a small interaction in arm |A〉, the initial pointer state
|χ〉 changes according to

|A〉 ⊗ |χ〉 → |A〉 ⊗ |χ′〉 = η|A〉 ⊗
(
|χ〉+ ε|χ⊥〉

)
= η

(
|A〉 ⊗ |χ〉+ |A〉 ⊗ ε|χ⊥〉

)
(5.11)

with small ε > 0 and η = 〈χ′|χ〉 = 1√
1+ε2

.

When considering now the pointer state in one of the output ports (postselection),

|φ〉 =
1√
2

(|A〉+ |B〉) , (5.12)
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one observes an amplification of the amplitude of the orthogonal component according to

|χ〉 → |χ〉+ ε (PA)w |χ⊥〉+O
(
ε2
)
, (5.13)

where (PA)w denotes the weak value of the projection operator PA = |A〉〈A|,

(PA)w =
〈φ|PA|ψ〉
〈φ|ψ〉 =

1

1 + eiϕ tanα
. (5.14)

Please note that this holds in the limit of small coupling ε.
Contrary, for finite coupling, the system and pointer get entangled, rendering a pure

state description of the pointer as in Eq. (5.13) impossible. By properly considering the
arising entanglement between those two systems, the pre- and postselected state have to
be described using density matrices as in Eq. (5.9) [214], see also [P8,P9]. Finally, the
weak value of the projection onto path |A〉 is then given by

(PA)w =
Tr (|φ〉〈φ|PAρ)

Tr (|φ〉〈φ|ρ)
=

1 + tanα ηe−iϕ

1 + tan2 α + 2 tanα η cosϕ
. (5.15)

Consequently, the parameter ε enters via η the weak value formula Eq. (5.15). Hence,
for finite coupling (ε > 0, η < 1), the entanglement between pointer and system causes
decoherence, reducing the maximally achievable weak value. For three different values of
η, Eq. (5.15) is plotted in Fig. 5.4. For more details, please see [P9] as well as [214].

Using the language of interferometer paths and weak interactions between the spatial
superposition state and some external system, one can make use of the concept of weak
values to compensate for unwanted misalignments. In [P9], the concept of weak amplifi-
cation is used to devise a strategy to align optical interferometers with a single position
resolving detector at an arbitrary, but fixed distance with a single phase scan of the in-
terferometer.This allows to retrieve possible misalignments in position and angle between
the different arms as well as to detect for other misalignments such as differences in the
polarization of the arms [P9].

5.3 Quantum Instruments and Universal Cloning

Measurements are a fundamental ingredient to understand quantum theory. Contrary to
classical physics, measurements cannot be considered as a mere observation of predefined
values of a system. Instead, the backaction due to a measurement has to be taken into
account. As stated by Dirac, see Sec. 5.1, the measurement process forces the system to
one of the measurement operator’s eigenstates, which generally leads to an unavoidable
disturbance.

In this section, the concept of strong measurements is introduced and discussed in
the context of measurement-disturbance relations. Based on the theoretic work of [234]
and the joint theoretical and experimental work of [P10], different means of performing
measurements on quantum systems are compared. This allows to derive measurement
instruments attaining the optimal measurement-disturbance relation, which eventually is
to be tested experimentally.
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Figure 5.4: Weak value of the projection operator onto path |A〉 for preselection |ψ〉 = cosα|A〉+
sinαeiϕ|B〉 and postselection |φ〉 = 1√

2
(|A〉+ |B〉). With increasing coupling strength ε, the

coherence η between the pointer state in arm |A〉 and the pointer state in arm |B〉 decreases,
limiting the maximal amplification. For infinitesimal small coupling, η = 1, a singularity in the
surface plot occurs, leading to arbitrary large amplifications. In the realistic scenario, however,

those plots are smoothed and flattened, restricting the amplification.

5.3.1 Uncertainty Principle and Robertson Inequality

For the product of the uncertainties (standard deviations) σx and σp of position x and
momentum p, respectively, Heisenberg introduced the famous uncertainty relation [15, 235]

σxσp ∼ ~, (5.16)

where ∼ suggests some lower bound on the mutual uncertainties, which, however, has not
been properly derived by him1. Later on, Kennard [236] and Weyl [237] derived and proved
the relation

σxσp ≥
~
2
. (5.17)

While the uncertainty principle was originally derived for position and momentum
operators, the general mathematical formulation for two arbitrary observables A and B is
denoted as Robertson uncertainty relation [238],

σAσB ≥
|〈ψ| [A,B] |ψ〉|

2
, (5.18)

1Please note that the symbol σx is used here to indicate the standard deviation of the position variable
x and is not to be confused with the first Pauli matrix.
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where σA ≡ σA,ψ =
√
〈ψ|A2|ψ〉 − 〈ψ|A|ψ〉2 denotes the standard deviation [239]. For the

above example of position x and momentum px, [x, px] = i~, one obtains Eq. (5.17), which
differs from Heisenberg’s heuristically derived inequality in Eq. (5.16) by a constant factor.

Please note that the equation given above are lower bounds for the uncertainty when
preparing two incommensurable observables simultaneously. They do not imply that mea-
suring a first observable induces a disturbance to another one.

5.3.2 Heisenberg Microscope

One of the first approaches to understand the effect of inevitable backaction due to a mea-
surement process has also been provided by Heisenberg by his famous gedankenexperiment
of measuring the position of an electron using a microscope [4, 240, 241]. Position and
momentum of an electron are to be measured by scattering a photon. For this purpose, a
photon with initial wavelength λinitial is sent towards an electron. The position of the elec-
tron can be determined by detection of the scattered photon, e.g., using a microscope with
half opening angle θ and lens diameter D. On the other hand, the electron’s momentum
in x direction will be changed due to the scattering process.

After scattering, the observed photon may have a wavelength between λfinal,1 and λfinal,2,

which in turn affects the momentum of the electron, which will be between −λfinal,1

h
sin θ

and
λfinal,2

h
sin θ. Thus, when using the small angle approximation sin θ ≈ θ and neglecting

wavelength changes λfinal,1 ≈ λfinal,2 ≈ λinitial ≡ λ, the momentum kick px of the electron
in x direction will be

− h

λ
θ ≤ px ≤

h

λ
θ, (5.19)

which thus introduces an uncertainty of ∆px = 2h
λ
θ. On the other hand, the resolution of

the microscope is limited by diffraction according to

∆x =
λ

θ
, (5.20)

while the backaction due to the momentum transfer leads to ∆px = 2hθ
λ

. Hence, the product
of the uncertainties cannot be reduced arbitrarily, and is bounded as

∆x∆px ≥ 2h. (5.21)

The Heisenberg microscope is helpful to visualize the measurement induced disturbance
to a quantum system. While it also leads to slightly different results than the uncertainty
principle in Eq. (5.17), as mentioned above, it is important to point out that this gedanken-
experiment is not a visualization of Heisenberg’s uncertainty relation. The uncertainty
principle compares the uncertainty in the preparation of a first observable (position) with
the uncertainty in the preparation of a second observable (momentum) conjugate to the
first one. Prevalently, the uncertainty principle is misunderstood as the tradeoff relation
between the measured accuracy of a first observable and the thereby introduced disturbance
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to a second observable [43], which is not described by Heisenberg’s uncertainty principle,
but by Heisenberg’s microscope.

In [239] Heisenberg’s measurement-disturbance relation is brought into a form similar
to Eq. (5.18),

ε (A) η (B) ≥ |〈ψ| [A,B] |ψ〉|
2

(5.22)

for an input state |ψ〉 and the observables A and B. ε (A) ≡ ε (A,ψ) denotes the noise of
the measurement, while η (B) ≡ η (B,ψ) corresponds to the backaction due to it.

Please note that the measurement-disturbance relation of Eq. (5.22) has been derived
only heuristically and could be violated experimentally [242]. A more rigorous version of
Eq. (5.22) has been derived in [239, 243]. This generalized noise-disturbance uncertainty
relation [239] reads

ε(A)η(B) + η(A)σ(B) + σ(A)η(B) ≥ |〈ψ| [A,B] |ψ〉|
2

, (5.23)

where additional terms contain the pre-measurement uncertainties σ(A) and σ(B) of the
observables A and B, respectively. Though, this version is not tight in general. A tight
measurement-disturbance relation, which is a generalization of Eq. (5.23), can be found in
[244].

Depending on the context, there are different possibilities to pose the question of an
optimal tradeoff relation between the error of a measurement and the disturbance induced
by it. In general, one can distinguish between the different approaches based on whether the
measurement error and the state disturbance are evaluated with respect to some reference
measurements [234]. For example, the measurement-disturbance relation given by Ozawa
is based on two reference observables. On the other hand, both quantities can be assessed
without any reference.

5.3.3 Measurement-Disturbance Tradeoff Relations

In the theoretical approach of [234], a reference for the measurement error is used, whereas
the disturbance introduced by the measurement is quantified absolutely, or, more formally,
with the identity channel as a reference. Hence, if a perfect or ideal measurement is
taken as reference, the measurement error indicates the information loss, i.e., the amount
of information which is not retrieved via the actual measurement, but could have been
obtained by an ideal measurement. Yet, if it is not fixed which measurement is to be
conducted afterwards on the postmeasurement state, it is natural not to use any reference
observable for quantifying the disturbance.

In this section and the subsequent publication, several strategies for the measurement
of a quantum system are introduced and evaluated. An optimal strategy is derived and
it is shown both theoretically and experimentally that this optimal strategy outperforms
common strategies such as the quantum cloning and the coherent swap. The general
structure of these measurement schemes is the following. An input quantum state ρ is
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processed by the measurement apparatus. As output, one obtains the postmeasurement
quantum state together with the result, formulated as classical information channel.

5.3.3.1 Measures

The derivation of optimal measurement protocols in terms of measurement-disturbance
relations is supposed not to depend on a specific choice of measures to quantify the mea-
surement error and the disturbance, respectively. While protocols are derived which are
optimal for most meaningful measures, it is helpful to use specific measures in order to
illustrate the obtained tradeoff relations.

For this purpose, the measurement error δ depending on a measurement E ′ and a
reference POVM E (see also Sec. 2.2.5.1) is defined by the worst-case total variational
distance,

δ(E ′) := sup
ρ

1

2

2∑

i=1

|trE ′iρ− trEiρ| . (5.24)

The disturbance ∆ induced on the quantum channel Ts accompanying the measurement
process is described by the worst-case trace norm distance, see also Sec. 2.2.3.4,

∆(Ts) :=
1

2
sup
ρ
‖Ts(ρ)− ρ‖1 . (5.25)

Using those measures, the measurement-disturbance tradeoff relations can be given in
terms of achievable regions parametrized using δ and ∆.

5.3.3.2 Universal Optimal Asymmetric Quantum Cloning

As proven in [245], perfect quantum cloning does not exist. This section describes some
approximate protocol, being optimal in the sense that (for the given asymmetry parameter)
both clones are as close to the original state as possible according to the restrictions of
quantum physics. For fixing one of the outputs, no other protocol can in general obtain a
second output closer to the original state than the second output of the universal optimal
asymmetric quantum cloning protocol.

This protocol, generally assumed to perform well with respect to measurement-distur-
bance relations [246], is denoted universal optimal asymmetric quantum cloning [247, 248]
and allows to approximately clone a single input qubit to two output qubits. Universal
indicates that the cloner should work equally well irrespective of the input state, while
optimal underlines that the best approximate cloning is to be considered. Additionally, by
introducing an asymmetry, one has the freedom to choose if either of the clones should be
closer to the initial state at the expense of the quality of the other clone.

The channel for universal optimal asymmetric quantum cloning of a single input qubit
into two output qubits can be written as [248]

Tcl (ρ) = (a21 + a1F)

(
ρ⊗ 1

2

)
(a21 + a1F) , (5.26)
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ρ

1

2

a1 a2

Tcl

Ts(ρ)

Ts′(ρ) E

Figure 5.5: Universal optimal asymmetric quantum cloning. The quantum state ρ is approx-
imately cloned by the universal optimal asymmetric quantum cloning device Tcl. The two pa-
rameters a1 and a2 are determining the asymmetry between the clones Ts(ρ) and Ts′(ρ). As an
auxiliary system, the state 1

2 is provided. Finally, the ideal measurement E can be applied to
the clone used for the measurement procedure, resulting in classical information, while the other

clone is compared to ρ.

with a2
1 + a2

2 + a1a2 = 1, a1, a2 ∈ R, where F swaps two qubits,

F =




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 . (5.27)

Figure 5.6: A quantum circuit model for universal optimal asymmetric quantum cloning,
adapted from [247]. An incoming system qubit, denoted by α, is to be cloned onto β. In order
to achieve the cloning between the two (orange) qubits, a third auxiliary system, shown in blue,
is needed. Four CNOT gates result in the transformation of basis states as given in Eq. (5.29).

Please note that the (approximate) cloning operation cannot be realized by a 2 qubit
unitary transformation. Instead, additional auxiliary systems are needed. As shown in
Fig. 5.6, the cloning operation can be achieved by three qubits interacting via in total four
controlled-NOT (CNOT) gates [247], where each CNOT gate corresponds to the unitary
transformation

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 , (5.28)
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as it flips (application of σx) the, say, second qubit if the first qubit is in the excited
state. The transformation of the basis states in the computational basis during the cloning
operation then reads [247, 249]

|α〉 ⊗ |β〉 ⊗ |γ〉 → |α⊕ β ⊕ γ〉 ⊗ |α⊕ β〉 ⊗ |α⊕ γ〉 (5.29)

with α, β, γ ∈ {0, 1} and ⊕ denoting addition modulo 2. The transformation according to
Eq. (5.29) allows to deduce the transformation of arbitrary input states. Depending on the
joint state of the second qubit and the third (auxiliary) qubit, the state of the first qubit
will remain unchanged or will be transferred to the second qubit. Superposition states
thereof can control the asymmetry of the cloning.

However, if one is not interested in the specific implementation using the auxiliary
qubit, but only in the two approximate clones, one can describe the cloning transformation
channel by Eq. (5.26). For example, consider the asymmetric cloning of ρ = |0〉〈0| for
different choices of the parameters a1 and a2. For a1 = 0, a2 = 1, the cloning channel acts
as the identity channel,

T
(a1=0,a2=1)
cl (|0〉〈0|) = 1

(
|0〉〈0| ⊗ 1

2

)
1 = |0〉〈0| ⊗ 1

2
. (5.30)

Thus, the first clone is equal to the input state, whereas the second clone does not contain
any information about the input state. If instead a1 = 1, a2 = 0, the cloning results in a
swap of the two qubits,

T
(a1=1,a2=0)
cl (|0〉〈0|) = F

(
|0〉〈0| ⊗ 1

2

)
F =

1

2
⊗ |0〉〈0|. (5.31)

Hence, the second clone is perfect, while the first is white noise.
The intermediate case, which corresponds to the universal optimal symmetric cloner,

is attained for a1 = a2 = 1√
3
. Then,

T

(
a1=a2= 1√

3

)
cl (|0〉〈0|) =

1 + F√
3

(
|0〉〈0| ⊗ 1

2

)
1 + F√

3
=

1

6




4 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0


 , (5.32)

which describes an entangled state. Tracing out either of the qubits leads to

ρ̃ = ρ̃′ =
1

6

(
5 0
0 1

)
. (5.33)

The fidelity between either of the clones, ρ̃ and ρ̃′, and the initial state is 5
6
.

A possible scheme to perform measurements based on the universal optimal asymmetric
cloner first prepares two in general different clones. One of them can then be used to
evaluate the disturbance, which is only caused by the cloning process itself. The other
clone, now independent of the first clone, can be measured strongly in order to determine
the measurement error.
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5.3.3.3 Coherent Swap

A different measurement strategy which will be used as a reference for the performance
of measurement schemes is the coherent swap. For a product state %prod = ρ ⊗ ρ̃, the
transformation leads to

%prod = ρ⊗ ρ̃ F−→ χprod = ρ̃⊗ ρ. (5.34)

In general, the swap operation F as given in Eq. (5.27) swaps the two qubits of state %
with each other,

% =
1

4

3∑

µ,ν=0

Tµ,νσµ ⊗ σν −→ χ = F % F =
1

4

3∑

µ,ν=0

Tν,µσµ ⊗ σν . (5.35)

If, instead, the swap operation is only partially applied, the system will be in an inter-
mediate state between the original state and the state after swap operation. The transfor-
mation of a product state reads

Tcs (ρ, ρ̃) = eitF (ρ⊗ ρ̃) e−itF = (a21 + ia1F) (ρ⊗ ρ̃) (a21− ia1F) , (5.36)

where t ∈ [0, π/2] determines the amplitude of the swap operation. In order to obtain a
similar form as in Eq. (5.26), the parameters a1 and a2 with a2

1 + a2
2 = 1 are introduced.

ρ

1

2

a1 a2

Tcs

T1(ρ)

T2(ρ) E

Figure 5.7: The coherent swap operation with variable interaction time t ∈ [0, π/2] encoded by
the parameters a1 and a2. The initial quantum state ρ and the maximally mixed state ρ̃ = 1/2
are coherently swapped, allowing to use one of the operation’s marginals for the measurement,

while the other marginal provides the distorted quantum state.

To use Eq. (5.36) in the framework of a measurement, one can consider the secondary
quantum input ρ̃ as an auxiliary state, which, as shown in [P10], is optimally chosen to
be ρ̃ = 1/2. Analogously to the quantum cloner, the ideal measurement can be performed
on one of the outputs of the coherent swap channel in Eq. (5.36), leading to a channel
carrying classical information. The other output can be used to evaluate the measurement
induced disturbance. In Sec. 5.3.4, which is a reprint of [P10], the coherent swap and the
cloner serve as reference.

5.3.3.4 Optimal Instruments

In [234], it has been shown that an optimal tradeoff relation between the measurement error
and the disturbance induced by the measurement process is attainable by a set of quantum
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Figure 5.8: The optimal instruments with Kraus operators given in Eqs. (5.39) result in the
measurement-disturbance tradeoff relation of Eq. (5.40), shown as the dark blue quarter-circle.
It clearly outperforms the measurement-disturbance relation of the cloning protocol (red) as well

as of another measurement protocol, the coherent swap (green).

devices parametrized by only two parameters. The optimal tradeoff is then obtained for
quantum channels of the form

T (ρ) ≡
d∑

i=1

[
z〈i|ρ|i〉1d − |i〉〈i|

d− 1
+ (1− z)KiρKi

]
⊗ |i〉〈i| (5.37)

with Ki = µ1d + ν|i〉〈i| and z ∈ [0, 1] and µ, ν ∈ R. The parameters µ and ν are
not independent from each other as the channel has to be trace preserving. Although
the theoretical analysis is valid for various measures quantifying measurement error and
disturbance and for different system dimensions, this thesis focuses on qubit measurements
only. Hence, the discussion is restricted to d = 2, leading to the general channel

T (ρ) ≡ [z〈1|ρ|1〉|2〉〈2|+ (1− z)K1ρK1]⊗ |1〉〈1|+ [z〈2|ρ|2〉|1〉〈1|+ (1− z)K2ρK2]⊗ |2〉〈2|
(5.38)
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with K1 = (µ+ ν) |1〉〈1| + µ|2〉〈2| = ν|1〉〈1| + µ1 and K2 = µ|1〉〈1| + (µ+ ν) |2〉〈2| =
ν|2〉〈2|+ µ1 with the condition µ+ ν = ±1.

According to the parametrization used in [P10], the optimal instruments are then given
by

K1 =
1√
2

(√
1− γ|1〉〈1|+

√
1 + γ|2〉〈2|

)
, (5.39a)

K2 =
1√
2

(√
1 + γ|1〉〈1|+

√
1− γ|2〉〈2|

)
, (5.39b)

leading to the optimal tradeoff relation

∆ ≥





1
2

(√
1− δ −

√
δ
)2

if δ ≤ 1
2
,

0 if δ ≥ 1
2
.

(5.40)

The optimal tradeoff relation of Eq. (5.40), achieved by the optimal instruments with
the Kraus operators of Eqs. (5.39), outperforms the tradeoff relation of the universal opti-
mal asymmetric cloning, as best visualized in Fig. 5.8. In the following section, the publi-
cation Procedures for the Optimal Measurement-Disturbance Tradeoff [P10] is preprinted,
in which those optimal instruments are derived, implemented, and compared against the
measurement procedures of quantum cloning and coherent swap as introduced above.

This publication originated from a discussion of Anna-Lena Hashagen, Jan Dziewior
and myself and is based on theoretical work of Anna-Lena Hashagen and Michael Wolf.
Jan Dziewior adapted with help from me the theoretical approach to an experimental setup
which was conceived mainly be myself with help of Jan Dziewior. In close collaboration,
we refined the theory and adapted the experiment. We conducted the experimental mea-
surements and evaluated the results together. The manuscript was prepared and edited by
all authors.
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One of the characteristic features of quantum mechanics is that every measurement that extracts
information about a general quantum system necessarily causes an unavoidable disturbance to the
state of this system. A plethora of different approaches has been developed to characterize and
optimize this tradeoff for particular measurement scenarios. Yet, the framework of quantum instru-
ments not only allows to investigate the optimal tradeoff, but furthermore to derive and identify the
general, optimal procedures themselves. We focus our analysis on binary measurements on qubits
as commonly used in communication and computation protocols and demonstrate theoretically and
in an experiment that the optimal universal asymmetric quantum cloner, albeit ideal for cloning,
can be outperformed with high significance by the optimal procedures derived with the quantum
instrument framework.

Introduction.—The work of Heisenberg, best visualized
by the Heisenberg microscope [1], teaches us that every
measurement is accompanied by a fundamental distur-
bance of a quantum system. The question about the
precise relation between the information gained about
the quantum system and the resulting disturbance has
since inspired numerous studies [2–19]. A central prob-
lem is to find a tight, quantitative tradeoff relation, e.g.,
for the maximally achievable information for a given dis-
turbance or, vice versa, for the minimal disturbance for a
certain amount of extracted information. Obviously, this
is not only relevant for quantum foundations, but also for
many applications in quantum communication [20, 21]
and quantum computation [22–24]. Initially studied in
the context of which-path information and loss of visibil-
ity in interferometers [2, 3], quantifying the information-
disturbance tradeoff was based on various measures such
as the traditional root mean squared distance [4, 5], the
distance of probability distributions [6], operation and
estimation fidelities [7–9], entropic quantities [8–13], re-
versibility [13–15], stabilized operator norms [16, 17],
state discrimination probability [10], probability distri-
bution fidelity [18], and Fisher information [19]. While
the above approaches are focused on finding quantitative
tradeoff relations for a given set of measures and a par-
ticular measurement procedure, they do not give a clear
candidate for the most fundamental one.

We propose to go one step further and to consider
the structure of procedures itself asking the question
what makes a particular quantum measurement proce-
dure optimal, i.e., fulfill a tradeoff relation optimally.
For this purpose, we build upon a novel, comprehensive
analysis of measurement processes and their information-
disturbance relations by two of us [25]. There, not only
optimal tradeoff relations have been found, but optimal
measurement devices have been identified and proven
to be independent of the chosen quality measures, as

FIG. 1. Error-distubance dependencies for various measure-
ment schemes. Our optimal quantum instruments clearly out-
perform the optimal asymmetric cloner (red) and the coher-
ent swap operation (green). Our measurements (blue crosses)
come close to the theoretical curve (blue curve). The violet
marked instrument is discussed in Fig. 5 in more detail. The
error bars are too small to be visible; for a detailed discussion
see Appendix VIII.

long as these fulfill some reasonable assumptions, such
as convexity and basis-independence. In addition, our
approach is also unique with respect to employing refer-
ence observables. On one hand, since information even-
tually is obtained via measurements of observables, we
base the quantification of the measurement error on a
reference observable. On the other hand, in order not
to restrict the further usage of the post-measurement
state, the measurement induced disturbance is defined
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without relying on any reference observable. For a finite-
dimensional von Neumann measurement, our approach
gives the whole class of quantum instruments which
achieve the optimal tradeoff.

In this letter, we describe how optimal instruments
can be derived for typical measures of measurement er-
ror, i.e., inverse information, and state disturbance and
how they can be implemented in an experiment. Fur-
thermore, we demonstrate the practical advantage of our
experimentally implemented optimal procedures by com-
paring them with commonly employed schemes, namely
the coherent swap and the universal asymmetric quan-
tum cloner. We experimentally test the tradeoff relation
using a tunable Mach-Zehnder-Interferometer which al-
lows to implement a large range of quantum instruments
applied to a two-dimensional quantum system encoded
in the polarization of photons. Evaluating the relation
between the error of the measurement and the distur-
bance of the qubit state clearly shows the superiority of
the optimal instruments derived here.

Measurements as quantum instruments.—To generally
quantify both the measurement error and the measure-
ment induced disturbance, we describe the measurement
of observables on a quantum system by means of quan-
tum instruments [26, 27] as illustrated in Fig. 2. For-
mally, a quantum instrument I is defined as a set of
completely positive linear maps I := {Ij}mj=1 that ful-

fills the normalization condition
∑m
j=1 I

∗
j (1) = 1, where

I∗j denotes the dual map to Ij with respect to the
Hilbert-Schmidt inner product. This description natu-
rally encompasses the connection between the observable
given by a positive operator valued measure (POVM)
E′ := {E′j}mj=1 and the quantum channel Ts, which de-
scribes the measurement induced change of the state.

In general, a quantum channel is a completely positive
trace preserving linear map. In the context of quantum
instruments, the channel is given by the sum of the lin-
ear maps with Ts :=

∑m
j=1 Ij , where each map corre-

sponds to one measurement operator E′j of the POVM.
The normalization condition of the quantum instrument
ensures that the corresponding quantum channel is trace-
preserving. Expressing the channel in terms of I as above
reflects the decohering effect of the measurement on the
quantum state of the measured system.

The measurement operators {E′j}mj=1 themselves are
fully determined by I via E′j := I∗j (1), where the proba-
bility distribution for outcomes {j}mj=1 on state ρ is given

by tr (Ij(ρ)) = tr (Ij(ρ)1) = tr
(
ρI∗j (1)

)
= tr

(
ρE′j

)
.

From this point of view, the normalization condition of
the quantum instrument ensures that the distribution
{tr
(
E′jρ

)
}mj=1 is normalized. The instrument description

based on the normalized set of maps I, which implies
the pair (E′, Ts), is sufficient to exhaustively describe all
possible quantum measurement processes.

Distance measures.—From the notion of quantum in-
struments it becomes immediately clear that E′ and Ts
are not independent, i.e., the change of the state has a
fundamental dependence on the information gained and

ρ I

Ts(ρ)

{tr
(
E′jρ

)
}mj=1

FIG. 2. General description of a measurement using a quan-
tum instrument I. Obtaining information about the quantum
state via the POVM E′ (dashed, classical output) induces a
change of the quantum state described by the quantum chan-
nel Ts (solid, quantum output).

vice versa. For a thorough quantitative analysis of this
measurement-disturbance tradeoff, we use distance mea-
sures to assess the quality of the approximate measure-
ment and to quantify the disturbance. The optimality of
the instruments is independent of the chosen measures
as long as they fulfill the above mentioned reasonable as-
sumptions (see also Appendix IV). For the evaluation
of instruments we choose some of the measures recom-
mended in [16], i.e., the worst-case total variational dis-
tance and the worst-case trace norm distance. For other
measures, see Appendix V. We quantify the disturbance
∆ caused to the system by the deviation of the channel
Ts from the identity channel Tid (ρ) := ρ. The measure-
ment error δ quantifies the deviation of the measurement
E′ from a reference measurement E. This approach uti-
lizes a reference POVM E to quantify the measurement
error, but not the disturbance, in contrast to all other
approaches found in the literature, where either a ref-
erence system is used for both, measurement error and
disturbance, or none is used at all.

The measurement error δ can be quantified by defin-
ing a worst-case total variational distance based on the
l1-distance between probability distributions. The l1-
distance, also called total variational distance, displays
the largest possible difference between the probabilities
that two probability distributions assign to the same
event and therefore is the relevant distance measure for
hypothesis testing [27, 28]. In our case, these two proba-
bility distributions stem from the reference measurement
E and the actual measurement E′ for some quantum
state. To generalize the measure for the measurement
error to take into account all possible quantum states ρ
of the system we additionally take the worst case with re-
spect to all states, which is natural when considering the
maximal difference, i.e., worst-case characteristic of the
l1-distance itself. Thus our worst-case total variational
distance is defined as

δ(E′) := sup
ρ

1

2

2∑

i=1

|tr (E′iρ)− tr (Eiρ)| . (1)

The quantum analogue of the worst-case total vari-
ational distance is the worst-case trace norm distance,
which we thus use to quantify the distance between the
quantum channel Ts and the identity channel Tid,

∆(Ts) :=
1

2
sup
ρ
‖Ts(ρ)− ρ‖1 . (2)
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This disturbance measure quantifies how well the quan-
tum channel Ts can be distinguished from the identity
channel Tid in a statistical experiment, if no auxiliary
systems are allowed [29].

Optimal instruments and tradeoff.—As reference mea-
surement, we choose the ideal projective measurement of
the qubit with E = {|j〉〈j|}2j=1. As proven in [25] for
the optimal quantum instruments each element Ij can
be expressed by a single Kraus operator, agreeing with
the intuition that additional Kraus operators introduce
noise to the system. For a qubit this leads to

Ts(ρ) =

2∑

j=1

KjρK
†
j and {E′j = K†jKj}2j=1. (3)

The Kraus operators of an optimal instrument can be
chosen diagonal in the basis {|j〉}2j=1 given by the refer-

ence measurement [25]. Since for a qubit there are only
two of them and they must satisfy the normalization con-
dition, in general their form is

K1 =
√

1− b22 |1〉〈1|+ eiβ1b1 |2〉〈2| , (4a)

K2 = b2 |1〉〈1|+ eiβ2

√
1− b21 |2〉〈2| , (4b)

with 0 ≤ b21, b22 ≤ 1 and two arbitrary phases β1 and β2.
As proven in Appendix I, for such an instrument, the

worst-case total variational distance δ and its trace-norm
analogue ∆, Eqs. (1,2), quantifying measurement error
and disturbance respectively, satisfy

∆ ≥





1
2

(√
1− δ −

√
δ
)2

if δ ≤ 1
2 ,

0 if δ > 1
2 .

(5)

The inequality is tight and cannot be exceeded by any
quantum measurement procedure. The family of optimal
instruments, which attain equality in Eq. (5), is found to
be

K1 =
1√
2

(√
1− γ |1〉〈1|+

√
1 + γ |2〉〈2|

)
, (6a)

K2 =
1√
2

(√
1 + γ |1〉〈1|+

√
1− γ |2〉〈2|

)
, (6b)

with γ ∈ [0, 1], leading to δ(γ) = (1− γ) /2.
Comparison with other schemes.—For comparison

with the optimal procedures derived here, we have chosen
coherent swap and quantum cloning operations. Cloning
has been already analyzed in connection with quantum
measurements [30] and is discussed in the context of
joint measurements of observables [31, 32]. For per-
fect cloning, there would be no measurement-disturbance
tradeoff, as one of the perfect clones could be measured
without error with the other clone staying undisturbed.
The quantum channel Ts(ρ) = trs′ (Tclo(ρ)), a marginal
of the cloning channel Tclo, corresponds to the evolution
of the system state, obtained when tracing out the sec-
ond (primed) clone. The channel of the second clone,

Ts′(ρ) = trs (Tclo(ρ)), provides an approximate copy to
which the reference POVM E is applied, see Fig. 3.
Asymmetry within the quality of the clones determines
the tradeoff between the measurement error and the dis-
turbance.

ρ Tclo

Ts(ρ)

Ts′(ρ) E

FIG. 3. Universal asymmetric quantum cloning. The initial
quantum state ρ is asymmetrically, approximately cloned to
the auxiliary system, initially in state 1/2. The reference
measurement is performed on one of the clones, while the
other is compared to the initial quantum state ρ.

The optimal universal asymmetric quantum cloning
channel Tclo for any initial quantum state ρ reads [33]

Tclo (ρ) = (a21 + a1F)

(
ρ⊗ 1

2

)
(a21 + a1F) , (7)

with a2
1 + a2

2 + a1a2 = 1, a1, a2 ∈ R, and the flip (or

swap) operator F :=
∑2
i,j=1 |ji〉〈ij|. The parameter a1

determines the amplitude of a swap operation between
both qubits.

With our measures, the measurement-disturbance
tradeoff for the asymmetric quantum cloning channel sat-

isfies ∆ = 1
4

(√
2− 3δ −

√
δ
)2

for δ ≤ 1
2 (and 0 other-

wise) with δ(a2) = a2
2/2, see Appendix II.

As the cloning operation cannot be realized by a uni-
tary two-qubit transformation, any real implementation
is embedded in a larger system. Let us thus consider an
obvious analogue to the cloning operation, which can be
realized by the unitary two-qubit swap operation. For
this channel, Tcs, the system interacts with the auxiliary
system via a Heisenberg Hamiltonian as

Tcs (ρ) = eitF (ρ⊗ ρ̃) e−itF

= (a21 + ia1F) (ρ⊗ ρ̃) (a21− ia1F) , (8)

with t ∈ [0, π/2] or using a parametrization analogous to
the cloning scheme with a2

1 + a2
2 = 1, a1, a2 ∈ R. The

extreme cases are no swap (t = 0, a2 = 1) and full swap
(t = π/2, a1 = 1).

The δ-∆-tradeoff for the coherent swap considering the
reference measurement E = {|j〉〈j|}2j=1 performed on one

of the outputs satisfies ∆ = 1
2−δ with δ(a1) = (1−a2

1)/2,
see Appendix III. This is evidently also inferior to our
optimal instruments, Eq. (6), with the tradeoff given in
Eq. (5).

Experimental implementation.—For our experimen-
tal evaluation of the procedures for the optimal
measurement-disturbance tradeoff we want to realize a
broad range of quantum instruments including the opti-
mal ones. For that purpose we consider the polarization
degree of freedom of photons to encode ρ, with |1〉 ↔ |H〉
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FIG. 4. Theoretical description and conceptual setup. The
state ρ is encoded in the polarization degree of freedom of a
photon, which is sent to a variable beam splitter (var BS).
The spatial superposition state |φ0〉 can be tuned in terms of
relative intensities and phase. For the interaction U between
the path and the polarization degrees of freedom we apply a
σz operation to the polarization in one path. Projections onto
the output ports |C〉 and |D〉 of a balanced 50:50 beam split-
ter conclude the realization of the Kraus operators as given in
Eqs. (10). Polarization and intensity measurements are per-
formed at the output ports of the interferometer. The actual
experiment, while equivalent to the shown setup, is structured
differently such that the polarization state ρ is created inside
of the interferometer, see Appendix VI.

and |2〉 ↔ |V 〉, where |H〉 (|V 〉) denotes horizontally (ver-
tically) polarized light. The Kraus operators describing
the chosen set of instruments are thus given by

K1,2 =
1√
2

[√
1± γ |H〉〈H|+ eiβ

√
1∓ γ |V 〉〈V |

]
(9)

with an arbitrary phase β. The optimal cases Eqs. (6)
are achieved for β = 0.

To experimentally realize a quantum instrument and
to enable analysis of the two outputs Ts and E′, it is
necessary to employ an additional auxiliary quantum sys-
tem, which is not yet explicitly present in the instrument
description of Fig. 2. For the measurement of photon
polarization a natural candidate is the path degree of
freedom of the photons. Since in our case a two di-
mensional auxiliary system is sufficient, we employ a
Mach-Zehnder interferometer providing the path states
|A〉 and |B〉, see Fig. 4. The instruments are then de-
termined by the initial state of this auxiliary system,
|φ0〉 = cosα |A〉 + eiϕ sinα |B〉, the measurement per-
formed on it, i.e., the detection in the output path states
|C〉 and |D〉, as well as by an intermediate interaction be-
tween path and polarization. The interaction is given by
a unitary evolution U , which exchanges information be-
tween the systems. We use U = iσz⊗|A〉〈A|+1⊗|B〉〈B|,
which introduces a polarization dependent phase shift in
arm |A〉 with σz = |H〉 〈H| − |V 〉 〈V |.

For an initial path state |φ0〉 the Kraus operators,

FIG. 5. Evaluating measurement error δ and disturbance ∆.
a) The measurement error corresponds to the maximal dis-
tance between the outcomes of the actual measurements E′1
and E′2 (red crosses) and the outcomes of the reference mea-
surements E1 and E2 (blue line). b) The disturbance is ob-
tained by taking the supremum of the trace distance between
the prepared polarization states and the tomographically re-
constructed states of Ts. Please note that the suprema in
a) and b) are achieved for different states. Statistical error
bars are negligibly small. For a detailed discussion, see Ap-
pendix VIII.

which act on the polarization, can then be obtained as

K1 = trpath [(1⊗ |C〉〈C|)U (1⊗ |φ0〉〈φ0|)] , (10a)

K2 = trpath [(1⊗ |D〉〈D|)U (1⊗ |φ0〉〈φ0|)] . (10b)

Relating these expressions with Eq. (9), the parameters
γ and β are given by the experimental parameters α and
ϕ by γ = sin (2α) sinϕ and β = arctan [tan (2α) cosϕ].
The outcome of the measurement E′ is then obtained by
determining the total intensity in the output C (E′1) and
D (E′2), respectively, the action of the quantum channel
Ts by polarization state tomography.

Measurements and results.—According to Eqs. (1) and
(2), the measures δ and ∆ use the supremum over differ-
ent input states ρ. To obtain data for a specific instru-
ment described by the Kraus operators of Eq. (9), we fix
the experimental parameters α and ϕ (i.e., the instru-
ment parameters γ and β) and vary the angle θ defining
the state ρ = |ψ〉〈ψ| with |ψ〉 = cos θ2 |H〉+ sin θ

2 |V 〉, see
Appendix VII. Fig. 5 shows the evaluation for one spe-
cific instrument. The measurement error δ is obtained
from the maximal deviation of the measurement (red
crosses) to the reference measurement (blue solid line),
see Eq. (1). Similarly, we obtain the disturbance ∆ from
the maximum trace distance when varying θ.
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The obtained values for measurement error and state
disturbance are shown in Fig. 1 for the set of experimen-
tally prepared quantum instruments. Each data point
here identifies one quantum instrument, for which the
supremum of the prepared quantum states in terms of
measurement error and disturbance is determined. We
could show that there exist quantum instruments, also
experimentally accessible, which significantly outperform
the optimal universal asymmetric cloner and the coherent
swap operation in terms of the considered distances.

Conclusion.—We applied the novel approach derived
in [25] to the setting of binary qubit measurements
to retrieve quantum instruments achieving an optimal
measurement-disturbance tradeoff. In this setting a ref-
erence measurement is used to quantitatively obtain the
measurement error. The disturbance, on the other hand,
does not depend on any reference measurement, but
solely on comparing the state before and after the mea-
surement. Our protocol is tailored for applications based
on a specific measurement without restricting subsequent
use of the post-measurement state.

Furthermore, we have demonstrated that the strategies
of optimal universal asymmetric quantum cloning and
coherent swap do not perform optimally when consider-
ing the tradeoff relation between measurement error and
disturbance. Those protocols are optimal for their re-

spective purposes such as approximate quantum cloning,
but cannot compete with the optimal instruments in the
measurement scenario as in general they result in worse
measurement-disturbance tradeoff relations. This is in
compelling agreement with less general findings, e.g., in
[31, 32]. We have shown that the advantage of optimal
instruments over other schemes is not only a mere the-
oretical improvement, but experimentally accessible. In
future applications our findings allow to identify the op-
timal procedures which retrieve information at the phys-
ically lowest cost in terms of state disturbance.
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APPENDIX

I. OPTIMAL TRADEOFF RELATION

Theorem 1 (Total variation - trace norm tradeoff).
Consider a von Neumann reference measurement given

by an orthonormal basis
{
|i〉 ∈ C2

}2

i=1
, and an instru-

ment with two corresponding outcomes. Then the worst-
case total variational distance δ and its trace-norm ana-
logue ∆, defined as in Eqs. (1,2), quantifying measure-
ment error and disturbance respectively, satisfy

∆ ≥





1
2

(√
1− δ −

√
δ
)2

if δ ≤ 1
2 ,

0 if δ ≥ 1
2 .

(A1)

The inequality is tight and equality is attained within the
family of instruments defined by

Ij(ρ) := KjρKj , j = 1, 2, (A2)

with

K1,2 =
1√
2

(√
1± γ |1〉〈1|+

√
1∓ γ |2〉〈2|

)
(A3)

with γ ∈ [0, 1].

Proof. In order to derive the information-disturbance
tradeoff, we need to solve the following optimization
problem:
For γ ∈ [0, 1]

minimize ∆


Ts =

2∑

j=1

Ij


 (A4)

subject to δ
(
E′ =

{
I∗j (1)

}2

j=1

)
≤ γ,

Ij is completely positive and

2∑

j=1

I∗j (1) = 1,

where the last two constraints ensure that I is an instru-
ment. As discussed before, we assume that every element
of the instrument can be expressed using a single Kraus
operator. This agrees well with intuition, because more
Kraus operators introduce more noise to the system. Fur-
thermore, we assume that these Kraus operators can be
chosen diagonal in the basis of the reference measure-
ment, E = {|j〉〈j|}2i=1, to reflect the symmetry of the
optimization problem. These assumptions simplify the
optimization problem significantly. The Kraus operators
given in Eq. (4) then yield the following POVM elements
of the approximate measurement

E′j = (1− b2j̄ ) |j〉〈j|+ b2j (1− |j〉〈j|), (A5)
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for j = 1, 2, where j̄ = 2 if j = 1 and j̄ = 1 if j = 2 with
0 ≤ b21, b22 ≤ 1. The measurement error is thus given as

δ(E′) = sup
ρ

1

2

2∑

j=1

∣∣tr
(
E′jρ

)
− 〈j| ρ |j〉

∣∣

= sup
ρ

1

2

2∑

j=1

∣∣∣tr
((
b2j1− (b2j + b2j̄ ) |j〉〈j|

)
ρ
)∣∣∣

= sup
‖ψ‖=1

1

2

2∑

j=1

∣∣∣〈ψ| b2j1− (b2j + b2j̄ ) |j〉〈j| |ψ〉
∣∣∣

=
1

2
(b21 + b22),

where the convexity of the l1-norm was used. The dis-
turbance follows from direct calculations,

∆(T1) =
1

2
sup
ρ
‖T1(ρ)− ρ‖1

=
1

2
sup
ρ

∥∥∥∥∥∥

2∑

j=1

KjρK
†
j − ρ

∥∥∥∥∥∥
1

=
1

2

∣∣∣∣1− eiβ1b1

√
1− b22 − eiβ2b2

√
1− b21

∣∣∣∣ .

Without loss of generality, we may assume that b1, b2 ≥ 0
in the optimization problem, such that an optimum is
attained for β1 = β2 = 0. The optimization problem
given in Eq. (A4) therefore simplifies:
For γ ∈ [0, 1]

minimize
1

2

(
1− b1

√
1− b22 − b2

√
1− b21

)
(A6)

subject to
1

2
(b21 + b22) ≤ 1

2
(1− γ) ,

0 ≤ b1, b2 ≤ 1.

The global minimum is achieved at

b1 = b2 =





√
1
2 γ ∈ [−1, 0]√
1
2

√
1− γ γ ∈ [0, 1]

and as stated in Eq. (A1).

II. TRADEOFF RELATION FOR OPTIMAL
UNIVERSAL ASYMMETRIC CLONING

Theorem 2 (Total variation - trace norm tradeoff us-
ing optimal universal asymmetric cloning). Consider a
von Neumann measurement given by an orthonormal ba-
sis in C2 on one of the outputs of the optimal universal
1 → 2 asymmetric quantum cloning channel. Then the
worst-case total variational distance δ and its trace-norm
analogue ∆ satisfy

∆ =





1
4

(√
2− 3δ −

√
δ
)2

if δ ≤ 1
2 ,

0 if δ ≥ 1
2 .

(A7)

Proof. The marginals of the optimal cloning channel are
given by

Tclo,i(ρ) = a2
i

1

2
tr (ρ) + (1− a2

i )ρ, i = 1, 2, (A8)

with Tclo,1 = Ts and Tclo,2 = Ts′ . The marginal quantum
channel Ts describes the evolution of the quantum state
and its distance to the identity channel Tid then quanti-
fies the disturbance. Similarly, the marginal Ts′ , whose
output is measured by the reference measurement E, de-
scribes the measurement itself through E′j = T ∗s′(Ej).
This is illustrated in Fig. 3. This yields for the distur-
bance

∆(Ts) :=
1

2
sup
ρ
‖Ts(ρ)− ρ‖1

=
1

2
sup
ρ

∥∥∥∥a2
1

1

2
− a2

1ρ

∥∥∥∥
1

=
a2

1

2
.

The measurement error turns out to be

δ(E′) := sup
ρ

1

2

2∑

j=1

∣∣tr
(
E′jρ

)
− 〈j| ρ |j〉

∣∣

= sup
ρ

1

2

2∑

j=1

|tr (T ∗s′(|j〉〈j|)ρ)− 〈j| ρ |j〉|

= sup
ρ

1

2

2∑

j=1

|tr (|j〉〈j|Ts′(ρ))− 〈j| ρ |j〉|

= sup
ρ

1

2

2∑

j=1

∣∣∣∣〈j| a2
2

1

2
− a2

2ρ |j〉
∣∣∣∣

=
a2

2

2
.

Substituting this into the trace-preserving condition of
the optimal universal asymmetric quantum cloning chan-
nel, we obtain the theorem 2.

III. TRADEOFF RELATION FOR COHERENT
SWAP

Theorem 3 (Total variation - trace norm tradeoff using
the coherent swap). Consider a von Neumman measure-
ment given by an orthonormal basis in C2 on one of the
outputs of a coherent swap channel. Then the worst-case
total variational distance δ and its trace-norm analogue
∆ satisfy

∆ =
1

2
− δ. (A9)
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Proof. Using the substitution a1 = a and a2 =
√

1− a2

with a ∈ [0, 1] yields the two marginals of the coherent
swap quantum channel,

Ts(ρ) = a2ρ̃+ (1− a2)ρ (A10)

and

Ts′(ρ) = (1− a2)ρ̃+ a2ρ. (A11)

The disturbance is therefore

∆(Ts) :=
1

2
sup
ρ
‖Ts(ρ)− ρ‖1

=
1

2
a2 sup

ρ
‖ρ̃− ρ‖1 .

The optimal choice for ρ̃ should clearly satisfy the points
(∆(Ts) = 0, δ(E′) = 1/2) and (∆(Ts) = 1/2, δ(E′) = 0),
where again E′ = T ∗s′(E). For any such choice of ρ̃ the
disturbance thus satisfies ∆(Ts) ≥ a2/2. The measure-
ment error turns out to be

δ(E′) := sup
ρ

1

2

2∑

j=1

∣∣tr
(
E′jρ

)
− 〈j| ρ |j〉

∣∣

= sup
ρ

1

2

2∑

j=1

|tr (T ∗s′(|j〉〈j|)ρ)− 〈j| ρ |j〉|

= sup
ρ

1

2

2∑

j=1

|tr (|j〉〈j|Ts′(ρ))− 〈j| ρ |j〉|

=
(
1− a2

)
sup
ρ

1

2

2∑

j=1

|〈j| ρ̃ |j〉 − 〈j| ρ |j〉| .

Thus, an optimal choice for ρ̃ that minimizes the dis-
turbance and the measurement error is ρ̃ = 1/2. A pure
state with the same diagonal entries yields the same mea-
surement error; it would, however, increase the distur-
bance caused to the system.

The disturbance is then

∆(Ts) =
a2

2
,

and the measurement error is

δ(E′) =
1

2

(
1− a2

)
.

This gives the linear tradeoff curve given in theorem 3.

IV. PROPERTIES OF DISTANCE MEASURES

The distance measures used throughout this manu-
script to quantify the measurement error and the dis-
turbance, denoted by δ and ∆, satisfy Assumption 1 and
Assumption 2 of [25] respectively.

Lemma 4. δ as defined in Eq. (1) satisfies the following
properties:

(a) δ({|i〉〈i|}2i=1) = 0,

(b) δ is convex,

(c) δ is permutation invariant, i.e., for every permuta-
tion π and any measurement M

δ
(
{U†πMπ(i)Uπ}2i=1

)
= δ

(
{Mi}2i=1

)
,

where Uπ is the permutation matrix that acts as
Uπ |i〉 = |π(i)〉, and

(d) δ is invariant under diagonal unitaries, i.e., that for
every diagonal unitary D and any measurement M

δ
(
{D†MiD}2i=1

)
= δ

(
{Mi}2i=1

)
.

Proof. Let δ(M) := supρ
1
2

∑2
i=1 |tr (Miρ)− 〈i| ρ |i〉|.

Then

(a) δ({|i〉〈i|}2i=1) = 0, since

δ({|i〉〈i|}2i=1) = sup
ρ

1

2

2∑

i=1

|〈i| ρ |i〉 − 〈i| ρ |i〉| = 0,

(b) δ is convex, since for any measurements M,M ′ and
for all λ ∈ [0, 1],

δ (λM + (1− λ)M ′)

= sup
ρ

1

2

2∑

i=1

|tr ((λMi + (1− λ)M ′i) ρ)− 〈i| ρ |i〉|

≤λ sup
ρ

1

2

2∑

i=1

|tr (Miρ)− 〈i| ρ |i〉|

+ (1− λ) sup
ρ

1

2

2∑

i=1

|(tr (M ′iρ)− 〈i| ρ |i〉)|

=λδ(M) + (1− λ)δ(M ′),

(c) δ is permutation invariant, since for every permuta-
tion π and any measurement M

δ
(
{U†πMπ(i)Uπ}2i=1

)

= sup
ρ

1

2

2∑

i=1

∣∣tr
(
U†πMπ(i)Uπρ

)
− 〈i| ρ |i〉

∣∣

= sup
ρ

1

2

2∑

i=1

∣∣tr
(
Mπ(i)ρ

)
− 〈π(i)| ρ |π(i)〉

∣∣

= sup
ρ

1

2

2∑

i=1

|tr (Miρ)− 〈i| ρ |i〉|

=δ
(
{Mi}2i=1

)
,

where Uπ is the permutation matrix that acts as
Uπ |i〉 = |π(i)〉, and
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(d) δ is invariant under diagonal unitaries, since for every
diagonal unitary D and any measurement M

δ
(
{D†MiD}2i=1

)

= sup
ρ

1

2

2∑

i=1

∣∣tr
(
D†MiDρ

)
− 〈i| ρ |i〉

∣∣

= sup
ρ

1

2

2∑

i=1

∣∣tr (Miρ)− 〈i|D†ρD |i〉
∣∣

= sup
ρ

1

2

2∑

i=1

|tr (Miρ)− 〈i| ρ |i〉|

=δ
(
{Mi}2i=1

)
.

Lemma 5. ∆ as defined in Eq. (2) satisfies the following
properties:

(a) ∆(Tid) = 0,

(b) ∆ is convex,

(c) ∆ is basis-independent, i.e., for every unitary U and
every quantum channel Φ

∆
(
UΦ

(
U† · U

)
U†
)

= ∆ (Φ) .

Proof. Let ∆(Φ) := 1
2 supρ ‖Φ(ρ)− ρ‖1. Then

(a) ∆(Tid) = 0, since ∆(Tid) = 1
2 supρ ‖ρ− ρ‖1 = 0,

(b) ∆ is convex, since for any quantum channels Φ,Φ′

and for all λ ∈ [0, 1],

∆ (λΦ + (1− λ)Φ′)

=
1

2
sup
ρ
‖(λΦ + (1− λ)Φ′) (ρ)− ρ‖1

=
1

2
sup
ρ
‖λ (Φ(ρ)− ρ) + (1− λ) (Φ′(ρ)− ρ)‖1

≤λ1

2
sup
ρ
‖Φ(ρ)− ρ‖1 + (1− λ)

1

2
sup
ρ
‖Φ′(ρ)− ρ‖1

=λ∆(Φ) + (1− λ)∆(Φ′),

where we have used properties of a norm and prop-
erties of a supremum of a convex functional over a
convex set,

(c) ∆ is basis-independent, i.e., for every unitary U and
every quantum channel Φ

∆
(
UΦ

(
U†ρU

)
U†
)

=
1

2
sup
ρ

∥∥UΦ
(
U†ρU

)
U† − ρ

∥∥
1

=
1

2
sup
ρ

∥∥UΦ (ρ)U† − UρU†
∥∥

1

=
1

2
sup
ρ
‖Φ (ρ)− ρ‖1

=∆ (Φ) ,

where we have used the fact that the trace norm is
unitarily invariant.

V. DIFFERENT MEASURES

The optimal instruments as explained in the main
text and derived in I result in optimal measurement-
disturbance relations for all distance measures which sat-
isfy the assumptions of [25]. For more details on the dis-
tance measure used in the main text, see IV.

FIG. A1. Comparison of optimal quantum instruments (blue)
with the optimal universal asymmetric quantum cloner (red)
for different distance measures based on simulations. The
tradeoff relation of the main text based on the measures of
Eqs. (1) and (2) is shown (solid lines) and equivalent to a prop-
erly scaled version of the worst-case Hilbert-Schmidt norm
(overlayed dashed lines) and to the worst-case infidelity (not
shown). For averaging over all quantum states instead of tak-
ing the supremum of the trace norm for the disturbance, one
obtains the dashdotted lines.

We here show the tradeoff relations for different choices
of disturbance measures, while the measurement error is
always quantified as in Eq. (1). For various meaning-
ful measures, we observe that the optimal instruments
outperform the cloner, see Fig. A1.

VI. EXPERIMENTAL SETUP

Due to experimental and practical limitations, the ac-
tual experimental setup has been slightly different than
described in the main text. However, the actual imple-
mentation is fully equivalent to the description there. In

206 5. Quantum Measurements
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FIG. A2. Actual experimental setup. Light from a diode
laser (LD) propagates through a single mode fiber and is sent
through a fixed polarizer (H-POL). A beam splitter (BS) cre-
ates a spatial superposition. The attenuation of one arm can
be adjusted using a half waveplate (HWP) in arm A and an-
other H-POL. The relative phase ϕ can be varied using a
piezo controlled prism. H-POLs together with variable HWPs
ensure equal polarization in both arms as indicated by the
dotted lines. As the H-POLs are used to vary the attenua-
tion as well as to set the polarization state, they are part of
both the instrument and the state preparation. The reflec-
tion from arm A on the second BS introduces a coupling be-
tween polarization and path. Polarization and intensity mea-
surements are performed in output port C using waveplates
(HWP and QWP), polarizing beam splitters (PBS) and pho-
todiodes (PD). Output port D is not monitored, as for phase
ϕ0 it is redundant to the output of port C at phase ϕ0 + π.

order to be able to fully tune the attenuation in one of
the interferometer arms, we use a half waveplate (HWP)
sandwiched between two polarizers. Therefore, the po-
larization state ρ cannot be set before. Hence, we decided
to first create the spatial superposition state |φ0〉 using
waveplates and polarizers and subsequently set ρ in both
interferometer arms separately. With this approach, we
still achieve at this stage a separable state ρ ⊗ |φ0〉〈φ0|
within the interferometer before the interaction. As we
set the polarization state directly in front of the second
beam splitter of the interferometer, the reflection of beam
A on the beam splitter already provides the interaction
between system and auxiliary system. This reflection in-
duces the unitary transformation U as described in the
main text, enabling us to obtain the Kraus operators
given in Eq. (9).

Since for a perfect beam splitter the output ports are
interchanged for ϕ0 ↔ ϕ0 + π, we use only output port
C to obtain data for both projections, considering the
phases ϕ1 = ϕ0 and ϕ2 = ϕ0 +π. This way, both projec-
tions are carried out with exactly the same equipment,
reducing possible experimental errors.

An intuitive strategy consists of setting a specific in-
strument and then varying the polarization state ρ, which
however requires to keep the instrument parameters (α
and ϕ) stable. It turns out to be experimentally more
favorable to prepare different polarization states ρ and
then vary the phase ϕ for fixed α and ρ. One thus asso-
ciates measurements which correspond to the same state
|φ0〉 of the auxiliary system to the same instrument.

VII. CHOICE OF POLARIZATION STATES

According to the parametrization |ψ〉 = cos θ2 |H〉 +

sin θ
2 |V 〉, the experimentally prepared values for θ were

{−20◦, −10◦, 0◦, 10◦, 20◦, 70◦, 80◦, 90◦, 100◦, 110◦,
160◦, 170◦, 180◦, 190◦, 200◦, 270◦}. For θ = 0◦ and
θ = 180◦, the prepared state corresponds to horizontal
polarization |H〉 and vertical polarization |V 〉, respec-
tively. Thus, the reflection in beam A only introduces a
phase, as for example the state for θ = 0◦ is transformed
according to

|H〉 ⊗
(
cosα |A〉+ sinαeiϕ |B〉

)
→

|H〉 ⊗
(
i cosα |A〉+ sinαeiϕ |B〉

)
, (A12)

which does not change the state of the polarization. The
disturbance therefore (ideally) vanishes. In contrast, for
θ = 90◦, we expect

(|H〉+ |V 〉)⊗
(
cosα |A〉+ sinαeiϕ |B〉

)
→

i (|H〉 − |V 〉)⊗ cosα |A〉+ (|H〉+ |V 〉)⊗ sinαeiϕ |B〉 ,
(A13)

where normalization is omitted. For a given instrument
characterized by {α,ϕ}, this polarization state is ex-
pected to give the largest disturbance ∆.

For the Kraus operators given in Eq. (9), we find for

E′j = K†jKj for j = 1, 2,

E′1,2 =
1

2

(
1± sin 2α cosϕ 0

0 1∓ sin 2α cosϕ

)
. (A14)

Therefore, the distance of the outcome probabilities, used
to obtain δ, becomes

1

2

∑

i

∣∣∣tr (E′i |ψ〉〈ψ|)− |〈i|ψ〉|2
∣∣∣ =

|cos θ (1− cosϕ sin 2α)| , (A15)

which vanishes for θ = 90◦ (and θ = 270◦) and can be
maximal for θ = 0◦ (and θ = 180◦).

VIII. ERROR ANALYSIS OF EXPERIMENTAL
DATA

The statistical error of the data shown in Fig. 1 is es-
timated by comparing the results obtained in redundant
measurements. The standard deviation of the measure-
ment error is estimated to be around 8.3 · 10−5, whereas
the 1σ-error bar for the estimated disturbance is approx-
imately 7.0 · 10−5. Those values are thus too small to be
visible in Fig. 1.

Additionally to statistical errors, two different sources
of systematic errors have been identified. First, the state
preparation as well as the interaction are not perfectly
implemented. The imperfect preparation of the initial
polarization state and of the state analysis are the main
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reasons that the identity channel with no disturbance at
all (but high measurement error) cannot be implemented
perfectly, leading to a residual disturbance, which ap-
pears as an increase of the minimal disturbance ∆ of the
data in the plot. In any case, this type of error only re-
duces the quality of the prepared quantum instruments
and does not lead to faulty conclusions.

However, as a second type of systematic error one has
to ensure that the prepared polarization states are de-
scribing a great circle on the Bloch sphere and contain
the states with extremal results sufficiently well. This
error can be approximated by considering the data as
shown in Fig. 5. By applying a parabolic model for the
data points around the extrema of the probability graphs
and the maxima of the trace distance graphs, the devi-
ation of the extrema from the measured points can be
estimated. This effect might cause a quantum instru-
ment to look better than it actually is, i.e., less disturb-

ing together with smaller measurement error. Yet, for
the dataset shown in Fig. 5 b), the parabolic fit results
in a maximum at θ ≈ 89.95◦ with a trace distance larger
by only 0.02% compared to the trace distance at θ = 90◦.
The probabilities in Fig. 5 a) around θ = 0◦ and θ = 180◦

can nicely be described by parabolae, where the extrema
coincide with our measured points. Thus, the systematic
effect of underestimating the measurement error or the
disturbance due to badly chosen measurement states is
negligibly small.

In conclusion, the different sources of errors overall
reduce the quality of the implemented quantum instru-
ments and do not lead to an underestimation of distur-
bance and measurement error, respectively. We can thus
show the implementation of instruments better than the
optimal quantum cloner with high significance.

208 5. Quantum Measurements
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5.4 Conclusion

In this chapter, the concept of measurements in quantum systems has been discussed. Weak
measurements allow to obtain a small amount of information about a quantum system,
thereby causing only a little disturbance. The shift induced to the measurement device
is proportional to the weak value, which has been introduced as the outcome of a weak
measurement. As discussed here and in [P9], the interaction strength between the quantum
system of interest and the measurement system limits the maximally achievable weak value
and therefore puts a limit to the maximally obtainable amplification.Yet, in situations of
relatively weak coupling, the weak amplification method can be employed for practical
purposes, e.g., for aligning optical interferometers with a single position resolving detector
placed at a single distance. Although for weak measurements, the coupling between system
and pointer is kept as weak as possible, the interaction between those systems entangles
them, which leads, upon measuring the pointer, to a disturbance to the system itself.

Similarly, as introduced by Dirac [206] and also illustrated by Heisenberg with his
gedankenexperiment of a microscope [240], every measurement process introduces in gen-
eral some backaction and therefore disturbance to the system which is measured. However,
some measurement protocols might be more favorable in this aspect than others. Here and
in Ref. [P10], different measurement protocols are compared leading finally also to the
optimal measurement protocol allowing to obtain information from a quantum state at the
lowest cost in terms of disturbance. This set of optimal instruments has been proposed
in [234] and discussed in more detail for binary qubit measurements and experimentally
investigated in [P10]. As the non-existing [245] perfect quantum cloner could be used to
retrieve an arbitrary amount of information without inducing any disturbance, the approx-
imate quantum cloning protocol [247, 248] is naively assumed to at least give an optimal
tradeoff between information (or measurement error, respectively) and disturbance. Yet,
the optimal measurements as derived in [P10] outperform other schemes including the
optimal asymmetric cloning protocol with an experimentally significant difference between
the different protocols.
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Chapter 6

Conclusions

A strong focus of this thesis has been quantum state tomography, which is one of the
most fundamental concepts to retrieve information from a quantum system. Quantum
state tomography, which allows to fully describe a given quantum system in terms of its
density matrix (Sec. 3.2), provides also the basis for quantum process tomography, which
is an unrivaled diagnostic tool. State tomography not only provides a beneficial way to
verify the successful experimental implementation and realization of a specific state or al-
gorithm, it also allows to evaluate arbitrary functions on the state without invoking further
measurements once the density matrix has been obtained. On the other hand, quantum
state tomography is an expensive task as the number of measurement settings generally
scales exponentially with the number of qubits, unless assumptions regarding, e.g., the
symmetry of the state are made, which allow to use more efficient schemes significantly
reducing the measurement effort. However, additionally to the limitation in the number
of measurement settings, one has to face the issue of finite statistics arising from the finite
total measurement time.

While in the limit of infinite statistics the state estimate is, at least in the absence of
additional experimental systematic deviations, a perfect estimate of the true state, i.e.,
the state estimator is consistent, it shows a variety of different problems for typical sam-
ple sizes. This includes the occurrence of negative eigenvalues, which are often prevented
using constrained optimization methods (Sec. 3.3). Those, however, may in turn lead to
systematic deviations, resulting in an underestimation of the state fidelity or an overesti-
mation of the entanglement present in the state. In this thesis, the systematic effects due
to finite sample size effects together with constrained optimization have been discussed.
In the publication [P1], we also provide a direct method to obtain confidence regions for
various figures of merit, although those confidence regions are rather conservative. We
investigated the consequences of finite statistics in state tomography in great detail in this
thesis and in our work [P2], which allows to identify statistically significant contributions
in a tomographically obtained estimate. Based on our findings, one can easily calculate
statistical error bars for several figures of merit without needing to resort to computa-
tionally costly Monte Carlo methods. Hypothesis testing allows to identify colored noise
or systematic deviations in the quantum state, providing a simple and efficient means to
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benchmark quantum states and quantum processes.
As a second main pillar of this thesis, entanglement in multipartite quantum systems

has been discussed. Detecting and verifying genuine multipartite entanglement, i.e., entan-
glement truly involving several parties, which cannot be generated using local operations
and classical communication from bipartite entangled states, is still a hard task. In this
thesis, a constructive and efficient tool (Sec. 4.2 and in [P3]) has been introduced and ex-
perimentally demonstrated which allows to verify entanglement in multiqubit states with
only two measurements. Based on those findings, this tool has been adapted for entangle-
ment verification for multiqutrit states (as discussed in [P4]). In future work, one could
try to find a a further generalization of this means to arbitrary dimensions, allowing to
prove genuine multipartite entanglement in qudit states or to further improve the noise
robustness of our criteria, potentially by also including more than the minimal amount of
two measurements.

Even though noisy channels may make some information about a quantum state in-
accessible, we have devised a method to still retrieve valuable information (Sec. 4.3 as
well as [P5]). There, we have demonstrated that in a scenario without well defined lo-
cal reference frames one is still able to detect entanglement and deduce several properties
of the state such as the purity. This enables to significantly relax requirements on the
measurement apparatus and to assess the quality of the state preparation without strong
assumption on the state measurement tools. As a next step, one could try to find an
efficient parametrization of a quantum state, which incorporates the symmetries under
local unitary transformations. This could allow to perform some new type of tomography
that respects the transformations of the noisy channels, which cannot be resolved in the
experiment.

Although correlations provide a useful way to characterize a state and to describe joint
measurements of several observers, the standard definition of correlations does not comply
with some basic postulates as described in Sec. 4.4 and in the publications [P6] and
[P7]. This has been demonstrated with the provocative experimental result of a tripartite
quantum state, which violates tripartite Bell inequalities, but does not show any tripartite
correlations. In context of this work, we have proposed a class of multipartite states without
standard correlations, which provide some testbed for studying operationally meaningful
redefinitions of multipartite quantum correlations.

Finally, quantum measurements have been reviewed in different contexts. On one hand,
the scenario of weak measurements with pre- and postselected quantum particles which
have weakly interacted with some measurement device has been introduced (Sec. 5.2).
These weak measurements allow to perform measurements on a quantum system without
a large disturbance to the latter. Yet, they provide only meaningful results in ensemble
measurements as the individual outcome does not carry a significant amount of informa-
tion. Albeit object of large controversies, the closely related concept of weak values can
under some circumstances be used to amplify small signals, which, for example, allows
to efficiently deduce the misalignment of optical interferometers. In our publication [P8],
we discuss similarities and differences between eigenvalues, expectation values and weak
values and consider the generalization of the notion of weak values to the case of mixed
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pre- and postselection states. We applied the concept of the amplification of small signals
in our work shown in [P9] to the precise measurement of beam misalignments in optical
interferometers. While previous works usually consider the weak value to be constant in
the regime of a small coupling strength between the pointer system and the actual system,
we also describe the incoherence in the pointer system caused by the arising entanglement
between both systems. This enabled us to nicely model the possibilities and limitations of
the weak value amplification method.

Although the close connection of a measurement and the thereby induced disturbance
to the quantum state is almost ubiquitous in quantum studies, there is no clear candidate
for the best measurement-disturbance tradeoff relation. However, in this thesis and in the
paper [P10], a new approach to measurement-disturbance relations is introduced (Sec. 5.3)
achieving a new level of generality. Based on the language of quantum instruments, different
measurement protocols are compared, including a promising measurement scheme based on
approximate quantum cloning. But first and foremost, the optimal quantum instruments
have been derived, which significantly outperform all other protocols. As we have shown
also experimentally, this significant improvement does not remain a mere theoretical result,
but is indeed accessible for actual quantum measurements. Those findings will allow future
applications to retrieve the maximal amount of information, while reducing the disturbance
thereby caused to the state to the minimal amount physically possible.
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[145] Ulrich Schollwöck. The density-matrix renormalization group. Reviews of Modern
Physics, 77(1):259–315, apr 2005. doi: 10.1103/revmodphys.77.259. URL https:

//doi.org/10.1103/revmodphys.77.259.

[146] David Perez-Garcia, Frank Verstraete, Michael M. Wolf, and J. Ignacio Cirac. Matrix
product state representations. Quantum Information and Computation, 7(5-6):401–
430, 2007. URL www.scopus.com.

[147] Frank Verstraete, Valentin Murg, and J. Ignacio Cirac. Matrix product states, pro-
jected entangled pair states, and variational renormalization group methods for quan-
tum spin systems. Advances in Physics, 57(2):143–224, mar 2008. doi: 10.1080/
14789940801912366. URL https://doi.org/10.1080/14789940801912366.

[148] Marcus Cramer, Martin B. Plenio, Steven T. Flammia, Rolando Somma, David
Gross, Stephen D. Bartlett, Olivier Landon-Cardinal, David Poulin, and Yi-Kai Liu.
Efficient quantum state tomography. Nature Communications, 1(9):149, dec 2010.
doi: 10.1038/ncomms1147. URL https://doi.org/10.1038/ncomms1147.

[149] Akio Fujiwara. Strong consistency and asymptotic efficiency for adaptive quantum
estimation problems. Journal of Physics A: Mathematical and General, 39(40):12489–
12504, sep 2006. doi: 10.1088/0305-4470/39/40/014. URL https://doi.org/10.

1088/0305-4470/39/40/014.

[150] Takanori Sugiyama, Peter S. Turner, and Mio Murao. Effect of non-negativity on
estimation errors in one-qubit state tomography with finite data. New Journal of
Physics, 14(8):085005, aug 2012. doi: 10.1088/1367-2630/14/8/085005. URL https:

//doi.org/10.1088/1367-2630/14/8/085005.

[151] Ryo Okamoto, Minako Iefuji, Satoshi Oyama, Koichi Yamagata, Hiroshi Imai,
Akio Fujiwara, and Shigeki Takeuchi. Experimental Demonstration of Adaptive
Quantum State Estimation. Physical Review Letters, 109(13), sep 2012. doi:

https://doi.org/10.1038/ncomms15305
https://doi.org/10.1088/2058-9565/aa6ae2
https://doi.org/10.1088/2058-9565/aa6ae2
https://doi.org/10.1038/npjqi.2015.18
https://doi.org/10.1038/npjqi.2015.18
https://doi.org/10.1103/revmodphys.77.259
https://doi.org/10.1103/revmodphys.77.259
www.scopus.com
https://doi.org/10.1080/14789940801912366
https://doi.org/10.1038/ncomms1147
https://doi.org/10.1088/0305-4470/39/40/014
https://doi.org/10.1088/0305-4470/39/40/014
https://doi.org/10.1088/1367-2630/14/8/085005
https://doi.org/10.1088/1367-2630/14/8/085005


234 BIBLIOGRAPHY

10.1103/physrevlett.109.130404. URL https://doi.org/10.1103/physrevlett.

109.130404.

[152] Dylan H. Mahler, Lee A. Rozema, Ardavan Darabi, Christopher Ferrie, Robin
Blume-Kohout, and A. M. Steinberg. Adaptive Quantum State Tomography Im-
proves Accuracy Quadratically. Physical Review Letters, 111(18), oct 2013. doi:
10.1103/physrevlett.111.183601. URL https://doi.org/10.1103/physrevlett.

111.183601.

[153] Konstantin S. Kravtsov, Stanislav S. Straupe, Igor V. Radchenko, Neil M. T. Houlsby,
Ferenc Huszár, and Sergei P. Kulik. Experimental adaptive Bayesian tomography.
Physical Review A, 87(6), jun 2013. doi: 10.1103/physreva.87.062122. URL https:

//doi.org/10.1103/physreva.87.062122.

[154] Daniel Lampert-Richart. Higher Dimensional Time-Energy Entanglement. PhD
Thesis, Ludwig-Maximilians-Universität München, 2014. URL http://xqp.physik.

uni-muenchen.de/publications/files/theses_phd/phd_richart.pdf.

[155] Gleb I. Struchalin, Ivan A. Pogorelov, Stanislav S. Straupe, Konstantin S. Kravtsov,
Igor V. Radchenko, and Sergei P. Kulik. Experimental adaptive quantum tomography
of two-qubit states. Physical Review A, 93(1), jan 2016. doi: 10.1103/physreva.93.
012103. URL https://doi.org/10.1103/physreva.93.012103.

[156] Qi Yin, Li Li, Xiao Xiang, Guo-Yong Xiang, Chuang-Feng Li, and Guang-Can Guo.
Experimental demonstration of real-time adaptive one-qubit quantum-state tomog-
raphy. Physical Review A, 95(1), jan 2017. doi: 10.1103/physreva.95.012129. URL
https://doi.org/10.1103/physreva.95.012129.

[157] Aonan Zhang, Yujie Zhang, Feixiang Xu, Long Li, and Lijian Zhang. Adaptive
tomography of qubits: purity versus statistical fluctuations. Journal of Physics A:
Mathematical and Theoretical, 51(39):395304, sep 2018. doi: 10.1088/1751-8121/
aadad3. URL https://doi.org/10.1088/1751-8121/aadad3.

[158] Christopher Ferrie. Self-Guided Quantum Tomography. Physical Review Letters, 113
(19), nov 2014. doi: 10.1103/physrevlett.113.190404. URL https://doi.org/10.

1103/physrevlett.113.190404.

[159] Robert J. Chapman, Christopher Ferrie, and Alberto Peruzzo. Experimental Demon-
stration of Self-Guided Quantum Tomography. Physical Review Letters, 117(4),
jul 2016. doi: 10.1103/physrevlett.117.040402. URL https://doi.org/10.1103/

physrevlett.117.040402.

[160] Michael I. Jordan and Tom M. Mitchell. Machine learning: Trends, perspectives,
and prospects. Science, 349(6245):255–260, jul 2015. doi: 10.1126/science.aaa8415.
URL https://doi.org/10.1126/science.aaa8415.

https://doi.org/10.1103/physrevlett.109.130404
https://doi.org/10.1103/physrevlett.109.130404
https://doi.org/10.1103/physrevlett.111.183601
https://doi.org/10.1103/physrevlett.111.183601
https://doi.org/10.1103/physreva.87.062122
https://doi.org/10.1103/physreva.87.062122
http://xqp.physik.uni-muenchen.de/publications/files/theses_phd/phd_richart.pdf
http://xqp.physik.uni-muenchen.de/publications/files/theses_phd/phd_richart.pdf
https://doi.org/10.1103/physreva.93.012103
https://doi.org/10.1103/physreva.95.012129
https://doi.org/10.1088/1751-8121/aadad3
https://doi.org/10.1103/physrevlett.113.190404
https://doi.org/10.1103/physrevlett.113.190404
https://doi.org/10.1103/physrevlett.117.040402
https://doi.org/10.1103/physrevlett.117.040402
https://doi.org/10.1126/science.aaa8415


BIBLIOGRAPHY 235

[161] Francisco Albarrán-Arriagada, Juan C. Retamal, Enrique Solano, and Lucas Lamata.
Measurement-based adaptation protocol with quantum reinforcement learning. Phys-
ical Review A, 98(4), oct 2018. doi: 10.1103/physreva.98.042315. URL https:

//doi.org/10.1103/physreva.98.042315.

[162] Shang Yu, Francisco Albarran-Arriagada, Juan C. Retamal, Yi-Tao Wang, Wei Liu,
Zhi-Jin Ke, Yu Meng, Zhi-Peng Li, Jian-Shun Tang, Enrique Solano, Lucas Lamata,
Chuan-Feng Li, and Guang-Can Guo. Reconstruction of a Photonic Qubit State with
Quantum Reinforcement Learning. ArXiv e-prints, August 2018.

[163] Nico Klein. Multipartite entanglement detection and efficiency of state
characterisation. Master Thesis, Ludwig-Maximilians-Universität München,
2015. URL http://xqp.physik.uni-muenchen.de/publications/files/theses_

master/master_klein.pdf.

[164] Robin Blume-Kohout. Optimal, reliable estimation of quantum states. New Journal
of Physics, 12(4):043034, apr 2010. doi: 10.1088/1367-2630/12/4/043034. URL
https://doi.org/10.1088/1367-2630/12/4/043034.
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Poincaré sphere, 8
point estimator, 38, 61
pointer, 182
POM, see POVM
populations, 9
positive partial transpose, 17, 105
post-measurement state, 30, 198
postselection, 183
POVM, 30, 198
predictability, 150
probability density function, 32
producibility, 14
product state, 10, 133
purification, 13
purity, 135

quantum channel, 30, 198
quantum cloning, 192
quantum instrument, 31, 198
quantum measurement, 28, 198
quantum state tomography, 48, 61, 113, 198
quantum teleportation, 24

qubit, 6
qudit, 11, 27, 124
ququad, 11
ququart, see ququad
qutrit, 11, 27, 124, 126

random measurements, 131, 140
rebit, 59
Robertson uncertainty relation, 189

Schatten-1 norm, 23
Schatten-2 norm, 23
Schur norm, 23
self-guided tomography, 54
separability, 14
shaking hands, 74
SIC POVM, 52
significance, 36
skewness, 33
SLOCC, 16
smallest credibility region, 40
spatial projection, 188
spont. param. down conversion, 44, 113,

154
statistical moments, 33, 85, 131
super-radiance, 27

tomography, see quantum state tomography
trace distance, 23, 198

uncertainty relation, 190
unphysical estimate, 55

W state, 154
waveplate, 41
weak amplification, 186, 188
weak coupling, 183
weak measurements, 183
weak value, 183, 188
white noise, see maximally mixed state
Wigner semicircle distribution, 72, 85
worst-case total variational distance, 192
worst-case trace norm distance, 192

YVO4, 43


	Zusammenfassung
	Abstract
	Table of Contents
	List of Figures
	List of Tables
	Introduction
	Fundamentals
	Introduction
	Theoretical Foundations
	Quantum States
	Qubit
	Density Matrix
	Multiqubit Systems
	Qutrits, Ququads and Qudits
	Unitary Transformation
	Partial Trace and Purification

	Entanglement
	k-separability and Entanglement Intactness
	k-producibility and Entanglement Depth
	Local Operations and Classical Communication
	Positive Partial Transpose
	Entanglement Witness
	Bell Inequality

	Distances and Measures
	Fidelity
	Bures Distance and Bures Angle
	Hilbert-Schmidt Norm
	Trace Distance

	Prominent Quantum States and Their Properties
	Maximally Mixed State
	Bell States
	Greenberger-Horne-Zeilinger States
	Graph and Cluster States
	Dicke and W States
	Qutrit and Qudit States

	Measurements and Quantum Instruments
	General Measurements
	Quantum Channels
	Quantum Instruments

	Statistical and Mathematical Concepts
	Distribution Functions
	Statistical Moments
	Hypothesis Testing and p-values
	Significance, Confidence, Power, and Errors
	Likelihood
	Maximum Likelihood
	Point Estimators
	Frequentistic and Bayesian inference
	Confidence Intervals
	Credibility Intervals


	Experimental Framework
	Linear Optics
	Waveplates
	Variable Phase Retardance
	Beam Splitters

	Non-linear Optics
	Spontaneous Parametric Down Conversion



	Quantum State Tomography
	Introduction
	Methods of Quantum State Tomography
	Formalism
	Overcomplete Pauli Tomography
	Informationally Complete Tomography
	Symmetric Informationally Complete Tomography
	Efficient Specialized Protocols
	Permutationally Invariant State Tomography
	Compressed Sensing
	Matrix Product State Tomography
	Adaptive State Tomography


	Enforcing Physicality
	Understanding Unphysical Results
	Constrained Optimization
	Bias in Various Experiments
	[P1] Systematic Errors in Current Qu. State Tomography Tools

	Multiqubit State Tomography with Finite Data
	Wigner Semicircle Distribution
	Catalan Numbers
	Illustration of Proof - Example of Fourth Moment
	Degenerate Eigenvalues
	Error Estimation
	[P2] Multiqubit State Tomography with Finite Data

	Conclusion

	Characterizing Entanglement
	Introduction
	Efficient Multipartite Entanglement Detection
	Need for Efficient Methods
	Commuting and Anticommuting Operators
	Nonlinear Witness for Bell States
	Nonlinear Witness for Three-Qubit GHZ State
	[P3] Multipartite Entanglement Detection with Minimal Effort
	Application for Higher Dimensional Systems
	[P4] Quadratic Entanglement Criteria for Qutrits

	Entanglement and Random Measurements
	Distribution of Expectation Values
	Obtaining the Purity

	Certifying Genuine Multipartite Entanglement
	[P5] Multipartite Entanglement Analysis From Random Correlations

	Entanglement without Correlations
	Entanglement and Correlations
	Correlations and Predictability
	Postulates for Correlations
	Even and Odd Number of Qubits
	Obtaining a State without Correlations
	[P6] Gen. Multipart. Ent. without Multipartite Correlations
	[P7] Gen. N-part. Ent. without N-partite Correlation Functions

	Conclusion

	Quantum Measurements
	Introduction
	Weak Measurements and Weak Values
	Weak Amplification
	Direct Tomography
	Weak Value Controversies
	Weak Value for Mixed Pre- and Postselection
	Universal Description of Local Interactions

	Quantum Instruments and Universal Cloning
	Uncertainty Principle and Robertson Inequality
	Heisenberg Microscope
	Measurement-Disturbance Tradeoff Relations
	Measures
	Universal Optimal Asymmetric Quantum Cloning
	Coherent Swap
	Optimal Instruments

	[P10] Procedures for the Optimal Meas.-Disturbance Tradeoff

	Conclusion

	Conclusions
	List of Publications
	Bibliography
	Acknowledgments
	Index

